General Mathematics Vol. 18, No. 2 (2010), 95-119

On a subclass of certain p-valent starlike functions

with negative coefficients !

S. M. Khairnar, N. H. More

Abstract

We introduce the subclass To(n,p, A, a, 3) of analytic functions with
negative coefficients defined by salagean operators D™. In this paper
we give some properties of functions in the class Tq(n,p, A, a, ) and
obtain numerous sharp results including coefficient estimates, distortion
theorems, closure theorems and modified Hadamard products of several
functions belonging to the class T (n, p, A, «, §). We also obtain radii of
close to convexity, starlikeness and convexity for the functions belonging
to the class Tq(n,p, A\, a, 3) and consider integral operators associated

with functions belonging to the class Tq(n,p, A, a, B).
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1 Introduction

Let A denote the class functions f(z) of the form
[ee]
f(z)=z+ Zakzk
k=2

which are analytic in the unit disc U = {z : |z| < 1}.

For a function f(z) in A, we define

and

D"(z) = D(D"'f(2)) ne N={1,2,3,---}.

Note that
o0
D"(z) =D(D"'f(2)) =2+ > _k'arz® ne No={0} —N.
k=2
the differential operator D™ was introduced by Salagean [5].

Let T'(n,p) denote the class of functions f(z) of the form:
(1) fz) =2 = a2t
k=n

(ak+p > 0;p € N ={1,2,3,--- };n € N), which are analytic in the unit disc
U={z:]z| <1}.
A function f(z) belonging to T'(n, p) is in the class T'(n, p, A, «) if it satisfies

2f'(2) + A22f(2)
(2) Re{(l—)\)f(z)+>\zf(z)} -

forsomea (0<a<l)and A\ (0<a<1),and forall z€ U [2].
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We can write the following equalities for the functions f(z) belong to the

class T'(n, p)

D°(z) = f(2),
DYz) = Df(z)=2f'(s) =2 |pe ™t = 3" (k o+ pasy !
k=n
= p¥ - Z(k +p)agpz" P,
k=n
and
D%z) = DD f(2)) neN=1{1,2,3,--}.
Note that
D2z) = D(D ' f(2)) = p"2" = > _(k +p) arp2" 7.
k=2

We define a new subclass as follows:

Definition 1 A function f(z) belonging to T'(n,p) is in the class To(n, p,\,,3)
if and only if
e /U= Nz(D2f(2)) + Az(DH! f(2))
’ { (L= NDf(z) + AD™ L[ (2) }

(1= N2(D9f(2)) + A2(D9f(2)) + A=(D¥H f(2))
(1= X)Df(z) + AD f(2)

>ﬁ‘ -1+«

for some 3> 0,0 (0<a<1l)and X\ (0<A<1)andforall z€U.

We note that by specializing the parameters n, p, A, & and § we obtain the
following subclasses studied by various authors:

(i) Ta(n,p, A\, a,0) = Tq(n,p, A\, ), (Kamali and Orhan [11])

(ii) To(n,p, A\, ) = T'(n,p, A, ), (Altintas et. al. [2])

(iii) To(n, 1,0, ) = Ty(n), (Srivastava et. al. [8])
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(iv) To(1,1,0, ) = T™(e) (Silverman [7])
(v) To(1,1,1, ) = C(e), (Silverman [7])
(vi) To(n, 1, A\, ) = P(n, A, al) (Altintas [1])
(vii) To(n, 1, A\, ) = C'(n, A\, a). (Kamali and Akbulut [4]).

2 Coefficient Inequalities

Theorem 1 A function f(z) € T'(n,p) is in the class To(n,p, A\, «, 3) if and

only if

(3) Y (k+)  [(kp—a)+B(k+p—1)](AkAAp=A 1) aksp <p" (p—) (1+Ap=A)

k=n
0<a<L0<A<Lp<p?(p—a)(1+Ap—A)(p #1);ip € Nin € N;Q € Ny).

