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ON A SPATIAL PROBLEM OF DARBOUX TYPE
FOR A SECOND-ORDER HYPERBOLIC EQUATION

S. KHARIBEGASHVILI

ABSTRACT. The theorem of unique solvability of a spatial problem of
Darboux type in Sobolev space is proved for a second-order hyperbolic
equation.

In the space of variables x1, o, t let us consider the second order hy-
perbolic equation

Lu = 0u + aug, + bug, + cup + du = F, (1)
— 0* _ 9* _ 2% . ;
where U = 557 — 575 — 5> is a wave operator; the coefficients a, b, ¢, d and
1 2

the right-hand side F' of equation (1) are given real functions, and w is an
unknown real function.

Denote by D : kt < x5 <t,0 <t <ty, —1 < k = const < 1, the domain
lying in a half-space ¢ > 0, which is bounded by a time-type plane surface
S1 ikt —x9 = 0,0 <t < tyg, a characteristic surface Sy : t — 29 = 0,
0 <t <ty of equation (1), and a plane t = tg.

Let us consider the Darboux type problem formulated as follows: find in
the domain D the solution w(z1, z2,t) of equation (1) under the boundary
conditions

ulg = fi, =12 (2)

where f;, i = 1,2, are given real functions on S;; moreover (f1 — f2)|s;ns, =
0.

Note that in the class of analytic functions the problem (1),(2) is con-
sidered in [1]. In the case where S; is a characteristic surface ¢ + zo = 0,
0 <t < tg, the problem (1),(2) is studied in [1-3]. Some multidimensional
analogues of the Darboux problems are treated in [4-6]. In the present
paper the problem (1),(2) is investigated in the Sobolev space W (D).
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Below we shall obtain first the solution of problem (1),(2) when equation
(1) is a wave equation

Ou=s — — =5 — F (3)

and then using the estimates for that solution we shall prove the solvability
of the problem (1),(2) in the Sobolev space W (D).

Using the method suggested in [7], we can get an integral representation
of the regular solution of the problem (3),(2). Moreover, without loss of
generality we can assume that for the domain D the value k£ = 0, i.e.,
D:0<xy<t,0<t<ty, since the case k # 0 is reduced to the case
k = 0 by a suitable Lorentz transform for which the wave operator [J is
invariant. To this end we denote by D.s a part of the domain D : 0 <
xo < t, 0 <t < tg, bounded by the surfaces S; and S, the circular cone
K. :7? = (t —t9)(1 — &) with vertex at the point (2°,t°) € D, and the
circular cylinder Hs : r2 = 6%, where 72 = (z1 — 29)? + (25 — 29)? while ¢
and ¢ are sufficiently small positive numbers.

For any two twice continuously differentiable functions u and v we have
an obvious identity

o0 0u= 3 g (v~ v5h) - G )

1=

Integrating equality (4) with respect to D.s, where u € C1(D) N C?(D)
is a regular solution of the equation (3) and

t—10—/(t —19)2 —r2

= EBE(r,t,t°) = —1
v (r,t,t°) 5 108 . ;
we have
ou  OE(r,t,1°)
o= _Zmr ) . 0 _
/ [E(nt,t )N N u}ds—F/F E(r,t,t%dzdt = 0, (5)
0D.5 Des

where N is the unit conormal vector at the point (x,t) = (21, 22,t) € 0Dgs
with direction cosines cosJVx\l = cosnry, Cosm = cosnZa, cos]/\f\t =
—cosnt and n is a unit vector of an outer normal to 0D,s.

Passing in the equality (5) to the limit for ¢ — 0, § — 0, we get

tD
OE(r,t,tY) Ou
0 0 _ ' by . 0y 2% _
/u(xl,xz,t)dt = / [78]\7 u— E(r,t,t )8N}ds
z§ Syusy

— / F - E(r,t,t%dxzdt,
D*
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where D* is a domain of D.s for e = § =0, and S} = S5, NoD*, i = 1,2.
Differentiation gives

d OE(r,t,t9) ou
0 .0 40y _ 7 0
u(ml,xz,t )—@{ / {TU—E(T,t,t )ﬁ dS—
STuSs
—/F~E(r,t,t0)d:cdt] (6)
D*

Remark. Since on the characteristic surface S5 the direction of the conor-
mal N coincides with that of a bicharacteristic lying on S5, we can, along
with u|s; = f2, calculate also g—;f[ over S3. At the same time, since the
surface ST is a part of the plane z2 = 0, the direction of the conormal N
coincides with that of an outer normal to 0D*, i.e., a% = —0—22. Therefore,
to obtain an integral representation of the regular solution of the problem
(3),(2), we should eliminate the value 2% s+ on the right-hand side of the

ON
representation (6).

