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A generalisation of fixed point theorems in a
2-metric space!
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Abstract

Here we generalise, improve and unify the fixed point theorems due to
Delbosco[1], Skof[8], Khan et al.[5] and several other fixed point theorems
for a single map and common fixed point theorems ([6], [7]) for a pair of
mappings in a setting of 2-metric space.
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1 Introduction

Delbosco[1] and Skof[8] have established a fixed point theorem for self maps
of complete metric spaces by introducing a class ® of functions ¢ : [0,00) —
[0, 00) satisfying the following conditions:

(i) ¢ : [0,00) — [0,00) is continuous in R and strictly increasing in R*.

(ii) ¢ (t) = 0 if and only if t = 0.

(iii) ¢ (t) > MtH for every ¢t > 0, u > 0 are constants.

In 1977, F.Skof[8] gave the following theorem.

Theorem 1 Let T be a self map of a complete metric space (X,d) and ¢ € ®
such that for every x,y € X

(1) ¢ (d(Tz,Ty)) < ag (d(x,y)) +bp (d(z,Tx)) +ch (d (y, Ty))

where a, b and c are three nonnegative constants satisfying a+b+c < 1. Then
T has a unique fized point.
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In 1984, Khan et al.[5] generalised the Theorem 1 by using much extensive
condition than (1) and removed the condition (iii). They proved the following
theorem as follows.

Theorem 2 Let T' be a self map of a complete metric space (X,d) and ¢
satisfying (i) and (ii). Furthermore , let a, b, ¢ be three decreasing funtions
from R* into [0,1) such that a(t) + 2b(t) + c(t) < 1 for every t > 0. Suppose
T satisfies the folowing condition

¢(d(Tz,Ty)) < a(d(z,y))¢(d(z,y)+b(d(z,y))¢(d(z,Tx))
(2) 1 (d (5, Ty))] + ¢ (d (z,9)) min {6 (d (z, Ty)).,

¢ (d(z,Ty))}

where x,y € X and x #y. Then T has a unique fized point.

We first give a 2-metric analogue of Theorem 2. In this connection we need
some preliminary ideas about 2-metric space.

2 Preliminaries

In Sixties, Gahler([2]-[3]) first defined 2-metric space as follows: Let X be a
non empty set. A real valued function d on X x X x X is said to be a 2-metric
on X if

(I) given distinct elements x,y of X, there exists an element z of X such that
d(z,y,z) # 0

(IT) d(z,y, z) = 0 when at least two of z,y, z are equal,
(I11) d(z,y, z) = d(z, z,y) = d(y, z,x) for all z,y,z in X, and
(IV) d(z,y,z) < d(z,y,w) + d(z,w, z) + d(w, y, z) for all z,y, z,w in X.

When d is a 2-metric on X, then the ordered pair (X, d) is called a 2-metric
space.

Definition 1 A sequence {x,} in X is said to be a Cauchy sequence if for
each a € X, limd(zy, Tpy,a) =0 as n,m — oo.

Definition 2 A sequence {x,} in X is convergent to an element x € X if for
each a € X, lim d(zp,z,a) =0
n—oo

Definition 3 A complete 2-metric space is one in which every Cauchy se-
quence in X converges to an element of X.
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3 Main Results

Theorem 3 Let T be a self map of a complete 2-metric space (X,d) and ¢
satisfying (i) and (ii). Furthermore , let a, b, ¢ be three decreasing funtions
from R* into [0,1) such that a(t) + 2b(t) + c(t) < 1 for every t > 0. Suppose
T satisfies the folowing condition

¢(d(Tz,Ty,u)) < a(d(z,y,u)d(d(z,y,u))
(3) +b(d(z,y,u)) [¢ (d (2, Tz,u)) + ¢ (d(y, Ty, u))]
+e(d(z,y,u)) min{ (d (z, Ty, u)), ¢ (d (y, Tz, u))}

where x,y,u € X, each two of x,y and u are distinct. Then T has a unique
fixed point.

Proof. Let o € X be arbitrary.

