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On the Fekete-Szego inequality for a class of
analytic functions defined by using the
generalized Salagean operato

Dorina Raducanu

Abstract

In this paper we obtain the Fekete-Szego inequality for a class
of analytic functions f(z) defined in the open unit disk for which

prrt e\ [ prvzp\ P . . . .
f);lf D§+1f (a ,8 ,A > 0) lies in a region starlike with
respect to 1 and which is symmetric with respect to the real axis.
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1 Introduction
Let A denote the class of functions f(z) of the form
(1.1) f(2) :z+2akzk

k=2

which are analytic in the open unit disk U = {z € C: |z| < 1} and let S be

the subclass of A consisting of univalent functions.
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The generalized Salagean differential operator is defined in [2] by
DY f(2) = f(2) . Dif(2) = (1= Nf(2) + Azf'(2)
Dy f(z) = DX(Dy'f(2)) . A = 0.
If f is given by (1) we see that

(1.2) Dif(z) =2+ Y [1+ (k= 1)\ az".

When A = 1 we get the classic Salagean differential operator [6].
Let ®(z) be an analytic function with positive real part on U with ®(0) =
1, ®(0) > 0 which maps the unit disk U onto a region starlike with respect
to 1 which is symmetric with respect to the real axis.
Denote by S*(®) the class of functions f € S for which
2f'(2)
f(2)
and denote by C'(®) the class of functions f € S for which
21(2)
f'(2)
where 7 <7 stands for the usual subordination.The classes S*(®) and C(®)
where defined and studied by Ma and Minda [1]. They obtained the Fekete-
Szego inequality for functions in the class S*(®) and also for functions in
the class C'(®).

By using the generalized Salagean differential operator we define the

<P(2), z€U

1+ <®(z), z€eU

following class of functions:

Definition 1.1. Let ®(z) be a univalent stralike function with respect to
1 which maps the unit disk onto a region in the right halfplane symmetric
with respect to the real axis, ®(0) =1 and ®'(0) > 0.A function f € A is in
the class Mgg(q)) if

49 (B (Befg) <o

0<a<1,0<B<1,A>0.
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It follows that
Mg;ll(cb) = C(®) and Mﬁg(cp) = S*(®).

When n = 0 and A = 1 we obtain the class M, 3(®) studied by Ravichadran
et.al. [3].

In this paper we obtain the Fekete-Szego inequality for functions in the
class Mgé\(@)

To prove oue results we shall need the following lemmas.

Lemma 1.1. [1] If p1(2) = 1+ 12 + 2 + ... is an analytic function with

positive real part in U , then
—4dv+2, ifv<0

e —vef| <4 2, if0<v<l1
dv—2,  ifv>1.

Whenv < 0 orv > 1, the equality holds if and only if p1(2) is (142)/(1—2)
or one of its rotations.If 0 < v < 1,then the equalily holds if and only if
p1(2) is (1 + 2%)/(1 — 22) or one of its rotations.If v = 0,the equality holds
if and only if

14+a)\ 14z l—a\1—-2
= 0<a<l1
Pi(z) ( 2 )1—z+( 2 )1+z’ =0=

or one of its rotations.If v = 1,the equality holds if and only if py is the

reciprocal of one of the functions such that the equality holds in the case of
v=0.

Also the above upper bound is sharp and it can be improved as follows
when 0 <v <1 :

lco —vci| +v|cf]| <2, 0<v <

| —

and .
lco — v+ (1 —v)|d]| <2, §<v§1.
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Lemma 1.2. [/] If p1(2) = 1+ c12 + 2+ ... is an analytic function with
positive real part in U , then

lco — vei] < 2max {1; 20 — 1]} .

The result is sharp for the function

1422

1+2
p1(Z)—1_22 -

or pi(z) = .

2 Fekete-Szego problem

We prove our main result by making use of Lemma 1.1.

Theorem 2.1. Let ®(2) = 1+ Biz+ Boz? +.. . If f(2) given by (1.1) is in
the class Mgg‘(q)) , then

|as — pa3| <

B? .
2B, — ,\(1+>\)2"[a:-ﬁ(1+>\)]2 7] ) if p < oy

1
AXN(14+20) " [a+B(1+20)] [
B
2>\(1+2>\)"[01+ﬁ(1+2/\)] ’

ifor < p <oy

1 B? .
INAF2N) " [at+B(1+2N)] =28 + A(1+A)2"[a:-B(1+A)]2’V] , if p> oo

Further,if o1 < u < o3 ,then

|ag — pas|+
AL+ a+ B+ M) {1_&+ VB }m 2
2(1 + 2)\)n[a + B(1 + 2))] B By 221+ N2 a+ B(L+ N2
B

< )
T 201+ 202« + B(1 4 2)0)]
If o3 < u < o9 ,then

las — paz|+

A1+ N2 [a+ B(1+ \)]? - By vBy
(14 2)\)"[a + B(1 4 20)]| By By 2M1+XN)?[a+ B(1 4+ N))?