For this let us introduce a point P’(z), —29,t%) symmetric to the point
P(29,29,1%) with respect to the plane x5 = 0. Denote by D, a part of the
domain D bounded by the cone K0 : (x1 —29)2+ (z2+29)% = (t—t)%(1—¢)
with vertex at P’ and a boundary dD. Obviously, dD.NS; C S7 and dDyN
S1 = S§. Put 9Dy NSy = Sy, T = V(z1 — 29)2 + (22 + 29)2. Integrating
now the equality (4) with respect to D., where v € C'(D) N C?*(D) is a
regular solution of equation (3) and

. 1, t—t9—\/(t—10)2—72
v=E(t1t°) = 2—log (~ For ,
0 T

and taking into account the fact that the function E(7,t,t°) in Dy is non-
singular, after passing to the limit for ¢ — 0 we get the equality

d OE(7,t,tY) ~ . 0\ Ou

ol / oy BE L) g ]ds -
S7US}

—/F-E(?,t,to)dxdt} =0. (7)

Do

Since r = 7 for x5 = 0, we have E(7,t,t°) = E(r,t,t°) on S;. Therefore,
eliminating the value 2% | s; from equalities (6) and (7), we finally get the
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integral representation of the regular solution of the problem (3),(2):

d OE(r,t,t°)  OE(T,t,t°)
0o ,0 ;0N _ ¥ s Yy . » by
u(xy, xy,t") = 210 [/[ ON N }uds+
s
OE(r,t,t°) o\ Ou OE(7T,t,t9)
+/[T“‘E<’”t’”aﬂd%/[i@w u-
S5 52
—E(F,t,to)%}ds—i—/F-E(F,t,to)dxdt— /F-E(r,t,to)dxdt . (8)
Dy D*

Denote by C2°(D) the space of functions of the class C°°(D) having
bounded supports, i.e.,

C°(D) = {u € C=(D) : diamsuppu < oo}.

The spaces C2°(S;), i = 1,2, are defined analogously.

According to the remark above and using the formula (8), the solution
u(xy,x2,t) of the problem (3),(2) will be defined uniquely; moreover, as is
easily seen, for any F' € C°(D), f; € C(S;), i = 1,2, this solution belongs
to the class C>°(D).

Denote by W4 (D), W2(D) and W3 (S;), i = 1,2, the well-known Sobolev

spaces.

Definition. Let f; € W3(S;), i = 1,2, F € Ly(D). The function
u € W3 (D) is said to be a strong solution of the problem (3),(2) of the class
W4 if there is a sequence u,, € C>°(D) such that u, — u, Ou,, — F and
unls, — fi in the spaces W3 (D), La(D) and W3 (S;), i = 1,2, respectively,
i.e., for n — oo

lun = ullwzpy = 0, Bun = Fllz,0) = 0,

lunls; = fillwis,) — 0, i=1,2.

Lemma 1. For —1 < k < 0 the a priori estimate
2
lullwz oy < € (D Ifillwzcsy + 1Fllao)) (9)
i=1

is valid for any u € C2(D), where f; = uls,, i = 1,2, F = Ou, and the
positive constant C' does not depend on u.
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Proof. Introduce the notations:

D, ={(z,t)e D:t <7}, Dor =0D,N{t =71}, 0<7 <ty
SiT:aDTﬂSiv i=1,2, S‘rzslTUSZTv 0[1:COS(’I7//,E),

ag = cos (n,x2), ag=cos(n,t).

Here n = (a1, ag, ar3) is the unit vector of an outer normal to 9D, ; moreover,
as is easily seen,

~1 k V2 —V2
) )7 n|s27:(07 ’ )a n|DoT:(O7O71)'
1+ k2 V1 + k2 22

Hence, for -1 <k <0

n|s17 = (07

O‘3|Sw <0i= 1727 O‘gl(ag _O‘% _a§)|51 >07

(af — af = a3)]s, = 0.

