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Hankel determinant for p-valently starlike
and convex functions of order «

Toshio Hayami, Shigeyoshi Owa

Abstract

For p-valently starlike and convex functions f(z) in the open unit
disk U, the upper bounds of the functional |a,2 — ,ua% 11/, defined by
using the second Hankel determinant Hs(n) due to J. W. Noonan and

D. K. Thomas (Trans. Amer. Math. Soc. 223(2) (1976), 337-346),

are discussed.
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1 Introduction

Let A, denote the class of functions f(z) of the form

f2)=2"+ > a2" (peN={1,2,3-})

n=p+1

29
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which are analytic in the open unit disk U = {2 € C: |2]| < 1}.

Furthermore, let P denote the class of functions p(z) of the form
p(z) =1+ Z crzt
k=1
which are analytic in U and satisfy
Re p(z) >0 (z € U).

Then we say that p(z) € P is the Carathéodory function (cf. [1]).

If f(z) € A, satisfies the following condition

Re (Z]{(S)) >a (z€l)

for some a (0 £ « < p), then f(z) is said to be p-valently starlike of order

a in U. We denote by S () the subclass of A, consisting of functions f(z)
which are p-valently starlike of order « in U. Similarly, we say that f(z)
belongs to the class IC,(a) of p-valently convex functions of order « in U if
f(z) € A, satisfies the following inequality

zf”(z)
f'(2)

Re<1+ >>a (z € U)

for some a (0 = a < p).

As usual, in the present investigation, we write

S, =8,(0), K,=Ky0), S(a)=8(a) and K(a)=Ki(a).
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Remark 1. For a function f(z) € A,, it follows that

[(z) € K,(a) if and only if %@ € Si(a)
and
f(2) €83(a) if and only if / IO g ¢ K (a).
o ¢
Example 1.
£) = T € S(@)
and

f(z) =2PF 2(p—a),p;p+ 1 2) € Ky(a)

where o F(a, b; ¢; 2) represents the hypergeometric function.

In [7], Noonan and Thomas stated the ¢—th Hankel determinant as

Qp, Ap4+1 " Aptq—1
Qp41 Qpyo - Qptq
Hq(n):det (naqu:{1ﬂ2>37})
Antq—1 Ontq " OAnt2¢—2

This determinant is discussed by several authors. For example, we can
know that the Fekete and Szego functional |az — a3| = |Ha(1)| and they
consider the further generalized functional |az — pa3|, where p is some real
number (see, [2]). Moreover, we also know that the functional |agay — a3| is

equivalent to |Hy(2)].

Janteng, Halim and Darus [4] have shown the following theorems.
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Theorem 1. Let f(z) € §*. Then
lazay — a3 < 1.

Equality is attained for functions

f(z) = (1_ZZ)2 =2 +222 432 + 424 4 -+

and
z

:1_Z2:z+23+z5+z7+'--

f(2)

Theorem 2. Let f(z) € K. Then

0| —

|axay — a§| =

The present paper is motivated by these results and the purpose of
this investigation is to find the upper bounds of the generalized functional
|apr2—pal |, defined by the second Hankel determinant, for functions f(z)

in the class S;(a) and KCp(v), respectively.

2 Preliminary results

In order to discuss our problems, we need some lemmas. The following

lemma can be found in [1] or [8].

Lemma 1. If a function p(z) =1+ Y. ;2% € P, then
k=1

ekl =2 (B=1,2,3,---).
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The result is sharp for

p(z) = 1+Z—1—|—222

1—2

Using the above, we derive

o
Lemma 2. If a function p(z) = p+ Y. cx2" satisfies the following in-

equality
Re p(z) >a (2 €U)
for some a (0 = « < p), then

(1) |Ck| 22(29_04) (k:172a37"')'

The result is sharp for

Proof. Let ¢(z) = pz) —a =1+ kK Noting that ¢(z) € P
p—a k=1P — &
and using Lemma 1, we see that

<2 (k=1,2,3,--)

Ck
p—«

which implies

lekl £ 2(p—a) (K=1,2,3,--).
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Lemma 3.  The power series for p(z) =1+ > cx2® converges in U to a
k=1
function in P if and only if the Toeplitz determinants

