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On an expansion theorem in the finite
operator calculus of G-C Rota
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Abstract

Using a identity for linear operators we present here the Taylor

formula in the umbral calculus.
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1 Introduction

We consider the algebra of all polynomials p(t) in one variable over a field
of characteristic zero, to be denoted II.

We denote by II* the linear space of linear operators on II to II. For
example D € II*, Dp(t) = p/(t) (the derivative), E* € II*, (E%)(t) =
p(t + a) (the shift operator), Zp(t) = p(t) (the identity).

We denote by II; the set of shift invariant operators

Iy ={T|TE* = E°T, (¥)a}
and by II§ the set of delta operators

I = {Q € 1l | Qz is a nonzero constant} .
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Delta operators possess many of the properties of the derivative operator
D. For example if () is a delta operator, then QQa = 0 for every constant
a. Next, if p(t) is a polynomial of degree n and @) € II}, then Qp(t) is a
polynomial of degree n — 1.

A polynomial sequence (p,(t)) (degp, =n, n=0,1,2,...) is called the
sequence of basic polynomials for ¢ € II} if py(¢t) = 1, p,(0) = 0 for n > 1
and Qp,(t) = np,_1(t) for n > 1.

It is known the following theorem

Theorem 1. i) Every delta operator has a unique sequence of basic polyno-
maals.

i) If (pn(t)) is a basic sequence for some delta operator @ then it is a
sequence of polynomaials of binomial type.

iii) If (pa(t)) is a sequence of polynomials of binomial type, then it is a

basic sequence for some delta operator.

The following theorem generalizes the Taylor expansion theorem to delta

operators and their basic polynomials.

Theorem 2. For T € II} and Q) € I} with basic set (p,), we have

(1) T Z Tpk:

k>0

We consider now a operator X¢ II7, defined by Xp(t) = tp(t) and for
any operator 1" defined on II, the operator

T'=TX - XT

will be called the Pincherle derivative of the operator T
We observe that D' =7, (E*) = aE® I' = O (the null operator).
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2 The Bernoulli identity

Let T', S be two linear operators such that

(2) TS - ST =1.

For example DX — XD = Z. From (2) we obtain
TS? = ST + 28

and by induction

(3) TS" = S"T 4+ nS™ ' n>1.

Starting with the identity

n

(4) Z(Oék - Oék+1) = 0Qp — Qp41
k=0
for
(5) ap =0, aj = (=1 Sk >
0o— Y, k — (k — 1)' ) =

and using (3) we get

—1)*
A — Q1 = %TSka
and hence
- (_1)k kk (_1)n nm-+1
(6) Tk o ST = TS T,
=0

This is the Bernoulli identity obtained by O.V. Viskov (see [1], [3]).
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3 The main result

Let @ be a delta operator with the basic set (p,(t)). Hence po(z) = 1,
pn(0) =0 for n > 1 and Qp, = np,_1 for n > 1.

Definition 1. We define the Q-integral operator as a linear operator

IQ = ﬁdt by

(Zap) ()= fondt = — 1m0,
forn > 0. We denote
(7) f (Qp)(1)dt = p(x) — pla).

Definition 2. We define next the pseudo QQ-integral operator
To € I, (Topn)(t) = pata(t).

Remark 1.For Q = D we have p,(t) =t", n=10,1,2,... and Ty =Tp =
X, (Xp)(t) = tp(t).

Theorem 3. We have the following Taylor expansion formula

i (0T — Tp)*Q*f) (=) _

(8) k' -
k=0 ’
. ((2Z - Tp) Q% f) () (2L — To)"Q"H ) (¢
kzo( Qk! ) +]£(( Q}L! f)()dt

with the rest term in the Cauchy form.
Proof. Let T, S be as below

T=Q, S=T,—aT.



On an expansion theorem in the finite operator ... 153

We have (T'S — ST)pn(t) = p,(t) and hence T'S — ST = Z. After submition
into (6) we get

QZ (_kl!) (Tg — 21)*Q"p(t) = (_nl!)n(TQ — 2Z)"Q" 'p(t), p(t) € IL

Apply 7{ dt to both sides where, of course, t is the variable, and using (7)

«

to obtain
© 3 (2T — TCZ)' Qp) (x) _ 5 (2 — TQk)! Q*p) (@) R (2)

where the rest term R, is in the Cauchy form

" Rute) = (LTI D0,

n!

Remark 2.For (Q = D we observe that Tp = X and hence

(Top)(t) = tp(t).

Next ((«Z —Tp )p) (x) = (xp(t) — tp(t))],—, = 0 and of (9) we obtain

(11) pa) =3 T 00) 4 R ()

k!
k=0

with Ry41(x) :/ Mp(”ﬂ)(t)dt.

o n!

Remark 3.We have DX — XD =17 and for T = D and S = X in the

Bernoulli identity we obtain

- (_1)k knk (_1)n n yn+1

DY g XDM = XD
k=0

and finally a McLaurin expansion formula in the following form

i) =3 Ewe + [T e

n!
k=0
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