(10)

Multiplying both parts of equation (3) by 2u;, where u € C*°(D), F =
Cu, integrating the obtained expression over the region to D, and taking
into account (10), we get

ou?
2 | Fu,dxdt = (E + 2Ugp, Utg, + 2uw2um2)dacdt —
D,

D,

—2/(uw1utoz1 + Uz, uraz)ds = / (uf +ul, +ul,)de +
Sr Do~

—|—/[(ut2 + ol +ul,)as — 2(Ug, upon + g, ua)]ds =
3,

= / (uf + Uil + Uch)dI + /043_1 [(aguq, — arug)? + (g, — aoug)? +
Do~ Sr

—|—(oc§ —at — a%)uﬂ ds > / (ut2 + “9251 + uiQ)da: +
Do,

+/ozg1 [(aguxl —aquy)? + (agtg, — OéQUt)Q]dS. (11)
3,

Putting

W(r) = / (u? + uil + uiz)dx, U; = a3y, — g, §=1,2,

Do~
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from (11) we have

< V1 k2 (i
W(r) i / 2+u2ds+\[/u1+u2ds+

N
V14 k2
+/(F2+uf)d:17dt< |;r| /u1—|—u2 ds—|—\[/u1+u2 )ds +

.

[ VITR?
+/d5/u§dx+/F2dxdtg |k+| /~2+u2 )ds +

0 Doc

+/W )dé + /F2dxdt (12)

0

Let (z,7,) be a point of intersection of the surface S; U S with a straight
line parallel to the axis ¢t and passing through the point (z,0). We have

T

u(w, 7) = u(z, ) + / w(z, t)dt,

T

whence it follows that

/UZ(I,T)CZZSQ / u?(z, 7, )dx +

Dor Do
+2|7 — 7| - / d:z:/uf x,t) dt:2/043_1u2d5+
+2|7 — Tz|/ Zdadt < Ck /u2ds+ /ufdmdt), (13)
., D,

where Cj = 2max ( Y 1‘2'"“2 , t0>.

Introducing the notation
Wo(r) = / (w® +uf +ug, +ui,)do
Do

and adding the inequalities (12) and (13) we obtain

Wo(r) < ck[/(lﬂ+a§+a§)ds+/TWO(g)dg+/F2dxdt}

S 0 D-
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from which by Gronwall’s lemma we find that
Wo(r) < Cup [/(UQ + @2+ )ds + /dexdt}. (14)
S, D,

We can easily see that a3£ — ai% is the interior differential operator
on the surface S;. Therefore, by virtue of (2), the inequality

2
[ 4@ @yas <Y s, (15)

S, i=1

is valid.
It follows from (14) and (15) that
2
Wo(r) < Cor (3 Ifillis s,y + 1F a0, (16)
=1

Integrating both parts of the inequality (16) with respect to 7, we obtain
the estimate (9). O

Remark. It is easy see that the a priori estimate (9) is also valid for a
function u of the class W3 (D), since the space C2>°(D) is everywhere a dense
subset of the space W3 (D). It should be noted that the constant C in (9)
tends to infinity for & — 0 and it becomes, generally speaking, invalid in
the limit for £k = 0, i.e. for S7 : 20 = 0, 0 < t < t3. At the same time,
following the proof of Lemma 1, we can see that the estimate (9) is also
valid for k = 0 if f; = ul|g, =0.

The following theorem holds.

Theorem 1. Let —1 < k < 0. Then for every fi € W3(S;), i = 1,2,
F € Lo(D) there exists a unique strong solution of the problem (3), (2) of
the class W3 for which the estimate (9) is valid.

Proof. Tt is known that the spaces C>°(D) and C>°(S;), i = 1,2, are dense
everywhere in the spaces Ly(D) and W} (S;), i = 1,2, respectively. There-
fore there exist sequences F,, € C°(D) and f;,, € C°(S;), @ = 1,2, such
that

Jim |[F = FollL,p) = lim [|fi = finllwg(s) =0, i=1,2. (17)

Moreover, because of the condition (f1 — f2)|s;ns, = 0, the sequences fi,
and fo, can be chosen so that

(fin — fon)lsins, =0, n=1,2,....
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According to the integral representation (8) of the regular solutions of
the problem (3),(2), there exists a sequence u,, € C>(D) of solutions of
that problem for F' = F,,, f; = fin, i =1,2.

