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Ostrowski Griiss CebysSev type inequalities
for functions whose modulus of second
derivatives are convex!

Nazir Ahmad Mir, Arif Rafiq and Muhammad Rizwan

Abstract
In this paper, we establish Ostrowski Griiss Cebysev type inequal-
ities involving functions whose derivatives are bounded and whose

modulus of second derivatives are convex.
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1 Introduction

In 1938, A. M. Ostrowski proved the following classical inequality [7]:

Theorem 1. Let f : [a,b] — R be continous on [a,b] and diffrentiable
on (a,b), whose first derivative ' : (a,b) — R is bounded on (a,b), i.e.,

| (z)] < M < co. Then,

Iy L o)
b—a/f(t)dt < [Z‘i‘wl (b—a)M,

(1) f(x) =

for all x € [a,b], where M is a constant.
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For two absolutely continuous functions f, g : [a,b] — R, consider the

functional

@ TG = g [f@e@d

b

- gﬂjﬂmw o e,

a

provided, the involved integrals exist.
In 1882, P. L. Cebysev proved that [6], if ', ¢’ € L [a,b], then

b—a)’
) 7,90 < "=
In 1934, G. Griiss showed that [6],
() T(f.9) < 5 (M —m) (N~ n),

provided, m, M, n, and N are real numbers satisfying the condition
—co<m< f(zr) <M<oo, —oo<n<g(x) <N <oo,forall z € a,b|.
During the past few years, many researchers have given considerable at-
tention to the above inequalities and various generalizations, extensions and
variants of these inequalities have appeared in the literature, see [1 — 12],
and the references cited therein. Motivated by the recent results given in
[1 —3,11], in the present paper, we establish some inequalities similar to
those given by Ostrowski, Griiss, Cebysev and Pachpatte, involving func-
tions whose derivatives are bounded and whose modulus of second deriva-
tives are convex. The analysis used in the proofs is elementary and based

on the use of integral identities proved in [1 — 2].

2 Statement of results

Let I be a suitable interval of the real line R. A function f : I — R is called

convex if

[z 4+ (1= Ny) <Af(z)+ (1 =N f(y),
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for all z,y € I and A € [0,1]. A function f : I — (0,00) is said to be

log-convex if
f @+ (1= Ny) <[f@] [F)] ",

for all z,y € I and A € [0, 1] (see[11]). We need the following identity, i.e.,
the identity (15):

fla) = bia/f(t)dt—l—(x—a;b)f/(x)
- bia/(af—t)2 {/(1>\)f”((1/\)x+>\t)d>} dt
= = [ @ - @

T [<x“)3/k2f"<<1 = A)a+ Ar) d)

0

+ (bx)3/>\2f”((1)\)b+/\x)d/\] |

0

for x € [a,b], where f : I — R is an absolutely continuous function on
[a,b] and A € [0,1]. We use the following notation to simplify the details of
presentation:

and
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and define ||| as the usual Lebesgue norm on L..[a,b], i.e., |[|h|| := ess
sup |h(t)| for h € Loola, b].

te(a,b]
The following theorems deal with Ostrowski type inequalities involving

two functions.

Theorem 2. Let f : [a,b] — R be absolutely continous on [a,b].
1. If 1 f"),19"| are convex on [a,b] and f”,¢" € Lyla,b], then

1S (F, 91 < lg@) @)+ 1 Olle) + 1 (@) 219" (@)] + 119" (1))

L (@=50) (b-a)
? [ﬁ+ Goap | 2

for all x € [a,b).
2. If | f"],|9"| are log-convex on [a,b], then

1

(6)\55(]”,9)\ < m ‘g(x)|/‘$_t‘2|f”($)‘_IHA+A_1dt

(In A)?

b

s @] [le =l @)

a

—InB+B -1
(In B)®

Ol L)
)0 = )

Theorem 3. Let f : [a,b] — R be absolutely continuous on |a,b].

for all x € |a,b], where A = > 0.