The result is sharp.
Proof. Assume that the inequality (3) holds true. Note the fact that
Re(w) > flw — 1|+ a & Re{w(1 + ) — e} >a, — A< <A.

or equivalently

re {0 N(DF(2) + XD f(2)
(1= D (=) + ADHIf(z)

(14 Be’) — ﬁeie} > a.

Then for 0 < |z| =7 < 1,

[(1=X)2(D9f(2))' +X2(DH f(2))')(1 - Be’®) — Be’® (1-X) D £ (2) + ADH f(2) } S a

@ Re{ =N () ADf ()

Let

Az) = [(1=Nz(D(2)) + A=D1 f(2))](1 + Be”)
Be”[(1 =N Df(2) + AD 1 f(2)]
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and

B(z) = (1 = \)D%f(2) + \AD*H1f(2).
Then (4) is equivalent to
A+ (1-a)B|>[A-(1+a)|, 0<a<]l.
For A(z) and B(z) as above, we have

A+ (1 —a)B[=[p(1+0) = (a+ =D+ Ap— A)p"z"

=Y Ok +Ap+ 1= Nk +p)"[(k +p)(1+ B) — aBlarypz" 7|

k=n
oo

> (p—a)(L+Ap = A)p"[2[” = Y Ak + Ap+ 1= N)(k +p)" x

k=n

[(k+p)(1+ B8) — aBlagy| 2| 1P

>(p—a)L+Xp—Np"zP = > (Ak+Ap+ 1= M)k +p)" x

k=n

[k +p—a+B(k+p—1)lagple"?
and similarly

[A=(1—a)Bl=[p+8p—(B-1-a)(l+Ap—A)p"z*

=D k4 Ap+1 =Nk +p)"[(k+p)(1 + ) — aBlag 27|

k=n
<(a=p)A+Ap—Np 2P+ D> (Ak+Ap+ 1= M) (k +p)" x
k=n
[(k+p—a+B(k+p—Dag,lz/FP.
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Therefore,

A+ (1—a)B|—|A— (1+a)B|

>2(p—a)(1+Ap— Np"[2lP =2 (M +Ap+ 1= A)(k +p)" x

k=n

k+p—a+pk+p— 1)]ak+p\z|k+p > 0.

Letting r — 1, we obtain

o0

> (Ak+Ap+1=N)(k+p)"[k+p—a+B(k+p—1)]apsy < (p—a)(L+Ap—A)p"
k=n

which yields (3).
On the other hand we must have

Re { (1= Nz(Df(2)) + Ae(DHf(2))
(1= X)Df(z) + AD f(2)

(14 Be®) — ﬁew} > .

Upon choosing the values of z on the positive real axis where 0 < |z| =7 < 1,
the above inequality reduces to

k=n

o]

(L+Ap=Np? = 3 A+ Ap+1=X)(k + p)?[(k+p—a+B(k+p—1)]apprktr

(p—) (1 Ap—Np™H = 3 (A4 Ap+1=N) (k + )P [kt p— st Blk—+p—Dagpr+7
Re >0
Letting r — 1, we get the desired result.

Finally, we note that the assertion (3) is sharp, the extremal function being

p'(p—a)1+Ap—A)

6) &) =2 G T p—a) 18 1 p— DIkt g AT D)

Corollary 1 Let the function f(z) defined by (1) be in the class Ta(n,p, \, o, 3).
Then

(p—a)1+Ap—A)p"
Me+Xp+1=N(k+prlk+p—a+8k+p-—1)]

(6) artp < (k > j+1).