By virtue of the inequality (9) we have

llun — um||W21(D) <

2
< C( Y fin = Fimllwy s + 1Fu = Fnll o) )- (18)
i=1
It follows from (17) and (18) that the sequence w, of the functions is fun-
damental in the space W3 (D). Therefore, since the space W (D) is com-
plete, there exists a function v € W4 (D) such that u, — u, Ou, — F,
and uy,|s, — f; in WH(D), La(D), and W4(S;), i = 1,2, respectively, for
n — oo. Hence the function u is the strong solution of the problem (3),(2) of
the class W3. The uniqueness of the strong solution of the problem (3),(2)
of the class W3 follows from the inequality (9). [

Remark. Theorem 1 remains also valid for £ = 0, i.e., for S; : zo = 0,
0<t<tyif f1 =uls, =0.

Now for the problem (3),(2) let us introduce the notion of a weak solution
of the class Wy. Put S3 =dDN{t=to}, V ={v e Ws(D):v|sus, = 0}.

Definition. Let f; € W3(S;), i = 1,2, F € Ly(D). The function
u € W3 (D) is said to be a weak solution of the problem (3),(2) of the class
W if it satisfies both the boundary conditions (2) and the identity

/(utvt — Uy Vg — Ugy Vs, )dxdt + / %vds + /dexdt =0 (19
D S5 D

for any v € V, where % is a derivative with respect to a conormal to Ss.

Obviously, every strong solution of the problem (3),(2) of the class W3
is a weak solution of the same class.

Lemma 2. For k =0, i.e., for S1: 29 =0, 0 <t <t the problem (3),
(2) cannot have more than one weak solution of the class Wi .

Proof. Let the function u € W} (D) satisfy the identity (19) for u|s, = fi =
0,7=1,2, F = 0. In this identity we take as v the function
0 for t>r,
(20)

t
v(x1,T2,T) =
(1,22, 1) /u(a:l,xg,a)da for |zo| <t <7,
p
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where 0 < 7 < 1.
Obviously, v € V' and

t
Vp=U, Uy, = /ux,i(xl,xg,a)da, 1=1,2,

T

(21)
Vtg; = Ug;, Uit = Ut.

By virtue of (20) and (21), the identity (19) for fo =0, F' = 0 takes the
form

/('Uttvt — Uty Vg — ’Uth’UxQ)d.’,Edt =0
D,

or

| @

(vi —v2, — vz, )dadt =0, (22)

Q

t

/

where D, = DN{t <7}
Using the Gauss—Ostrogradsky formula on the left-hand side of (22), we
obtain

xry xro

/ (v2 —v2 — 2 )cosntds = 0. (23)
oD
Since 9D, = Si, U Sy, U S3,, where S; = 0D, NS;, i = 1,2, S3, =
0D, N{t =7} and
1
\/5’

537-:07 1=1,2, v =u,

cosntls,. =0, cosnt|s, = —

ulg,, =fi=0, i=1,2, vy,

it follows from (23) that

1
/ uwldzidey + 7 /(vzl +v2,)ds = 0.
Sar

SST

Hence, u|g,, = 0 for any 7 from the interval (0, ¢g]. Therefore, v = 0 in
the domain D. [

Due to the fact that the strong solution of the problem (3),(2) of the class
W4 is at the same time a weak solution of the class W3, from Lemma 2 and
the remark following after Theorem 1 we have
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Theorem 2. Let k=0, i.e., S;:20=0,0<t <ty and uls, = f1 =0.
Then for any fa € W3(S2) and Fy € La(D) there exists a unique weak
solution u of the problem (3), (2) of the class Wy for which the estimate (9)
is valid.

To prove the solvability of the problem (1),(2) we shall use the solvability
of the problem (3),(2) and the fact that in the specifically chosen equivalent
norms of the spaces La(D), W (D), W4 (S;), i = 1,2, the lowest terms in
equation (1) give arbitrarily small perturbations.

Introduce in the space Wi (D) an equivalent norm depending on the
parameter -y,

= [0 0 4 2, o, >0
D

In the same manner we introduce the norms ||F'||p,o,y, |fills, 1, in the
spaces Lo(D), W3(S;),i=1,2.