1. If | f"), 19"| are convex on [a, x| and [x,b], then

5.0, 9)] < ¢ llg(@)| M(x) + | £ ()| N@)]

for x € [a,b], where

M) < Lo {(Z:j)3|f”<a>|+ (1=2) 1o
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M N < (b;2“>2{(§jj)3|g"<a>|+(Z:j)grg%bn

r — 42
§+u] |g"<x>|},

R ERNTEE

for x € [a,b].
2. If | f", |g"| log-convex on [a,z] and [z,b], then

15:(f, 9)| < llg(x)| H(z) + |f(2)] L(z)],

x € [a,b], where

. (b—a)2 r —a 3A1 (1HA1)2—2A1111A1+2A1—2 ”
H(z) = {(b_a) (A, |/"(a)]

4

b—xz\* B, (InB)>—2B,InB; + 2B, -2,
- — 3 ‘f (b)‘ )
b a (hl Bl)

(b—a)2 (x—a)3A2 <lnA2)2—2A21nA2+2A2—2 | ”(a)|
4 b—a (In A,)? I

b—2\’ By(InBy)> —2ByIn By + 2B, — 2,
+ - 3 19" )]
b Qa (h’l Bg)

. ()] _ (=) _g"(@)]
with Ay = 77(a) >0, B = 120 >0, Ay = ()] >0 and

@)
O

The Griiss type inequalities are embodied in the following theorems.

B,

Theorem 4. Let f : [a,b] — R be absolutely continuous on |a, b].
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1. If 1 f"), 1g"| are convex on [a,b] and f”, ¢ € Lo|a,b], then

b
1 " "
vl ALGICIE IR OIS

+ [f@ICl"@)]+ 9" )] E(x)dz

(9) T (f,9) <

5+ (b—2)?
3 :
2. If |f"|, |¢"| are log-convex on [a,b], then

for all x € [a,b], where E(x) = (z—a)

(10)|T: (f.9)| < / {g )| / o=t " ( “*’)“ AL,
—InB+ B —
b of >|/| Al @ dt}dx,

SOl 90

for all v € [a,b], where A = - an ==
) 7(a)] 97(2)

> 0.

Theorem 5. Let f : [a,b] — R be absolutely continuous on |a,b].

1. If 1 f"),19"| are convex on [a,b] and f”,¢" € Lyla,b], then

b

(ol < 20 [ {(b =) o) (@] +3177@))

IN

a

+ @ (g (@)]+319" @) D]+ lg()] (£ (B)]+31F (@)
b @0+ 3l @D (=) }da:.
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2. If 1f"|, 19" | are log-convex on |a,b], then

(12)[T5 (f, gl < b?Ta /b{ (i:s)g

a

Al (ln A1)2—2A1 In Al —|—2A1 -2
(ln Al)g

AQ (111 A2)2 —2A2 In A2+2A2 -2
(lIl A2)3

Bl (111 B1)2—2Bl In B1 +2B1 —2
(InBy)?

B2 (lnBQ)Z_ZBQ 111B2+2BQ—2 " b—x 3
s el <b>i (=) }dx.

The next theorem contains Cebysev type inequalities.

x () If" (@) + f (=) Lq”(a)i

lg() [ ["(0)]

Theorem 6. Let [ :[a,b] — R be absolutely continuous on [a,b].
1. If 1 f"),19"| are convex on [a,b] and f”,¢" € Lyla,b], then

it ]‘ / " /1) 2 /1) 2
03fF1.0] < 5 [RI @I 420 @I B,

for all x € |a, b], where E(x) = (z—a)f+(b— x)S.

2. If |f"|, |¢"| are log-convex on [a,b], then

b b
~ T lnA+A—
.09 < o= [ {f“<x> Jlo— i =R

(14)

(b—a)’ (In A)*
/ mB+B-1
+ \g”(a:)|/\:c—t|2 pa dt}dm,
1 1!
or all x € la,b|, where A = )] >0 and B = " (2)] > 0.
[ [a, b],

()] g (@)]
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3 Proofs of Theorems

Proof of Theorem 2.
From the hypothesis of Theorem 2, it is easy to verify that the following

identity holds:

(15) f(z) =

Similarly

(16) g(z) =

for x € [a,b].