Define z,11 = Txp, ;5 n = 0,1,2,...; also let o, = d(zp,Tpt1,u) for n =
0,1,2,...; and 3, = ¢ (o). Then we have

Brt1 = ¢(ant1)

(d(znt1, Tnt2, u))

(d(Tan, Tepi1,u))
(d

(xm Tn41, u)) (Z) (d (.Z‘m Tn+1, u))

IA Il
+ 2 e &

b(d(xn, Tnt1,w)) (@ (d (20, Tzn, u) + ¢ (d (Tng1, Tons1, u))]
c(d (@n, Tpt1, w)) min{¢ (d (zn, Tony1,u))

(d(zn+1, Tan, u))}

(d(Tn, Tpt1,u) ¢ (d (2n, Tnt1,u))

b(d (@n; Tnt1,u)) (@ (d (Tn, Tny1,u) + ¢ (d (Tpt1, Tnsz, u))]
c(d(xp, Tpi1,w)) min{eo (d(zn, Tnia,uw)), ¢ (d(Tpt1, Tnt1,u))}

= a(an) ¢ (an) +b(an) [ (an) + ¢ (ani1)]

+ + 5 & +

a (Oén) +b (Oén)
1—b(ay)

Since a(t) + 2b(t) + c(t) < 1, a(an)+ 2b(ay,) < 1 which implies

a(ap) +b(ap)
1—0b(an)

(4) implies ﬁnJrl < Bn

<1

If we set

a (an) + b (Oén)
1—b(an)
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then from (4) we get fn41 < 7B, where r < 1. So £, < r"fy, such that
Bn — 0 as n — oo. Since G, < fB,—1 and ¢ is strictly increasing, o, < ap—1,
n = 1,2,... Thus a, — « (say). Then 5, = ¢(an) — ¢(a), since ¢ is
continuous. So ¢ () = 0 and hence by (ii), @ = 0 implies o, — 0.

We now show that {z,} is a Cauchy sequence. We prove it by contradiction.
Then for every positive integer € and for every positive integer k there exist
two positive integers m(k) and n(k) such that

(5) k< n(k) <m(k) and d (), Tng), u) > €
For each integer k, let m(k) be the least integer for which m(k) > n(k) > k,
d (mn(k),xm(k)_l,u) <e and d (xn(k),:nm(k),u) > €

Then we have

e <
(6) < d(Tam) T Ty 1)

+ d (T Tm(ry—15 1) + & (To(r) -1 Ty 1)
Now by (3), we have

(T >—17T~”U () Tn(k)-1))
(Zn(k)—1> Tm(k)-15 Tin()-1))
(@n(k)—15 () k) 1))
d(ﬂfn(k)—b k)~ )-1))
(¢ (d (wngr)- 17T$n<k> 1> Tn(k)-1))
+¢ (d (@m(r)—1, Tm(r)—15 Tm()-1))]
+e (d (Tn)-1: Tm) -1, Tm()—1))
min { (d (Zn(e)—1, TCm()—15 Tm(r)-1)) »
¢ (d (@m(k )—17T“f’n(k>717 Ton(k)-1)) }
= a(d(Ta@)—1, Tm(k) -1 Tmr)-1))
& (d (Zn(k)—1> Tm(k)-15 Tin()-1))
+0(d (wn(k)—la fUm(k)—la Tn(k)-1))
(¢ (d (g (k)’ m(k)-1))

¢ (d (Tn(ky: Tm(k)s Tmi)—1)) =

IN
ASEEERSIRSS

+ (d (Tim(r)— 1 Tom(ry, @ k) 1))]
¢ (d (Tnk)—15 T (k)15 Tm(k) 1))
min {qb (d( Ln(k)—1> Tm(k), L m(k)—l)) )

¢ (d (Tpm)-1, xn(k)al'm(k)—l))}
= 0
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which implies by (ii)

(7) d (T (k) Ton(k)> Trm(k)—1) = 0

So by (6) and (7) we get, e < d (xn(k,),:cm(k),u) <0+ e+ apy—1- Since {an}
converges to 0, d (xn(k), Tp(k),u) — € as k — oco. Again

