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A proof of Schur’s Conjecture and an
improvement

Ioan Tincu

Abstract

In the paper I proved first Schur’s Conjecture by using the prop-
erties of Bessel’s functions of the first species. The second main result
is an identity verified by the product sinaxsina(l — z), containing

T
Schur’s Conjecture as a particular case (a = 5)

2000 Mathematics Subject Classification: 33B99

1 Introduction

Schur showed that sin 7z has a development of the form

o0

(1) sinrx = Z crlr(l — )]k,

k=1
the series of the right-side hand being convergent for |z| < 1.
By computing the first coefficients, Schur observed that ¢; > 0, ¢; > 0

and conjuctered that all coefficients are positive.
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In the first part of the paper we give a solution to this problem.

It is known that Bessel’s first species function verify:

/2 /2 .
(2) J_%(z) =/ cosz, Jij2(2) = —sinz, 2 € R,
2

(3) Tns1(2) + Ju1(2) = ?”Jn(z), n€R,

(1= 22 sa\k
(1) ) =23 L (Y @) e r

k=0 '
(5)  Ju(2) 263)" /1(1 £2)"2 cos xtdt, n > ! €ER

Z) = ——2——r — 2cosxtdt,n > ——, z :

2 Main results
Propertie 1 The coefficient ¢, k = 1,2, ... from (1) are strictly positive.

Proof. Let n = —3 in (4). Then:

Ty = = L (0 )

1
2 z
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In the above equality, we consider z = 2x — 1, a = g It follows
7r . T = [2(1 — z)]F T s s
cos 5(23: — 1) =sinmz = B ; TW’“J,C,% <§> + §J7% <§>

From (5), it follows:

o0

z(1 — )]k w2k [ _ mt
sintx =2 - Z F[(k( ) <§> . /0 (1 — %) 1 cos ?dt
k=1

sinrx = Z cxlz(1 — z)]¥, where

k=1

(5 k= m : (g)%/o (1 — %)k cos %tdt >0, (V) k e N".

In what follows we are concerned with the determination of the coeffi-

cients dy(a) from the development:
(6) sinazsina(l — z) Zx (1—2)*di(a),a € R, |z| < 1.

Choosing in (4) n = —1, we can write

(7) J

From(2), equality (7) can be written as follows:

[Ta = (1= 22k rayk
(8) cosaz — cosa = 7Z%<5> Jp—1(a),
k=1

and for z = 2z — 1, we have:

sin(ax)sina(l —z) = %\/?; M(Qa)kt]ké(a).
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Thus,

sin(az) sina(l — x) de z(1 — z)]*, where

1 [ma (2@)
/ — — R =
(8" dk(a)—2 5 1 Jk_;(a) k=1,2,...
By using (3) for n = k — 3, we obtain for z = a:
2k —1
‘]k-i- 1(a) = 4 ‘]k—%(a) - ‘]k—l—%(a)v
2(2k — 1) 4a?
d = —=d — ———dj— k=23,...

(9) k+1(a) k+1 k:(a) k(k+1) k 1(@), 737

The coefficients d;(a) and dy(a) are:

di(a) = %\/? 216'LJ1/2( ) =asina (see (2))

1 4a? 1 /2
dy(a) = 5 %& . %Jg(a) = —&(sina —acosa), a> 0. (see(3)and (2))
2 m
From (5) and (8') we have
a** ' 2\k—1
1 d = = 1 -9 tdt
(10) o(a) P(k+1)F(k)/0 (1— )" cosa

Remark 1 2d; (g) = ¢y (see (5') and (10)):
if a € (0, g) the coefficients dy(0) are positive.
By using (10), for a € (O, g} we obtain:

CL2 a2k 1 .
d . 1—1t tdt
FS Eer 1) TRk + 1)/0 (1= #7)" cos at dt,
a? dp1(a) a? w2
d d i
wl0) < gy (@) T < rm T <

Taking k = 2,3,...,n — 1 and multiplying the inequalities:

71.2

24)” 2dy(a)

(11) dn(a) < (
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Propertie 2 Ifa € (O, g}, the coefficients di(a) from the development (6)
verify:

i) 2dy <g) = ¢k, where ¢ are the coefficients from the development (1)

i) (dn(a))n>2 is decreasing.
iii) dn(a) < (;Tz) do(a), () > 2.
iv) s (@) = m[%(zk — 1)dy(a) — da2dy_1(a)], k € N,

di(a) = asina,dy(a) = a(sina — acos a)

Propertie 3 The coefficients di(a) verify:
4

1 (2a)%* a® a ab

2 (2k)! {1_2(2k+1)+8(2k+1)(2k+3)_48(2k+1)(2k+3)(2k+ 5)}
1 (2a)%* a? a

< dk(a) < 5 . + _

(2k)! b= 22k +1) ' 8(2k + 1)(2k + 3)

TRk L )2k £ 3)(2k+5) | 24-16(2k + 1)(2k + 3)(2k + 5)(2k & 7)}

Proof. From

B (2@)1‘7_% (—l)j(k+j — 1)' 25 *
Te-y(@) === = IETE I
_@afE (- o’ «
Jp—1(a) = N '(Qk_l)!'{ _2(2k+1)+8(2k+1)(2k+3)_

182k +1)(2k+3)(2k+5) | 24-16(2k+1) 2k 13)(2h+5) 2k +7)

we obtain

2 ot K . a? a
77120 (2—/@'{ T20k+1) TRk DRET3)
ab k!

2 1
e e ey I o O Ry = COM ool U
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a? a* ab

T2k + 1) 8(2k F1)@E+3) 482+ 1)(2k+3)2h+5) *

4-16(2k + 1)(2k + 3)(2k + 5)(2k + 7)} ’

>
1 (2a)2* l a2 . o - b }<
2 @1 | 20k+1) BREFD(2k43) AR+ (2643)(2k-+5)

1 (2a)% a? a
<@ <3 g Y T3 D TS D@k T 8

6
- A8(2k + 1)(2612 32k +5) | 24-16(2k + 1) (2K i 3)(2k + 5)(2k + 7)}
Propertie 4 Let p € N* p > 2. Euxists § = 0(x) € (1, %) such that

sinazsina(l — ) de (1 — )] + 0(2)d,(a)[x)(1 — z)]P.
Proof. From

sinazsina(l — z) E di(a)[z(1 — z)]

and Property 2 we have

p o)

de ¥ < sinarsina(l —1x) < de(a)[x(l—x)]k+dp(a) Z
de )IF+dy (@) (11— )] ) Lz (1

S

k=1 k=1
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[2(1 = 2)]F + 3d,(a)[x(1 — 2)]P.

We obtain: -
sinarsina(l — z) = de(a)[aj(l — 2)]F + dy(a)[z(1 — 2)]” - 6(z) where

Remark 2 Fora =7 and p=>5, we obtain

sinmz = me(l — ) + wle(l — )] + 7 (2 - %2) (1= 2)]’ + 7 (5 - %2)

(1 —2))* + 7 (m _a g 14) 21— 2)P - 0(x), 6(z) € (1,4)
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