The equality in (6) is attained from the function f(z) given by (5).
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By taking 0 = 0 in above Theorem 1, we get

Corollary 2 Let the function f(z) be defined by (1) then f(z) €
Ta(n,p, A\, «,0) if and only if

o0

(1) Y M+ dp+1=X)(k+p)"(k+p— a)arp < (p—a)(1+Ap— A)p™.
k=n

3 Distortion Theorems

Theorem 2 Let the function f(z) be defined by (1) be in the class
Ta(n,p, \,a,3). Then for |z] =r <1,
(p—a)(1+Ap—X)p%

®) (@)=~ (n+ )2 Ot Ap+1—N[ntp—atBntp—1)] 27
and
O) 1)< (=o)L A=A o

(n+p)2(An+Ap+1-X)[n+p—a+pB(n+p—1)]
for z € U. The inequalities in (8) and (9) are attained for the function f(z)
given by

(p—a)(1+Ap— A\)p® pn

(10) f(z) =2"— n+p)2An+Xp+1-Nn+p—a+pn+p-—1)

Proof. Note that

(11) (n+p)9()\n+/\p+1—A)[n—l—p—a—i—ﬂ(n—i—p—l)]z:akﬂ,

k=n

<Y (k+p) 'k +Ap+ 1= N[k +p—a+8k+p—1ary,

WE

B
Il

n

p—a)(l+p—A)p,

IA

this last inequality following from Theorem 1. Thus

2P+ Y lansp[2[FTP < 2P + (2" Jagyl
k=n k=n

(p - Oé)(l + >‘p - )‘)pQ ’Z’ner
m+p)Mn+Ap+1—-XNn+p—a+p(n+p-—1)] '

£ (2)l

IN

IN

|21 +
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Similarly,
o0 o
F = 12 =D lapll=FP = |2 = 12" |agsy]
k=n k=n
> ’Z‘p— (p—a)(lJr)\p—)\)pQ ‘Z|n+p.

m+p)2Mn+AXp+1-Nn+p—a+pn+p-—1)]

This completes the proof of Theorem 2.

Corollary 3 Let the function f(z) be defined by (1) then f(z) € Ta(n,p, A, @).

Then for |z| = ry,

(p—a)(1+Ap— A\)p® |2fpn

(12) F) = 1217 - (n+p)2(An+p+1-N(n+p—a)

and

(p—a)(1+Ap— A\)p® |2fpn

1) V< o wr - N rr—a)

for z € U. The inequalities in (8) and (9) are attained for the function f(z)

given by

(p—a)(1+Ap— A)p“ [2fpn

(14) @)= = (n+p)tAn+Xp+1-XN(n+p—a)

Proof. Taking 3 = 0 in Theorem 2, we immediately obtain (12) and (13).

Theorem 3 Let the function f(z) € Ta(n,p, A\, o, 3) be defined by (1). Then

for|z|=r <1,

(15)  1f'(2)] = pl=fP~

(p—a)(1+Ap—A)p® ot
m+p)tAn+p+1-Nn+p—a+8n+p—1)]

and

(16) ') < plefr™

N (p—a)(1 4 Ap— M\)p? ot
(n+p)tAn+ p+1-=Nn+p—a+Bn+p-1) '
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Proof. We have

[eS)
(17) [P <l 4>k + p)agyplz P
k=n
[e%9)
<plaP 4 2"k + p)aky-
k=n

In view of Theorem 1, we have

> (k+p)?[(k+p—a)+B(k+p—1)](MeA+Ap—A+1)apsy < p?(p—a)(1+Ap—A)
k=n

and then
(n+p)? n+p—a)+Bn+p—D]On+ p—A+1) > (k+p)as,
k=n

Zk+p (k+p—a)+Bk+p—1D]Ac+Ap— A+ 1)agyy

<pp—a)(1+Ap - N)
> P p—a)(1+Ap—))
(18) I;L(k—i-p)akﬂ,é (n+p)2-1(n+p—a)+B(n+p—1)](An+Ap—A+1)

A substitution of (18) into (17) yields

(p_a)(1+/\p_)\)pQ ‘Z‘ernfl
(n+p)-1(An+Ap+1-N)[n+p—a+p(n+p—1)] '

