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On some subclasses of starlike and convex
functions!

Alina Totoi

Abstract

Throughout this paper, in the second section, we prove that if
2f'(2)
f(z)

starlike function and, in the third section, we prove that if « € [0, 1),

feAand F(z) =zf'(2) (1 + ZJ{/I;S)) is starlike of order « then f

is a convex function of order «.

feA a>0and F(z) = zf'(z) (a + is starlike then f is a

2000 Mathematics Subject Classification: 30C45
Key words and phrases: meromorphic starlike functions, meromorphic

convex functions

1 Introduction and preliminaries

Let U = {z € C : |z| < 1} be the unit disc in the complex plane and
HWU)=A{f:U — C: f is holomorphic in U}.

We will also use the following notations:

Hla,n)={fe HU) : f(2) = a+a,2"+a, 12" +...} fora € C, n € N*,
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A, ={f € HU) : f(2) = 2+ apnp12™™ + @22 + ...}, n € N*, and
for n = 1 we denote A; by A and this set is called the class of analytic
functions normalized in the origin.

Let S be the class of holomorphic and univalent functions on the unit
disc which are normalized with the conditions f(0) =0, f(0) =1, so

S={fe€A: fisunivalent inU}.

Definition 1.1. ([3]) Let f : U — C be a holomorphic function with f(0) =
0. We say that f is starlike in U with respect to zero( or, in brief,
starlike)if the function f is univalent in U and f(U) is a starlike domain
with respect to zero, meaning that for each z € U the segment between the

origin and f(z) lies in f(U).

Theorem 1.1. ([3]) (the theorem of analytical characterization of
starlikeness) Let f € H(U) be a function with f(0) = 0. Then f is starlike
if and only if f'(0) #0 and

2f'(2)
f(2)

Let S* be the class of normalized starlike functions on the unit disc U,

Re

>0, zeUl

S0

2f'(2)
f(2)
Definition 1.2. ([3]) Let f : U — C be a holomorphic function. We say

that f is convex on U (or, in brief, convex) if f is univalent in U and f(U)

S*:{fGA:Re >0, ZEU}.

18 a convex domain.

Theorem 1.2. ([3]) (the theorem of analytical characterization of
convexity) Let f € H(U). Then f is convex if and only if f'(0) # 0 and

2f"(2)

Re )

+1>0,zeU.



On some subclasses of ... 107

Let K be the class of normalized convex functions on the unit disc U

and K («) be the class of normalized convex functions of order «, i.e.
zf”(z)
f(z)
Lemma 1.1. ([2]) Let ¢ : C* x U — C be a function that satisfies the

condition

K(a):{fEA:Re +1>a,z€U}.

Re(pi, o, p+iv;2) <0,

when p,o,pu,v € R o < —g(1+p2),a+u§0, forzeU,n>1.
If pe H[1,n] and

Rew(p(2), 29/(2), 22(2);2) > 0, z€U

then
Rep(z) >0, zeU.

Definition 1.3 (1). Let o, B € R, n € N*, f € A, with

FOFE o )
2 70t

We say that the function f is in the class My 5 if the function F : U — C,
defined as

#0,zeU.

ST [t

15 a starlike function on the unit disc U.

Pl = 1)

Remark 1.1. ([1])

/ «
1. If 3 =0 then F(z) = f(2) {sz((?;)] , 2 €U and M} ;= M, (the class
P :
of a-convez functions).
2. If B =1 then F(z) = (1 — a)f(2) + azf'(z), z € U and M, , = P,
(the class of a-starlike functions defined by N.N. Pascu).
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8. Ifa =0 then F(z) = f(2), z €U and My 4 = S* (the class of starlike

functions).

4. Ifa=1then F(z) = zf'(2), z € U and Mllﬂ = K (the class of convex

functions).

Remark 1.2. ([1]) For all real numbers o, 3 satisfying the condition af(1—

a) > 0 we have
Mgy s CS™

2 A subclass of starlike functions

Definition 2.1. Let a > 0 and f € A such that

f(2)['(2) 2f'(2)
z f(2)

We say that the function f is in the class N, if the function F : U — C

given by 0
f(z) )

#0, a+ #£0,z€U.

F(z) = zf'(2) (a +
1s starlike in U.