La / Fleydt + e~ 20 )

/ba:—t [/1 )\)f”((l)\)x+)\t)d)\]dt.

bia/(:c—t)z’ [/(1)\)9"((1>\)x+)\t)d)\] dt,

Multiplying both sides of (15) and (16) by g(x) and f(x)

respectively, adding the resulting identities and rewriting, we have:

f(x)g(x) =

ba{ /bf (it + [ /<>]

1

{ /b;c ) [/ (1=N) " (1= \) 2+ L) dX

dt

b
/ x—t

1—>\)x+/\t)d)} dt}.
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This gives

Ss(f.9) = b_a { /b:cwﬂ[/1 x+)\t)d)\] dt
(17) + f(x /bxtz{/ x+)\t)d/\]dt}

where
- [gm [ rwdes s [ g(t)dt]
1 a+b ) ’

- S @) + @) @)

1. Since |f"| ,]g”| are convex on [a, b], from (17), we observe that

1Ss(f.9)] <

1
2(b—a)

x {gm o [f”(:v) Ja=xravelr ol faa-x dA] i
1@ [ oo {g"@:) Ja=xraveig @l [aa-» dA] dt}.

1 1 1 1
Now [ (1 —X)*d\ = 5 and A1 =N)dr= 5 We thus have:
0 0

1

519 < HH=g [g<m> [le=t @i @I+ 1 @D

+ |f(fff)|/|w—t|2(2|g”(rr)l+|g” (t)l)dt]

IN

20— a) [til[ﬁ] L @)+ 17O lg ()]
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+ sup (2]¢"(z)| + 9" ( ]/Ix—tl dt

te(a,b]

- So=7 {|g<x>r sup [2117(2)|+ | ()]

te[a,b]
(x — a)3 + (b— x)3]
3 )

+  [f(@)] sup 219" (x)] + |g" (t)\]}

t€[a,b]

N =
ow B

3 3 2
(r —a) ;‘(b ) [(b a) + atb, (b — a) . We therefore

have:

(b—af |1 (r— 5"
S.59)] < T[ﬁ+ <b—a>2]

X (lg(@) 21"+ 1" O] + 1F @) 219" (@) + 9" (1)

2. Since |f"|, |¢"| are log-convex on [a, x] and [z, b], we have from (17):

|Ss<f)g)| < {g |/|5L’ tl |:/ 1 )\ |f//( )lAlfll(t)lAd/\] dt
+ |/|x—t| {/ Mg ( )| dA]}
= {g !/|w tf* {If” |/ (1-X) f” d)\] dt
©of@) / & — 1] {g"m / (x| 20 d)\] dt}

9" (x)
1 / 21 o —InA+A-1
- m{gw R
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b
2, —lnB+B—1
L
(0 /1)
where A = n = .
here A e P T

Proof of Theorem 3.
From the hypothesis of the Theorem 3, the following identity [5] holds:

a-+b

1) fa) = o [fOde - @)

- ﬁ{(wa)‘”’/vw((lA>a+m>ou
4 (bx)3//\2f”((1/\)b+)\x)d>\}.

similarly,

19) g = 1 [yt (-7

)g'(x)

- ﬁ{(ﬂﬁfl)s/)\2 19" ((1 = A) a+ Az)| dA

0

+ (b—x)3//\2 g”((lA)b+>\x)d/\}.

0

Multiplying both sides of (18) and (19) by g(z) and f(z), adding the re-
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sulting identities and rewriting, we have:

b—x

0

a
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{g(x) {(i;)g/lvf”(( A) a+ Azx)| dX
_a>3/1A2|f”(( )b+>\x)d/\]

+ fla) [(za)3/1v 19" ((1 — \)a + Az)| dX

1. Since |f"| ,|g”"| are convex on [a, b], from (20) we observe that

0

1) S0 < ¢
where
e = S22 Foega-
(b_x)g / 2| it
ﬁ//\ |f((1 =
and

(b— =)

b—a
0

[lg(@)[ M () + [ f ()| N(2)],

A)a+ Az)| dX

A) b+ Az)| d,

— A a+ Az)|dA

/)\2 lg" (1 = X\) b+ Ax)|dA.
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Next, using the property of functions whose modulus of second derivatives

are convex, we observe that

NI =Na+da)ldh < |f"(a)] [ A1 =X)+[f"(@)] [ Ndx
/ [romre |

1 1
= SIF@I+ 1)

1
1 1
Similarly,/ N ((1=XN) b+ Ax)|d\ < — 3 |f"(b)| + 1 |f"(z)|, also

0
1

1
/Aﬂya ~Nata)|dr< g
0

1

g’ ()|+ 9" (z)[, and

[ =0 a0 dx < 510+ 5l @)

0
We thus have

Now
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Similarly,

23) N < “;2“)2{(g:j)gwg%am(ij)3rg"<b>|

3 (x_aT—H))Z "
TR T ]|g <x>|}.