()l <pleP~!+

On the other hand,

00
/() 2 plzlP ™ = D (k4 plagplo 77!

k=n

00
> plefPTt = 2PN (K p)asy
k=n
_ _ Q

> p|Z’p71 o (p a)(l + )‘p )‘)p ’Z‘ernfl.

m+p)tAn+p+1-ANn+p—a+8n+p—1)]
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Corollary 4 Let the function f(z) € Ta(n,p, A\, «) be defined by (1). Then

for |z| =7 <1,

(p_a)(1+)\p_)\)pﬂ ‘Z|p+n—1

(9 N =2 P it + dp ¢ L= N 79— )

and

(p—a)(1+Ap— )‘)pQ ‘Z’p-l—n—l'

(20) @<l + (n+p)tAn+Xp+1-N(n+p—a)

Proof. Taking # =0 in Theorem 3, we obtain (19) and (20).

4 Closure Theorems and Extreme Points

Let the function f;(z) be defined, for j =1,2,--- ,m by

x
(21) [i(2) =27 = akip 2P (ahypy > 0)
k=n

for z € U.
We shall prove that the following results for the closure of functions in the

class Tq(n,p, A, a, 3).

Theorem 4 Let the functions f;(z) defined by (21) be in the class To(n,p,\,a,03)
for every j =1,2,--- ,m. Then the functions h(z) defined by

m

h(z) =) ¢ifi(2), (¢; 2 0)

j=1

is also in the class To(n,p, \, o, 3), where
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Proof. According to the definition h(z), we can write

m o
_ k+
ORI S F S
j=1 k=n
= E:Cj E: chakﬂz,a 2P
—n \i—

3

e} m

_ P . ) k+p
= z —E E Cjakipj | 2 .

k=n \j=1

Further, since f;(z) are in Tq(n,p, A, o, B) for every j =1,2,--- ,m we get

o0

> (k+p)? Ak+Ap+1=N)[k+p—a+B(k+p—1)]agp; < (p—)(1+Ap—A)p”
k=n

for every j =1,2,--- ,m. Hence we can see that
o
Z(k+p)9()\k+)\p+1—)\)[k—i—p—a—i—ﬁk—l—p—l Zcﬂkﬂm
k=n

_Z E4+p) Ok +Xp+1—=Nk+p—a+Bk+p—1)]

(Clak—‘rp 1+ 0k yp2+ -+ + Cmitpm)

—clz E+p) Ok +Ap+1—NE+p—a+B(k+p—1arpm

+ca Z(k +p) Nk + X+ 1= N[k+p—a+B(k+p—Dlarpe
k=n

cmz E+p) Ok +Ap+1-NEk+p—a+8(k+p—Darpm
Scl(p—a)( —|—)\p—/\)pﬂ—i-cQ(p—a)(l—i-)\p—)\)pQ
+em(p—a)(1+Ap—A)p Zc] )1+ Ap — \)p*?

=(p—a)(1+Ap—A)p”

which implies that h(z) € To(n,p, A\, a, 3). Thus we have the Theorem.
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Theorem 5 To(n,p, A\, «, 3) is a conver set.

Proof. Let the function
oo

(22) fol2) =2 =Y aripo?” (ahipy > 00 =1,2)
k=n

be in the class To(n, p, A, «, 3). It is sufficient to show that the function h(z)
defined by

(23) H(z) = pfi(z) + (1= p)fa(z) (0<p<1)

is also in the class To(n,p, A, «, 3). Since, for 0 < p <1,

e}

(24) h(z) =2 =Y [Hakip1 + (1= pagpolz
k=n

with the aid of Theorem 1, we have

oo

(25)  (k+p)* Ak A+-Ap+1=N) [k+p—a-+B(k+p—1)][nanp1+(1— 1) akp,)]

k=n

=pY (k+p)?Me+Ap+1=Nk+p—a+pBk+p—1arp
k=n

[e.9]

+1 =) (k+p) M+ Ap+1=N[k+p—a+ Bk +p—1)]arps

k=n

<p(p— )1+ p—Np?+ (1 —p)(p—a)(1+Ap— A)p®

=(p—a)(1+Ap—A)p”

which implies that h(z) € Ta(n,p,«, 3). Hence, To(n,p, A\, a, 3) is a convex
set.