IN

d (xn(k)—l—l? Tm(k)> :En(k)) +d (xn(k:)-‘,—l’ Ln(k) u)
+d (Tn (k) Tm(h) )
= ) T A (T Trm(r)s 1)

d (xn(k)-l-la Lm(k)> u)

since d ( n(k)+1s Tm(k)s T n(k)) can be made 0 as we have done in equation (7).
So d(xn )+15 Trn(k ) < a, +d(xn( k)s Tm(k)> U ) — € as k — oo. In the
similar way

d (Zpy 2, Tm) v) < A (Tn)+2s Ty Tngk)+1) + 4 (Tn) 12> Tn(k)+1, 1)
+d (Ta(k)+15 Ty )
= )1+ (Tng)y41, Ty 1) 5

since d (xn(k)+2, T (k) xn(k)+1) can be made 0 as we have done in equation (7).
So d (xn(k)+2,xm(k),u < Qp(k)+1 +d( n(k)+1> T (k),u) — e as k — oo and in
similar fashion we can show d (Cl?n(k)+2, T (k)+15 u) — € as k — oo. Using (3),
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we deduce that

¢ (d (Tny+2: Tm(ry+1: 1)) = (T 1, Tmr), )
(

Ln(k)+1s Tm(k); U ))

IN
ASSEESEESH

(Zn(k) 415 Ty 1))
+b (d (Tny+1, Ty )
¢ (d (xn(k>+1’ Ty ()+1,1))
+6 (d (Zmr), TZmry, )]
+e (d (Zgy+15 Ty v))
min {¢ (d (@) +1, T, 1))
¢ (d (@) TT()+1,w)) §
= a(d(Tag)+1> Tmer)> w))
¢ (d (Tn(e)+1> Tm(r)» 1))
+0 (d (Tn(r) 110 Tim(rys )
(¢ (d (2 (k)+1a Tn(k)+2: 1))
+6¢ (d (2, 415 1))]
+c (d (:cn k)—i—laxm ))
min {¢ (d (ﬂfn k)+1af€m(k>+ u))
& (d (Zum(ry, Tagry+2, 1)) }

(d
(d
(
b

d
(

Letting k — oo, we get

¢e) Sale)g(e)+cle)¢(e) ={ale) +cle)}d(e) <¢(e)

which is a contradiction. So {z,} is a Cauchy sequence. Since X is complete
2-metric space, limx, = z € X. Now we shall show that Tz = z.
n

Again using (3) we have

¢ (d (2p(k)11, T2, 1)) ¢ (d (Tzpgr), Tz, u))
a (d (zngr), 2,u)) & (d (2(r), 2,w))
+0 (d (za(r), 2, 1)) [¢(( (Zn(k)> Tnry, u))

+¢(d(z,Tz,u) d (Tn(r); 2, 1))
min {¢ (d (xn(kv Tzu)) .6 (d (2, Tngry,u)) }

IN
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implies ¢ (d (zp(g)+1, T2 u)) < a(d (2 ));ﬁ( (@n()415 2 1))
¢ (d (znr), @

+b( ( ,u)
n(k)+1: 1))
+¢(d(z,Tz,u))]
+e (d (2w, 2 u))
mln{q{)( ( ), L'z u))
¢(d(2’ﬂfn<k)+1» u))}

Passing limit as n — oo on bothsides of the inequality we get,
¢ (d(z,Tz,u)) = 0 which gives by (ii), d (z,Tz,u) = 0i.e. Tz = z. Next let w
be another fixed point of T'. Then

b(d(zwu) = 6(d(TzTw,u))
< 0 (d(sw,0) 6 (d (2w, 1))
b (d (2,0,0) [0 (d (2, T, ) + 6 (d (w, Tw, )]
+c(d(z,w,u)) min{¢ (d(z, Tw,u)),
¢ (d(w, Tz u))}
= la(d(z,w,u)) +c(d(z,w,u)] ¢ (d(z,w,u))
< ¢(d(z,w,u)), sincea(t)+c(t)<1

which is a contradiction leads to the fact that z = w and thus completes the
proof.

Next we verify the Theorem (3) by a proper example.
Example 1. Let X = RT x RT and d be a 2-metric which expresses d (z,y, u)
as the area of the Euclidean triangle with vertices x = (z1,22), v = (y1,¥2)
and u = (u1,u2). Then (X, d) is a complete 2-metric space[6].
Now take x = (1,0), y = (2,0) and v = (1,1) also let 7" : X — X be a
mapping such that

Te = (2,

2,0) where z = (1,0) € X and
Ty = (3,0

,0) where y=(2,0) e X

Now setting a(t) = 2, b(t) = £, c(t) = ¢ and ¢ (t) = t?; t € RT. We observe
that all the conditions of Theorem (3) satisfied except the condition (3). Also
it is very clear that T has no fixed point in X in this case.