The inequalities (21), (22) and (23) establish the required inequality.

2. Since |f"|, |¢”| are log-convex on |a, b], we have from (20)

S.(f.9)l < i(baf{g(x) {(ﬁ‘j) [ @ i i

A? FOlVEC VdA]

+

+
/\
Q&
\/
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For any C' > 0, we have:

1 2
/)\QC”\d)\: C(lnC’) —2Cln30+20—2'
(InC)
0
()] ()] q"(x)] 9" ()
= Ay = d B, = .
2T g @) T g o)

Also, let Ay = —%, B; =
@l T )]

We therefore have from (24)

195(f, 9)| < [lg(x)| H(z) + | f(2)] L(z)],

for x € [a,b], where

B 1 ) r—a 3141 (1HA1)2—2A11HA1+2A1—2 "
H(z) = 4 (b—a) <b - a) (In 4;)° )l
i <b—l‘)3Bl (lnB1)2_2B11n31+2B1_Q‘f”(b)l
b—a (lnB1)3 7
and
1 2 r —a 3A2 (lnA2)2—2A211'1A2+2A2—2 ”
L — Z(p—
(@) = (-0 (b— a) (In A;)° lg°(a)
b—x\> By (InBy)* — 2By In By + 2B5 — 2
25 + "(b)]] .
@+ (1) s 90)
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Proof of Theorem 4.

From the proof of Theorem 2, we have

26) f(@)ola) = 55— [g@c) [ e+ s | g(t)dt]

1 a+b

)1 (@)g(x) + f()g'(z)]

= Q(bl—a { /xt2|:/ x—i—/\t]d)\] dt
b 1
+f(ﬂf)/(as—t)2 [/(1—)\)9”[(1—)\)x+)\t]d)\] dt}.

0

Integrating w.r.t x from a to b, we get

(27) T(f.9) =

x/{g(x)/(a:t)2 [/(1)\)f”((1)\)x+>\t) d)\] dt
+f(x)/(:c—t)2 [/(1>\)g”((1>\)x+/\t)d)\] dt}daz

a 0

1. Since |f"], |¢"| are convex on [a, b], we have from (27)

T5(f,9)] <

2(b a)?

/{g |/\:v—t\ [f” |/1— YA\ + |7 (t |/1/\ 1— )d)\]dt

1

1
+ | f(x |/\x—t\ [g”a:/ (1—=XN)2d\+]g" (t) |/)\ d)\] dt}dx
a 0 0
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/{g ,/bu, i [If” |f”6(t)|]dt

a

+f( |/|x—t|2 Pg”?()xﬂ g ”6(75)|] dt}dx

b

< Q(bla)Qa/{g(m)a/x—tQ e SUp {’fﬂéxﬂ 4 ’f"6<t)q dt

b
+ |f(x)|/\:v—t\2 €55 Sup Pg ;:c)| i lg 6(t)|] dt} dx

“—a /{'g 1@+ 11 )1l
1f( >|[2|g"< )+ lllg” ()]} E(x)de

where

/]:p—t!zdt:E(m): (z—a) ‘;(b_x) |

2. Since |f"], |¢"| are log-convex on |a, b], we have from (26)

1
2(b—a)’

>< /{g |/\x—t\ [/ |f"<>“f"<t>*dA] it
+ y/|x—t\ [/ Mlg" (@) Ag”(t)AdA] dt}dw

— / T r— 2 " (o / . f() *
- Q(M)QG/{;A >|/| / [f ( >|0/<1 y dA]dt

f" ()

T5(f,9) <
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b 1

1@ [lo -1 [g” @l [ (1=
a 0

1 / / InA+A-1
—In _|_ —
_ ¢ 2 1 dt
i) {g<x>| [l =

b
~InB+B-1
+ If(ﬂf)l/lfc—tl2 lg" ()| n(ln;)Q dt}dw,

A

Vi
t
g A\

(t)
7 () dt dz

a

1o -

fl/ (1.)

