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A characterization of the orthogonal
polynomials

[oan Gavrea

Abstract

We give a characterization of the orthogonal polynomials using
certain inequalities linked to the scalar product between a fixed func-

tion ¢ and any convex function of order n — 1.
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1 Introduction

We denote by I the interval [0,1], I = (0,1) and by e; the monomial e; :
0,1] = R, e;(z) =2",i=0,1,2, ...

Definition 1 Let J C R be an interval. A function f : J — R is called
nonconcave of order n—1 on J if for every system {xq, x1, ..., x,} of distinct

points from J we have
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where [To, T1, ..., Ty; f| is the divided difference of function f on a system of

distinct points {xg, 1, ..., Tn}, T € J.

In the following we denote by K, 1(I) the set of nonconcave functions of

order n — 1 on I with the property that fol 2¥f(x)dx, k € {0,1,...,n} exist.

Let us denote by P, the Legendre polynomial of degree n on the interval I.
N. Cioranescu ([1], [2], [3]) proved the following result:

Let f € K,_,(I)nC™(I). Then there exists a point § = 6(f) € I such that

1 (n)
(1) /0 Poa) f(2)de = K L0)

n!
where K = [ 2" P, (z)dx.
A. Lupas, [5], showed that for any f € K,_1(I) there exist distinct

?

points ¢;(f) € I,i=0,1,...,n such that the following equation holds:

2) / Po(2)f(2)dx = Klco,cr, oo ca; f),

where K = fol 2" P,(z)dz. In fact Lupag’s result shows that the linear
functional A, A : C(I) — R is a P, simple functional in the sense of T.
Popoviciu ([7]).

In [5] we have extended the result obtained by A. Lupas. We proved
the following: let A : C[0,1] — R be a linear positive definite functional
and P, the orthogonal polynomial of degree n relative to the functional
A. Then for every f € C|0,1] there exist n distinct points ¢; = ¢(f),
¢ €10,1], i =0,1,...,n such that:

(3) A(fP,) = Klco, c1, ..., cn; [, K = Alen).

In [6], A. Lupag and A. Vernescu gave a characterization of the Legendre

polynomials. They proved the following.



A characterization of the orthogonal polynomials 83

Theorem 1 Let p € 11, a monic polynomial. A necessary and sufficient

condition such that the inequality

(4) / pl() f (z)dz > 0

holds for all f € K,_(I) is that p = P*

. where P is the Legendre monic

polynomaial of degree n.

The aim of this paper is to extend the result of Theorem 1.

2 Main Results

Let £ be a n + 1-dimensional space of C™(I) and Uy, Uy, ..., U, a basis of L.

The following definition is well known

Definition 2 Let (Uy, Uy, ...,U,) be a basis of L. The space L is said to be
an extended Chebysev space on [ if any nonzero element of L vanishes

at most n times on I (with multiplicities).

In the following we denote by & C C’"il(_f ) the set of all functions ¢ for

which the following conditions are satisfied:
1. For every f € K,_,(1), fol f(x)p(z)dx is finite.

2. The space L spanned by the functions {eg, €1, ..., €,_1, ¢} is an n + 1-

dimensional extended Chebysev space on 1.

Theorem 2 Let ¢ € ® be a fized function such that

(5) /0 o(x) f(z)dz > 0.
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Then, there exists a weight function w such that function ¢ can be written
as

¢:in7

where P, is the monic orthogonal polynomial of degree n on [0, 1] relative

to the scalar product

<hoo= | ' f@)g(@)ula)ds.

Proof. The functions +e; € K,,_1, i =0,1,...,n — 1. From (5) we get
1

(6) / v @)z =0, i=0,1,.n— 1.
0

From (6) it follows that there exist n distinct points ; € I, i = 0,1,...,n
where the function ¢ changes its sign. The function ¢ doesn’t change its
sign in any other points, because ¢ € L. Therefore, the function ¢ can be

written in the following form:

¢ = in7
where
P.x)=(x—x1)...(x —x,),x €1

. ( b(a)

P)’ xeI\{ry,..,z,}

w(z) =
¢'(x)
| P x € {xy, ..., tp}

The function w is continuous and has the constant sign on I. The function

P, € K,_1(I) and therefore

/0 P, (z)p(x)dz >0
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or

(7) /0 P2(z)w(z)dz > 0.

From (7), it follows that

w(z) > 0,
for every x € I and therefore the proof is complete.

Corollary 1 Let w be a positive function defined on (0,1), such that for
every i € {0,1,...,n}, fol r'w(z)dr < oo and let p be a monic polynomial of
degree n such that
1
/ f(z)p(x)w(z)dx > 0,
0
for every f € Kn,l(f). Then p coincides with the monic orthogonal poly-

nomial of degree n relative to the scalar product

<hoo= | ' f@)g(@ula)ds.

Proof. The proof follows from the fact that the set span{eg, ey, ..., €,_1, pw},

with p a monic polynomial of degree n is an extended Chebysev space on I.

Remark 1 For w =1, we obtain the result from Theorem 1.
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