Making use of the inequality (16), we obtain the a priori estimate for
u € C°(D) with respect to the norms || - [|p,1,4, || - ls;, ., ¢ = 1,2. Multi-
plying both parts of the inequality (16) by e~7* and integrating the obtained
inequality with respect to 7 from 0 to tg we get

to 2 to
lullBiy = /efvTWO(T)dTS CQk(Z/eiw||fi||€vz}(si,)d7'JF
0 =179
to
+/e_”||FH%2(DT)dT). (24)
0
We have
to to
/6 NN, )dT—/e vt / /F2dx da}d =
0 0  Doo
/ /Fde/ 7TdT /(6770 —677“’)[ / Fde}do <
Doo Doo

/e v /Fde JHFHDW (25)

where Do, = 0D, N{t =71}, 0 < 7 < 1.
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Analogously we obtain
to

oy Cs :
J U s r < LA e 1= 1.2 (26)
0

where Cj is a positive constant independent of f; and the parameter ~.
From the inequalities (24)-(26) we have the a priori estimate for u €

C(D)

b1 < I(Z 1fillsiin + 1 Fllpos) (27)

for —1 < k < 0, where Cy = const > 0 does not depend on u and the
parameter 7.

Below, the coefficients a,b, ¢, and d in equation (1) are assumed to be
bounded measurable functions in the domain D.

Consider the space

V = Ly(D) x W3 (S1) x W5 (S5).
To the problem (1),(2) there corresponds an unbounded operator
T:W3(D) =V
with the domain of definition Qr = C2°(D) C W3 (D), acting by the formula
Tu= (Lu,uls,,uls,), u€ Qr.

We can easily prove that the operator T admits a closure T. In fact, let
Up € Qr, uy, — 0in WH(D) and Tu,, — (F, f1, f2) in the space V. First we
shall show that F' = 0. For ¢ € C§°(D) we have

(Lum p) = (una Op) + (Ku, 90)7 (28)

where Ku = auy, +buy, +cu; +du. Since u, — 0 in W3 (D), it follows from
(28) that (Luy, ) — 0. On the other hand, by the definition of a strong
solution, we have the convergence Lu,, — F in Ly(D). Therefore (f,p) =0
for any ¢ € C§°(D), and hence, F' = 0. That f; = fo = 0 follows from the
fact that u,, — 0 in W3 (D) and the contraction operator u — (ulg,,uls,)
acts boundedly from W3 (D) to La(S1) X La(Sa).

To the problem (3),(2) there corresponds an unbounded operator Ty :
W4 (D) — V obtained from the operator T for a = b = c =d = 0. As
was shown above, the operator Ty also admits a closure Ty. Obviously,
the operator Kg : W3 (D) — V acting by the formula Kou = (Ku,0,0) is
bounded and

T =T, + K. (29)
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Note that the domains of definition {27 and QTO of the closed operators
T and Ty coincide by virtue of (29) and the fact that the operator K, is
bounded.

We can easily see that the existence and uniqueness of the strong solution
of the problem (1),(2) of the class W as well as the estimate (9) for this
solution follow from the existence of the bounded right operator T~! inverse
to T and defined in a whole space V.

The fact that the operator T has a bounded right inverse operator T 1.
V — WH(D) for —1 < k < 0 follows from Theorem 1 and the estimate (9)
which, as we have shown above, can be written in equivalent norms in the
form of (27). It is easy to see that the operator

K()Tal V-V
is bounded and by virtue of (27) its norm admits the following estimate

1T < S5 (30)
ﬂ

where Cs is a positive constant depending only on the coefficients a, b, ¢,
and d of equation (1).

Taking into account (30), we note that the operator (I+KoTy'):V — V
has a bounded inverse operator (I4KoT, ")~ for sufficiently large -y, where
I is the unit operator. Now it remains only to note that the operator

Ty I+ KoTgh)™!

is a bounded operator right inverse to T and defined in a whole space V.
Thus the following theorem is proved.

Theorem 3. Let —1 < k < 0. Then for any f; € W3(S;), i = 1,2,
F € Ly(D) there exists a unique strong solution u of the problem (1), (2) of
the class W3 for which the estimate (9) is valid.
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