Next we establish a common fixed point theorem in this line.

Theorem 4 Let S and T be self mappings of a complete 2-metric space (X, d)
and ¢ satisfying (i) and (ii). Furthermore , let a, b, ¢ be three decreasing
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funtions from RT into [0,1) such that a(t) + 2b(t) + c(t) < 1 for every t > 0.
Suppose S and T satisfy the folowing condition

¢ (d(Sz, Ty, u)) < a(d(z,y,u)¢(d(z,y,u))
(8) +b(d(z,y,u)) [ (d (2,52, u)) + ¢ (d(y, Ty, u))]
+c(d(z,y,u)) min{¢ (d(z, Ty, u)),
¢ (d(y, Sz, u))}

where z,y,u € X, each two of x,y and u are distinct. Then S and T have a
unique common fized point in X.

Proof. Let o € X be arbitrary. Define xo, = Swo,—1 and xopyr1 = TToy;
n=0,1,2,.., also let ay, = d (zp, zp+1,u) for n =0,1,2,...; and B, = ¢ (ay,).
We also assume that «,, > 0 for every n. Now for an even integer n, we have

Bn = ¢(an)

= ¢ (d(zn, Tni1,u))

= ¢(d(Szp_1,Txn,u))

< a(d(xp—1,2n,u)) ¢ (d(xn_1,Tn,u))
+b(d(zp—1,Tn,u)) ¢ (d(Tn_1,STn_1,u)) + ¢ (d (Tpn, Txp,u))]
+e(d(zn-1,2n, w)) min{¢ (d (zn—1, Tzn,u)), ¢ (d(2n, Stp-1,u))}

= a(d@p-1,2n,u)) ¢ (d(Tn-1,2n,u))
+b (d (zn—1,2n,u)) [¢ (d (Tn—1,Zn, 1)) + ¢ (d (T, Tpt1,u))]
+c(d(zn—1, zp, v)) min{¢ (d (Tn—1, Tnt1,u)) , ¢ (d (Tn, Tn,u))}

= a(an-1) ¢ (an-1) +b(an-1) [¢ (an-1) + ¢ (o)]

(9) implies 3, < aan-1) +b (anfl)ﬂn_l

1—b(an-1)
Since a(t) + 2b(t) + c(t) < 1, a(ap—1)+ 2b(ap—1) < 1 which implies

a (an—l) +b (an—l)
1-— b(an_l)

<1

If we set

_a(ap—1)+b(an-1)

B 1—0b(an-1)
then from (3.9) we get 5, < rf,-1 where r < 1. So 3, < r"fy, such that
Bn — 0 as n — oo. Since G, < B,—1 and ¢ is strictly increasing, o, < ay—1,
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n = 1,2,... Thus a,, — « (say). Then 5, = ¢(an) — ¢(a), since ¢ is
continuous. So ¢ (a) = 0 and hence by (ii), @ = 0 implies «,, — 0.

We now show that {z,} is a Cauchy sequence. We prove it by contradiction.
Then for every positive integer € and for every positive integer k there exist
two positive integers 2p(k) and 2¢(k) such that

(10) k<2q(k) <2p(k) and d (@opk), Togar), u) > €
For each integer k, let 2p(k) be the least integer for which 2p(k) > 2q(k) > k,

d (22q(k) Tap(h)-2:0) <€ and  d (@aq(r), Tapr)s ) > €

Then we have

€ < d (Tag(h)s Top(r)sw) < d (Tag(h)s Tap(h)s Tap(k)—2) + d (T2g(k)s Tap(h)—2: )
+d (Top(k)—2: Tap(k)» )

Since we can easily show that d (azzq(k),xQP(k), x2p(k),2) = 0 as we have shown
in equation (7) of Theorem (3).

(%2q(k)s T2p(k) 2, 1) + d (T2p(k) 2, Top(r), )
($2q(k)

+d (T2p(k) -2, T2p()s T2p(k) 1)

d (Tap(r)—2> Tap()—1, ) + d (Tap()—1, Tap(k)» 1)

e < d (Zag(r): Tap(k)> )

IN A
SU Y

y L2p(k)—23 u)

Again we can show like equation (7) of Theorem (3),
d ($2p(k)727x2p(k)7x2p(k)71) = 0. Thus

(11) € < d (Tag(ky Tap()> ) < €+ 0+ agpiry—a + Aop(iy—1

Since {ay,} converges to 0, d ($2q(k)7$2p(k),u) — €.