As a consequence of Theorem 6 there exists the extreme points of the

TQ(napv )‘a Oé,,@).
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Theorem 6 Let
(26) fo1(z) = 2

and

o P (p—a)(1+Ap—)) g
B ) = G [t p— )+ Bt - D] g3 D)

(k>n), for0<a<1land0<AX<1andn € N. Then f(z) is in the class

Ta(n,p, A\, «, B) if and only if it can be expressed in the form

(28) f(z) = i M fie (),
where o
(29) >0 (k>n—1) and i —
Proof. Assume that o
(30) o= 3 mhile)
Then o
f(e) = ki ) = a2+ i md(2)

B - P (p—a)(1+Ap—2)
a ""12p+;77k [Zp_ (n+p)*[(n+p—a)+B(n+p—1)](An+Ap—A+1) -

B 00 o 00 pQ(p_a)(l—i—)\p—A) Zk-l'p
_<§1n’“> kz:;nk(n+p)9_1[(n+p—a)+ﬂ(n+p—1)]()\n+)\p—)\—i—1) '

Thus

m+p)n+p—a)+Bn+p—1D]Mm+Ip—A+1)
X(n+p)”[(n+p—a)+ﬁ(n+p—1)]()\n+>\p—>\+1)
pp—a)(1+Ap—A)

(o] o]
=Y =Y = =1—m1 <1,
k=n k=n—1

= Pp—a)(l+Ap—)N)
gnk
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so, by Theorem 1, f(2) € Ta(n,p, \, o, ).
Conversely, assume that the function f(z) defined by (1) belongs to the

class Tqo(n,p, A\, @, 3). Then

P p — o) (1+Ap—N)

B o < (o =) B rp— D=1y FZ "
Setting
(32) = (n+p)n+p—a)+Bn+p—1)]A+Ap—A+1)
PP p—a)(1+Ap—A)
and
(33) M1 =1—> 1
k=n
Then
fz) = - i appz™ P
k=n
B = PP (p—a)(1+Ap—2) ket
- _,; (k5 )bt p—) + Blk+p— DIk ap—A T 1) "
= =) il = fu(2)] =2 = > mE Y mfi(2)
k=n k=n k=n
= 1+ mefi(z) =t fa1(2) D mefe(z) = D mefi(2).
k=n k=n k=n—1

This completes the proof.

Theorem 7 Let the function f(z) defined by (1) be in the class To(n,p, \, o, 3).

Then f(z) is close-to-convex of order p (0 < p < 1) in |z| < r, where

(34) r= r(n7p7 )‘705767 P)

<k+p>9_1 (p—p> {(k’ +p—a)+B(k+p-1)

= inf
p p—a) | (k+p—p) +B8k+p—1)

k

<)\k+)\p—)\+1

1

%
>ji+1
Ap—A+1 )] (k241
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Proof. We must show that
zf'(2)
f(2)
(0 < p<1)for |z| <r. We have

2f'(z) 2f'(z) + (1 =p)f(2)
f(z) f(z)

plp— 1)zt = 3 (k+p)(k +p — g2t P!
k=n

+1—p’§p—p7

+1—0p

(&)

pzP=t = 37 (k + p)ajpzh Pt
k=n

plp— 12"+ 3 (p— 1)(k + p)agypz" P!

k=n

o0

p2P~t = 30 (k + p)agpzt Pt

k=n

[e.°]