Theorem 2.1. For each real number o > 0 we have

N, C 5™
Proof. LethNa,fEAWithw#Oanda—i-%S)#O,zeU.
We denote 21 =p(z),z € U. We have p € H[1,1] and F(z) = zf'(z) -

f
(o + p(2)). (V\(/Z)make the remark that F(0) = 0 and F'(0) = a+ 1 # 0).

For z € U\{0} we apply the logarithm to the equality F(z) = zf'(2)(a+
p(2)) and we obtain:

log F'(2) = log z + log f'(2) + log(a + p(2)).
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If we derive the above equality( with respect to the independent variable

z) and, afterwards, we multiply the result with z, we will obtain:

(z) o 2f") 2(R)
W T e Tane
But Z]{(/S) = p(z) implies that zf’(z) = p(z)f(z) and deriving this

equality we obtain

f'(2) +21"(2) = V() f(2) + p(2) ['(2) |- f'(2) # 0,

" )y L
o) P

We will replace the last equality in (1) and we will have:

1+ + p(2).

2F'(z) _ 2p/(2)

F(z)  p(2)

We make the remark that the above equality is also verified for z = 0.
We denote

2p'(2)
—l—p(z) + rp(z), S U\{O}

() (). 2(2):2) = p(2) + 2/ (2) (p<1z> Ta +1p<z>)

From Definition 2.1 we know that the function F' is starlike, so

2F'(z)

3)  Re >0,z€U.

Using the notation (2) the condition (3) is equivalent with
Ret(p(2), 2p'(2);2) > 0, z€U.

Making the calculus we have:

Rezp(is,t)_Re[is+t<i+ 1 )]_

1S o +1s
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_. _. _ 1 2
:Re[z’s—l—t< is  « zs>]_ ta a(l+s?)

* a2 +s2 7 2(a? + s?)

<0
52 o? + 52 -

1
for all ¢ < —5(1 + s%) and s € R.
Consequently, we have obtained Re(is,t) < 0 for all s € R and ¢ <
1+ s?

5 and

Red(p(z), 2p'(2);2) > 0, z € U, p € H[1,1],
from where it results that

Rep(z) >0, z € U.

/
So, returning to the notation ZJ{((Z)) = p(z) we obtain
z
2f'(2)
Re >0,z €U,
f(2)

and that means that f € S*. So, N, C S*.

3 A subclass of convex functions of order o

Definition 3.1. Let a € [0,1) and f € A with

FEF) (2
A

We say that the function f is in the class N(«) if the function F : U — C
given by

#0,z€eU.

F(z) = 2f'(2) (1+ Z}f(;))

1s starlike of order «.

Theorem 3.1. For «a € [0,1) we have

N(o) C K(o).
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zf”(z)

Proof. Let f € N(a). We denote 1 + — = (1—a)p(z) + ap(z). We
z

have p € H[1,1] and F(2) = zf'(2)[(1 — a)p(2) + a]. Using the logarithmic

derivation and the multiplying with z we obtain:

F(2) s (—apl(e)
o) T ) U a

z2p'(2)(1 — a)
(1—a)p(z)+a

=(1—a)p(z) +a+

which is equivalent with

(1 —a)zp/(2)
1—a)p(z)+a

o 5

—a:(l—a)p(z)+(

We denote

N 2p'(2)(1 — o)
(5)  U(p(2),20'(2);2) = (1 — a)p(z) + Ao ta cU.

We know that f € N(«), so F is starlike of order a, and hence

2F'(2)

(6) Re > a,z € U.

Using (4) and the notation (5), the condition (6) is equivalent with
Ret(p(2), 2p/(2);2) > 0, z € U.

Making the calculus we have

o : t(l1—a) _
Re(is,t) = Re [(1 — a)is + T—a)istal ~

a(l —a)t a(l—a)(1+ s?)
(—afsta = 2(l-apstar ="

1
for « € [0,1), s€e Rand ¢t < —5(1 + 7).
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Consequently, we have obtained Re(is,t) < 0 for all s € R and ¢ <
1+ s?
2

and

Re(p(z),2p'(2);2) >0, 2 € U, p € H[1,1],
from where it results that

Rep(z) >0,z € U.

2f"(z)
f'(2)
inequality Rep(z) > 0, z € U we obtain Re <1+
a>aforael0,1),so feK(a).

Finally we have N(a) C K(«).

= (1 — a)p(z) + a and using the

2f"(2)
f'(2)

Returning to the notation 1 +

) = (-aep(o)+
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