9" (t)
g// (l’) :

where A =

Proof of Theorem 5

From the proof of Theorem 3, we have

Ss(f.g) = _Il {9(%) {(i;)g/lff”((l — A)a+ Az)dA

" <ZZ)3/1>\2f”((1>\)b+)\x)d)\]

0

+ fl) [(i_z)g/l/\Qg”((l)\)a—l—/\x)d)\

n <ZZ)3/1)\2g”((1)\)b+)\:c)d)\]}(ba)2-

0

Integrating the above w.r.t.x from a to b, we have

T,(f,9) =
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— (2@)]{(23)3 {g( )/1/\2|f”(( A a + A\r)| dX

a

1

+ f(a:)/A2 g”((lA)a+)\x)d>\]

0

1

n (Zj)g{m/mf"(( N bt )| dA

0

+ f(x)/)\2 |g”((1)\)b+)\x)d)\] }dx.

1. Since |f"|, |g”"| are convex on [a, b], we have

Lol < 50 {(jj‘j) [g ) / [V (=N (@) + 2] £ (2)]] dA

+1f@) / (13 lg" @]+ X1 @)] dx}

0

1

+ (z:j) [gw [ a=n1r®1+ 1@ i

0

+ y/ (A (1 )+ X |g"(2)]] d)\] }d:c

0

- =L / {(jj jj)gm (@) + 31" (@)

+ @) (19" (@) +31g"(x)])]
+ [lg@) (S ®)] + 311" (=)])

b @0+ 3l @D (=) }dx.
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2. Since |f"], |¢"| are log-convex on [a, x|, [x,b], we have from (20)

(o) = b4“/b{(§_j) [g 1" (@ |/ (L1 0

a

A ‘/ () }
: <z-z>3[g<x>f~<b>jv<;::azw
¢ o [ (50 o o

Using the results of Theorem 3, we have

b—a

T(f.9)l = —
b

<G

a

Al (h’l A1>2—2A1 In A1 +2A1 —2
(ln A1)3

lg(x)[ |f" ()]

LAy (InAs)? — 24510 Ay + 245 — 2
L f(@) g (e) A2 nde) — 24 ln 4, + 24,

(ln A2>3
b—x 3 " B1 (111B1)2—2311H31+2B1—2
v (=) [|g<:c>\ 70) T
2
4 |f<x>| |g”(b)| BQ (ln BQ) — QBQ IHSBQ + 232 -2 } dr.
(111 BQ)
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Proof of Theorem 6
From the hypothesis of Theorem 6, and using the identities (15) and
(16), we have:

a+b,
: >f<x>]

a

x {g @)~ 5= [ ot~ (= "5 b)g'<x>]

(28) {f (@)~ 5= [ S0t~ (o -

b 1

= {blaf(a:—zf)2 [/(1—A)f”((1—>\)a:+/\t)d>\] dt}
b 1

x{bla/(xt)2 [/(1)\)9”((1>\)x+)\t)d)\] dt}.

Integrating both sides of (28) w.r.t. z from a to b, we have

T 1 / / 2 / 1"
19 = / {[/ -1 (/ 1= 7" (@=X) 230 dA) dt]

a 0

(29) « /(x—t)2 (/ (=N g" (1= \) 2+ M) d/\> dt}dx,

a 0

b

1 ~
Ss(f,g)dx and

b—a

Se(f,9) = f(@)g(x) — (= ) [£(2)g'(x) + 9(2) f' ()]

where %s(f, g) =
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[ / t)dt + g(x / dt] + (z — a;b)Qf’(x)g’(x)

a

b

1 /g dt+—g /bf(t)dt]

()

1. Since |f”|, |¢"| are convex on [a,b], we have

1Ts(f, 9)|

: (bla)Sa/{/(xt)2 {/(1A>2f”(”3>|+“1A)f”(t)dA] i

a 0

+ (-

2

o [y

essanp (|g”:(f)| n |g”ét)|) [/b (z — t)2dt] 2} dx

E*(z)dx,

IA
—_
Se—
—
[\
=
—
IS
-~
_|_
—
N—
—
[\»}
o
PN
—
+
o
S—
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where E(x) = (z=a) + (b~ a:)3‘

2. Since |f"|, |¢”| are log-convex on [a,b], from (29) we observe that

b b 1
~ 1 , KONk
T(f,9)] < —— =t ()] | [ Q=N |5 dX\| dt
b 1 ”(t) A
. 2 " . g
X /|x t” g" (x)] O/(1 A) 7 (1) d\| dt y dx
b b
1 —lmA+A—1
B (b—a)3/ /'z_tmf” @)l n(ln—;l)Q o
b
2 ” —lnB+B—1
o e e T
| ) g
where A = I (m)‘ and B = o () .
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