= 3 (ka7 | Y (ko pagglelt
_ k=n < k=n

o0 - o0
k;:n k’:’l’b

Thus
zf'(z)
f(2)

+1—p’§p—p7

if
e}

(k+p—p)(k+p)
2 p(p—p)

(35) applzl" < 1.

k=n

But, by Theorem 1 confirms that

i (k+p?(k+p—a)+B(k+p— 1A+ Ap—A+1)
ph(p—a)(1+Ap—A)

k=n

Hence (34) will be true if

(1<¢+p—p)(’f+p)‘Z‘kS

pzP~t — 37 (k+ p)ak+pzk+p_1 p— > (k —i—p)akﬂ,zk

(Zk+p S 1.

109

(E+p)(k4+p—a)+B(k+p—1)](Me+Ip—A+1)

p(p—p) pr(p—a)(1+Ap—A)
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that is, if
(36)

-

(k+p)?[(k+p—a)+B(k +p — D](Me+Ap—A+1)p(p—p) | *
p"(p—a)(1+Ap—A)(k+p—p)(k + p)

|2 < , (k>mn).

Theorem 7 follows easily from (36).

Theorem 8 Let the function f(z) defined by (1) be in the class Tj(n,m, \, &, 3).
Then f(z) starlike of order p (0 < p < 1) in |z| < ra, where

(37) g =T2 (na m, )\7 «, 67 p)

[ R — @)+ B(k = DI+ (K™ = DA
k 1l -«

, (k>3 +1).
The result is sharp, with the extremal function f(z) given by (7).

Proof. It is sufficient to show that

2f'(2)
f(2)

for |z] < ro(n,m, A, «, B, p), where ro(n,m, A\, o, 3, p) is given by (37). Indeed

SIESEY

we find again from the Definition 1, that

o0

k—1 h=l
Zf/(z) B ‘ - k§+1( )ak|Z’
f(2) N 1— § ak\z|k_1
k=j+1
Thus
zf'(2)
i@ 1‘ =i
if

(38) i (T:Z) aglz|Ft < 1.

k=j+1
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But, by Theorem 1, (38) will be true if

(k—p) Lt < Bl =)+ B 1)1+ (7 = )Y
1—p 11—«

that is, if
(39)

\zls[

1

(L= p)k" Mk — o) + Bk — D)1+ (K™ = 1)A) ] =
(k=p)(1-a)

Theorem 8 follows easily from (39).

, (k=j+1).

Corollary 5 Let the function f(z) defined by (1) be in the class Tj(n,m, A\, &, 3).

Then f(z) is convex of order p (0 < p < 1) in |z| <rs, where

(40) r3 = T‘3(n,7n7 A, a,ﬁ,p)
o [A =Rk = 0) + Bk = DI+ (k7 = 1A ]
’ (k—p)(1—a)

The result is sharp, with the extremal function f(z) given by (5).

, (k=j+1).

5 Modified Hadmard Products
Let the function f(z) be defined by (1) and function g(z) be defined by

o
9(2) =2 = bryp?™P (bpyp > 0;p € Nyn € N)

k=n
be in the same class Tq(n, p, a, A, 3). We define the modified Hadamard prod-
uct of the functions f(z) and g(z) is defined by

[e.e]

(41) frg(z) =2 - Z Akt pbapz” P
k=j+1

Theorem 9 Let each of the functions f(z) and g(z) be in the class To(n,p,a,\,53).
Then

f *g(Z) € TQ(n>p> 57)\75)
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where

(42)

p(k+p)?[(k+p—a)+B(k+p—D]>(Ae+Ap—A+1)—p?(p—a)(1+Ap— ) [k+p+B(k+p—1)]
(k+p)2(k+p—)+8(k+p—D)2(Ak+Ap—A+1) —p(p—a)2(1+Ap—A)

6<
The result is sharp.