2
+2 |as|
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< B
T 201+ 202+ B(1 +2N))

where

201+ AN)M[a+ B(1+ N)]A(B: — By)
LT T 20 o+ B+ 20 B?
B2(1+ M) [Aa+ 81+ MN]2— (A +2)[a+ B(1 + )]
B 4(1 + 20" [a + B(1 + 2))] B
221+ N a+ B+ N))A(Bs + By)
72T T+ 20 o+ B(1 + 2N B2
CBIA+ "o+ B+ NP = (A +2)[a + B(1 4+ A)?]
4(1+2\)"a + B(1 + 2)))B?
2+ N a+ B+ NPBy
7T 41+ 20 [a + B(L+ 20| B2
B2(1+ M) [Aa+ 81+ N2 = (A +2)[a+ B(1 + N
B 4(1 + 20" [a + B(1 4 2)\)]| B2

and

7= A1+ N)"a+ B(1+ N~
—(A+2)(1+ X)*[a+ B(1 + N)?] + 4u(1 + 20)" [ + B(1 + 2))].
These results are sharp.

Proof. Let f € Mgg(@) and let

21)  plz) = (Dg;f(cg))a (g%ﬁ;g)ﬁ =14zt b2+ ...

Since the function ®(2) = 1+ Byz + B2+ ... is univalent and p < ® then

the function

1+ (p(2)
=0 1(p(2)

is ananlytic and has positive real part in U.We also have

=14cz+c22. ..

p1(2)

z)—1 1 1 1 1
p(z) =@ (?EZ; n 1) =1+ 531012 + 531(02 - 50%) + ZBZC% 24 ...
1
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From (2.1) we obtain

1 1 1 1
b1 = 53101 and b2 = §Bl(C2 — §C%) + Z__LB2C%.
By making use of (1.1) and (1.2) we obtain
Dyt f(2)
D3 f(2)

and therefore we have

=1+ M1+ N)"agz + [2A(1 + 2))"az — A(1 4+ N\)*a3]2* + . ..

()

Aa? — a(\ +2)
2

= 1+aA(1+\)"azz+A {204(1 +2\)"as + (1+ A)Qnag] 2.

Similarly we obtain

Dy )\
+A [26(1 +20)" M ag + M - 52()\ *2) (1+ >\)2"+2a§] 24

Thus we have
(Dfﬂf(Z))a <D§+2f(2)
D} f(z) Dy f(2)
FA{2(1 4+ 20)" [ + B(1 + 2X)]ag+
+A[a + B+ NP = (A +2)[a+B(1+ )2

s
) =14+ A1+ N)" e+ B(1+ N)]asz+

(1 —i—)\)Qnag}zQ +...

In view of (2.1) it results 2
(2.2) by = A1+ AN)"[a+ 8(1 + N)az
and
by = 2X\(1 + 2)\)"[a + B(1 + 2)\)]as +
(23) 4N BALNE=AAEDa+ BUHN] ) oo

2
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Therefore we have

> _ B, 9
(24) a8 = M = o)+ A0 2] 2 T Y
where
L 1 . % vBy
YTy { B * 2A(1+ AN+ B(1 + A)P} '

Our result follows now by an application of Lemma 1.1.To show that the

bounds are sharp,we consider the functions Kg,,(m = 2,3,...) defined by

<Dz+1mp,m<z>>“ (Dz“K@,m(z))ﬁ _ o(zm)
DY K n(2) DY K n(2) ’

K‘P,m(O) - [K<I>,m]/(0) —1=0
and the functions Fs, G5 (0 < § < 1) defined by

(DQHF(;(z))a (D;+2F5(z))ﬁ o <z(z +0)

) Fy(0) = FJ(0) ~ 1 =0

Dy Fy(2) Dy Fy(2) 146z
and
D;+1G5(z))a (D;+2G5(z))ﬁ < z(z+5))
= (- Gs(0) = G5(0)—1 = 0.
(DQLG(;(Z) DGy () 1+6z ) 5(0) = G5(0)

It is clear that the functions Kg,, , F5 and G belong to the class M, ZQ(CI))
If 4 < oy or > 0y, then the equality holds if and only if f is K¢ 9 or one
of its rotations.When oy < p < o9 , the equality holds if and only if f is
Kg 3 or one of its rotations.If y = oy , then the equality holds if and only if
f is Fy or one of its rotations.If y = o5 ,then the equality holds if and only
if f is G or one of its rotations.

By making use of Lemma 1.2. we easely obtain the next theorem.

Theorem 2.2. Let (2) = 1+ Biz+ Byz? +... and let f(z) be in the class
Mgg(q)) For a complex number p we have:

|as — paj| <
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< B max{l ‘—%—l— 75
T 221 20 e+ B(1+20)] | B 221+ N [a+ B(1+ N))?

The result is sharp.

b
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