2 c1 Cy cee o Cp
Cq 2 C1 Cp—1
D, = C_2 C1 2 o Cp—2 (n:172737"')7
Cpn Copy1 Cpy2 - 2

where c_y, = ¢, are all non-negative. They are strictly positive except for

p(2) = > prpo(e2), pr > 0, ty real and ty, # t; for k # j, where po(z) =
k=1
1+2 . :
" this case D, >0 forn <m —1 and D, =0 for n = m.
-z

This necessary and sufficient condition is due to Carathéodory and
Toeplitz, and it can be found in [3]. And then, Libera and Zfotkiewicz
[5] (see, also [6]) have given the following result by using this lemma with

n=23.
Lemma 4. If a function p(z) € P, then the representations

20y = cf + (4= cf)¢
deg=c3+2(4— e — (4 — e+ 24 — ) (1 —|¢]P)n

for some complex numbers ¢ and n (|¢| £ 1,|n| = 1), are obtained.

By virtue of Lemma 4, we have
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Lemma 5.  If a function p(z) = p+ Y cx2" satisfies Re p(z) > a (2 € U)
k=1
for some o (0 = v < p), then
2 ) = E+{dp—a)-3K
dp-a)es = i +2{dlp— )’ — gl — {4(p — )’ = el

+2(p — a){d(p — @) = }(1 = [¢[*)n

for some complex numbers ¢ and n (|¢] £ 1,|n| = 1).

Z) —« X ¢
Proof. Since ¢(z) = ZL =14+ > —k ke P, replacing ¢ and
c c p—« k=1P — &
2 and —>— in Lemma 4, respectively, we immediately have the
p—« p—
relations of the lemma.

C3 by

We also need the next remark.

Remark 2. If f(z) € S;(a), then there exists a function p(z) = p +

2" such that Re p(z) > o (z € U) and
k=1

which implies that

P+ Z na,z" P =p—+ Z (Z alcnl) 2P

l=p

where a, = 1 and ¢y = p. Therefore, we have the follwing relation

(3) (n—p)a, = X_:alcn,l (n2p+1).
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3 Main results

In this section, we begin with the upper bound of |a,2—pa | for p-valently
starlike functions of order av below.
Theorem 3.  If a function f(z) € Sj(a) (0= a <p), then

(

(p—a){@2(p—a)+1)—4(p—a)u} (u < %

N———

1 p+1—a
|ap+2—,uaz2)+1| = pP—« (5 Sps 2—)

with equality for

Proof. If f(z) € S;(a), then we have the equation (3) which means
co+ 3

that ay,11 = ¢ and ap40 = . Thus, by the inequality (1) and the

representation (2), we can suppose that ¢; = ¢ (0 < ¢ < 2(p — «)) without
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loss of generality and we derive

¢y + 2
2

|api2 — ua§+1| = — pc?

4+ {4(p — a)* — )¢
2(p — a)

= Hu—2m8+

= 4(p1_a)|{2(p_04) —4(p—a)ﬂ+1}02+{4(p_a)2 _02}C|

= A

Applying the triangle inequality, we deduce

AQ) £ 1t 12— 0) 4 1) = 40— el &+ 4p — a)? = )]
( 1 ) ) 2(p—a)+1
o - rap-ay (ps 2o
1 2 2 2(p—a)+1
e R 1)@ - o] (nz 2o
- {@p-)+)-dp-a) (uSge=20-0)
1 20p—a) + 1
hee (5§M§ 4@—&)’C®
<
L 2(p—a)+1 p—l—l—aC:
v (s <ns g e=)
R R B (L e TR B
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Equality is attained for functions f(z) € S; () defined by

2f'(z) _ _pt(p—20)2
o PP T
for the case ¢y =c=2(p—a), ( =1 and ¢; = 2(p — «), or
2f'(2) . pt+(p—2a)2°
) M

for the case ¢y =c =0, ( =1 and ¢ = 2(p — ).

Taking &« = 0 or p = 1 in Theorem 3, we obtain the following corollaries,

respectively.