Proof. Employing the technique used earlier by Schild and Silverman, we
need to find the largest ¢ such that
(43)

[e.e]

Z(k:+p)9[(k:+p—5)+ﬁ(k+p—1)]()\l<:+)\p—)\—|—1)
p2p—0)(1+ X p—N)

ak+pbk+p S 1.

k=n
Since
(k4 )k +p—0)+Blh+p— DM+ Ap— A+1)
(44) kz_;l pp—a)(l+Ap—A) st
and
(45) i (k+p)?[(k+p—a) + Bk +p—1)](Ak+Ap — A +1) brtp < 1

P pPp—a)(1+Ap—A)

by the Cauchy-Schwarz inequality, we have

[e.9]

Q —a _ —
o $ ) o

k=n

Thus it is sufficient to show that

(E+p)%[(kp—a)+ Bk+p—1]Ae+Ap— A+ 1)

Pl - )1+ ) ety
(E+p)%[(kp—a)+Bk+p—1)]Ae+Ap—A+1)
< P —a)(1+p— ) Vbt

That is that

——F— _(k+p—a)+B(k+p—1)](p—9)
47) Ghirbip = [(k+p—0)+Bk+p—1)(p— a)’(k = n)
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Note that
P (p—a)(1+Ap—A)
(48) v hipbiip < (k+p)2[(k+p—a)+B8(k+p—1)]( Ak +Ap—A+1)’ (k= n).

Consequently, we need only to prove that

Pp—a)(1=Ap—))
(k+p)?(k+p—a)+B(k+p— 1]\ +Ap—1)
cEt+p—a)+5(k+p—1))p—9)

T lk+p—0)+Bk+p-1]p-a)

(k= n),

or, equivalently, that
(49)

s< p(k+p)?[(k+p—a)+B(k+p—1)2(Ak+Ap—A+1)—p?(p—a)(L+Ap—\) [k+p+B(k+p—1)]

(k+p)?(k+p—a)+B(k+p—1)]2(Ae+Ap—2+1)—p? (p—a)?(1+Xp—A)

Since

(50)
®(k)= p(k+p)?[(k+p—a)+B(k+p—1)>(Ak+Ap—A+1)—p?(p—a)(1+Ap—\) [k+p+B(k+p—1)]
(k4+p)?[(k+p—a)+B(k+p—1)]2(Ak+Ap—A+1) —p%(p— )2 (1+Ap— )

is an increasing function of k (k > n), letting kK = n in (50) we obtain
(51)
5 < PAP) 2 (n4p—a)+B(ntp— 12 (An+Ap—A+1) —p(p—a) (1 +Ap=N)[nv +p+B(n+p—1)]
- (n+p)?[(n+p—a)+B(n+p—1)2(An+Ap—A+1)—p?(p—a)?(1+Ap— 1)

which proves the pain assertion of Theorem.

6 Integral Operators

Theorem 10 Let the function f(z) defined by (1) be in the class To(n,p,\,a,3),
and let ¢ be a real number such that ¢ > —p. Then the function F(z) defined

by

(52) F(z) = 1P /0 L@t (¢ > —p)

ZC

also belongs to the class To(n,p, \, a, 3).
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Proof. From the representation (52) of F'(z), it follows that

00

E k
Z) = 2P — karpZ )

k=n

where

b — (TP Y,
o \erpt k)M

Therefore, we have

o0

> (k+p)(k+p—a)+Bk+p— DM+ Ap = A+ Dby

k=n

00 c+p

S (b)) ik DOk 03+ (T

Z E+p) 2k +p—a)+ Bk +p— 1Ak +Ap— A+ Dagsp

| N

PP — )1+ = N),

since f(z) € Ta(n,p, A\, «, 3). Hence, by Theorem 1, F(z) € Ta(n,p, A\, o, 3),
since F(z) € Ta(n,p, A, af.
Hence by Theorem 1, F'(z) € Ta(n,p, A\, a, ).