Now  d (Zaq(k)s Topk)+1,%) < d (Taghy Tap(ky+15 T2p(h))
+d (Tag(r)s T2p(k)» 1)
+d (T2p(k)> Tap(h)+15 )
< d (Bag(r) Tap()s 1) + Qap(r)

since we can show that d (qu(k), Top(k)+15 xQP(k)) = 0 as we have done in equa-
tion (7) of Theorem (3).

(12) So d (LUQq(k), x2p(k)+1,u) —€ ask —
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Again

d (Tag(k)s Top(ryr2:w) < d (Tag(ry Tap(h)+2s Tap(iy+1) + d (Tag(kys Tap(ry 115 1)
+d ($2p(k)+la m2p(k)—|—2) u)

< d (Tag(hy > Tap(r)+1> 1) + A (Tap()£15 Tap(k) 425 1) »
since d (CCQq(k), Top(k)+25 CCzp(k.)_l_l) = 0 for similar
reason as of equation (7) of Theorem (3)
< d (T2q00: T2p() 1 D2p()) F A (T29(0) T2p(005 1)
+d (@ap(k), Top(ky+154) + d (Tap(k) 11, Tap(k) 12, 1)
< 0+ d (Zag(h) Tap() 1) + Q2p(k) + A2p(k) 41
which gives
(13) d (x2q(k),a:2p(k)+2,u) —e€ as k— oo
(14) Similarly, d (qu(k)H, Top(k)+25 u) — € ask — o0

Now from (8) we get

& (d (op(ryr2; Tag(y+1,1)) = (STap(re)1, TT2q(k)> ) )
($2p (k)+1> T2q(k)> U ))

d (Zp(k)+1, Tag(r): 1))

+b (d (Tap(r)+1, Tag()- 1))

(¢ (d (22p(k) 415 ST2p(hy 415 1))
+¢( ($2q(k Tk, u ))]

+c (d (pr(k)H? T2q(k), U ))
m1n{¢( (w2p k)+15 TToq (k) “)) )
¢ (d (*77211( )s STop(k)+1, U ))}

IN

6(d
a(d
o
b

Passing limit as kK — oo we get by (12), (13) and (14),

¢le) <a(e)d(e) +cle)g(e) ={a(e) +cle)} ¢ (e) <d(e)
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which is a contradiction. So {z,} is a Cauchy sequence. Since X is complete
2-metric space, limx,, = z € X. Again using (8) we have
n

¢ (d ($2p(k)+2v Tz, u)) o) (d (Safzp(k)H, Tz, u))

a(d ($2p(k)+17 z,u)) ¢ (d (pr(k)+17 z,u))
+ (d (22p(r) 41,2 1))

¢ (d (5'32p(k)+1a STopk)41 u))

+¢ (d (2, Tz,u))] + ¢ (d (zap) 1, 2, 1))
min {¢ (d (2ap(r)+1, T2, 1)),

¢ (d (2, Szapry1,u)) }

IA

Taking limit as k — oo we get ¢ (d (z,Tz,u)) = 0 implies d (z,7z,u) = 0 by
property (ii). Hence Tz = z. Similarly it can be shown that Sz = z. So S
and T have a common fixed point z € X. We now show that z is the unique
common fixed point of S and T'. If not, then let w be another fixed point of
S and T'. Then

b(d(zwu) = (d(SzTw,u)

0 (d (2, w,)) § (d (20, )
+b(d(z,w,u))[¢p(d(z,Sz,u)) + ¢ (d(w, Tw,u))]
+c(d(z,w,u)) min{¢ (d (z, Tw,u)),

¢ (d(w, Sz, u))}

= la(d(z,w,u)) +c(d(z,w,u)] ¢ (d(z,w,u))

< ¢(d(z,w,u)), sincea(t)+c(t)<1

IN

which is a contradiction. Hence z = w and thus completes the proof.

Remark 1. In the same way we can verify the Theorem (4) by setting
S(1,0) = (2,0) and T'(2,0) = (3,0) taking all the values same on the complete
2-metric space (X, d) as described in Example 1.
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