Corollary 1.  If a function f(z) € S, then

;

p{(2p+1) —4pu} (u = %)

2
Apy2 — Map+1‘ = p (

with equality for
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Corollary 2.

|az — paz] <

(

39

If a function f(z) € S*(«), then

1
(1—a){(3 - 20) — 4(1 — a)} <M§§)

l—«

)

1
(3=r= 5y

\

with equality for

(1 - a) {401 — a) — (3 2a)} (uz2

z 1 2 —«
(1 2)20-) <’”‘§ R
f(z) =<
z 1 2—«
| (= (§§”§2u—w)'

Also, by Corollary 1 and Corollary 2, we readily know

Corollary 3.  If a function f(z) € §*, then

(
3—4p (ué

|ag — paj| < 1 Leu<a
2
[ dp—=3 (k21
with equality for
( z 1
< - >1
(-2 (“—20r“— )
f(z) =
z 1
- <u<s1}|.
[ 1—27 (Q_M_)

(1—-a)
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Next, in consideration of Remark 1, we derive the upper bounds of

2 .
a2 — paz, | for p-valently convex functions.

Theorem 4.  If a function f(z) € K,(a) (0= a <p), then

|aps2 = pag | =

( plp—a){(2(p —a) +1)(p+1)* —4(p — a)p(p + 2)u} ( < (p+1) )
(p+1)%(p+2) ~ 2p(p+2)

A
A

I

p(p — ) ( (p+1)?

<p+1)2<p+1_a))
P+ 2 2p(p + 2)

2p(p +2)(p — «)
plp—a){4p—a)plp+2)u— 2(p —a) + 1)(p+ 1)}

(p+1)2(p+2) ,
(ui (p+1) (p+1—a))
2p(p +2)(p — @)

with equality for

(

) Voot la (p+1)? s +1)p+1l-a)
F2R 2P~ e).pip+ L )(M§2p(p+2) H2 o+ 2 - ) )

um, (G-t +5i) (< el o0)),

Proof. Noting that f(z) € K,(«a) if and only if
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2fz) = 2P + i Eanzn € Sy (a) and using Theorem 3, we see that
p n=p+1 P
(-0 {2p-a)+ 1) - 1p-a)
’Z%Q%Jrz - V(p :;21)2%23“ S p—
| (- 0) - ) — 2(p - a) + 1)},
(p+1° o |

that is, that

a — ra
P p(p+2) P

[ plp—a){2p—a)+1) —4(p—a)v} (ué%)

p+2
p(p — @) 1 _ptl-a
p+2 27 T 2p—a)

plp—a){4(p—a)v — 2(p —a) + 1)} (V>p—|—1—oz>
L P+ 2 = 2 ’

(p+1)?

p(p+2)

Now, putting v = u, the proof of the theorem is completed.

When o« = 0 or p = 1 in Theorem 4, the following three corollaries are

obtained.
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Corollary 4.  If a function f(z) € IC,, then

(P {2p+ D+ 1) —4p*(p + 2)p} ( < (p+1)2)
(p+1)*(p+2) "= +2)
) P’ (p+1)? (p+1)°
G2 =pty | = p+2 (229(19 +2) Sus 2p%(p + 2))
P {4p’(p+2)p— 2p +1)(p +1)%} ( s (p+1)° )
{ (p+1)%(p+2) "= +2)

with equality for

INA

(p+1* S (p+1)3)

)
PoFi(2p, p;p+ 15 2) (u p=
2p(p +2) 2p%(p +2)

f(z) =

D p (p+1)° p+1)>
2Py F (—, ;1+—;22) (—S < ) )
| P 2 wp+2) == 2p(p+2)

Corollary 5.  If a function f(z) € K(«), then

( (1_a){<3_2a)—3(1—05>,u} (Né %)
) l—« 2 2(2—04)
laz — pay| = 4 3 (§§M§3(1_O‘))
\ (1;@){3(1_@“_(3_2@)} (/@ gg:g)

with equality for

(1 —(1—2z)%! 1 2 2(2 —
(1-2) and 10g(—> <u§§0ru§ ( a))

20— 1 l—2z 3(1=a)
f(z) =
\ z2F1 (%,1—0&;;;22) (;éﬂéggi:g;)
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Corollary 6.

|as — paz| =

with equality for

f(2)
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