Theorem 11 Let the function f(z) be in the class To(n,p, A\, «, 3) and let ¢
be a real number such that ¢ > —p. Then the function f(z) given by (52) is

Ry, where

53) mf{(’fﬂ?) (cilfk)
)
b —=

p
k+p—a)+Bk+p—1)] [Ak+Ap—A+1
‘ Sl e |

univalent in |z| <

The result is sharp.
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Proof. From (52) we have

_ (2°F(2))
f(Z) - c _|_ 1

c+ P + k k+p

= - (> —

. Z ( IR (> )
in order to obtain the required result, it suffices to show that

f'(z)
1 P <p

whenever |z| < Ry, where R} is given by (53). Now

P B ()t
- -,

-Pp

zp—1

= c+p+k - c+p+k k
—Z(k+P) <C+p) Ak+pZ SZ(’“‘FP) (er ag4p|2]".

k=n k=n

Thus

f'(z)

1P| =P
if

[(k+p c+p+k> .

o4 z|® < 1.
(54) Z(p>(c+p ariplol" <

k=n
But Theorem 1 confirms that

i(/c—l—p)ﬂ[(/f—l-p—a)—l-ﬁ(k—l—p—1)]()\k+)\p—)\+1)

)2 Plo— o)1+

CLk-_|_p S 1.
Hence, (54) will be satisfied if
<k+p> <C+p+k¢> ]Z\k
p c+p

g(W)Q_l[(kw_a;ti(kw_l)] (Ak;oﬁogﬁil) (k> n)
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(59 (55)

P ctp+k

[(k+p—a)+ﬂ(k+p—1)] (Ak—k)\p—)\—kl)r’ (k> m).
e Ap—A+1

that is if

(56) 2| <

The required result follows from (56). Sharpness of the result follows if we

take

o PP — ) (1 +Ap— ) :
B S =2 = e s p—a T Ak p— DO £ g — AT D)

(c+p+k> Pk > n).
c+p

Theorem 12 Let the function f(z) defined by (1) be in the class To(n,p,\,a,3).

Then f(z) is close-to-convez of order p (0 < p < 1) in |z| <r, where

ro= r(n,p, )\7a7/87 /0)

- () () [

1
Ae+Ap—A+1)\|*
k> +1).
( Ap—A+1 ﬂ » (k2 +1)

Proof. We must show that

2f'(2)
f(z)

(0<p<1)for |z| <r. We have

2f'(2) 2f'(2)+ (1 =p)f'(z)
f(z) f(2)

p(p— 1)1 = 3 (k+p)(k +p — Dagp2t P!
k=n
[o@)
pzP~l — 37 (k + p)agyp2hP1
k=n

+1—p‘§p—p

+1-—p
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p(p—1)2P~ + kZ (p— 1)(k + plag pz"te~!

(e8]

pzP~L — 37 (k + p)ajipzitr—l
k=n
— X (k+ p)kajp2F Pt > k(k + p)akp|2|”
_ k=n < k=n )
pzP~t = Y (k+p)agsp2Etr=tl p— 37 (k4 plagpz*
k=n k=n
Thus
zf'(2)
1—pl<p—
if
2\ (k+p—p)(k+p)
(58) > applzl* < 1.
—  plp—p)

But, by Theorem 1 confirms that

i (k4+p)2[(k+p—a)+B8(k+p—1D]Ak+p—A+1)
— pPrp—a)(l+Ap—2)
Hence (58) will be true if

(k+p—p)(k+p)

Qk+p S 1.

(k+p)[(k+p—a)+B(k+p—1)](Ae+Ap—A+1)

k
p(p—p) 1< prp—a(l+ip—A)
that is, if
(59) 1
< [UHR) M p—a) + 54 p— DI+ A=A+ Dpp=p)]* o

- pr(p—a)(1+Ap—X)(k+p—p)(k+p)
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