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ON THE CONVERGENCE AND SUMMABILITY OF
SERIES WITH RESPECT TO BLOCK-ORTHONORMAL
SYSTEMS

G. NADIBAIDZE

ABSTRACT. Statements connected with the so-called block-orthonor-
malized systems are given. The convergence and summability al-
most everywhere by the (¢, 1) method with respect to such systems
are considered. In particular, the well-known theorems of Menshov-
Rademacher and Kacmarz on the convergence and (c,1)-summability
almost everywhere of orthogonal series are generalized.

1. The so-called block-orthonormal systems were introduced by
V. F. Gaposhkin who obtained the first results [1] for series with respect
to such systems. In particular, he generalized the well-known Menshov—
Rademacher theorem. This paper presents the results on the convergence
and (c,1)-summability almost everywhere of series with respect to block-
orthonormal systems. These results were announced in [2] and [3] but here
some of them are formulated in a slightly different form.
Let {Ny} be a strictly increasing sequence of natural numbers and Ay =
(NkaNk+1]7 k= 1327 ceee

Definition 1 ([1]). Let {¢,} be a system of functions from L?(0,1).
{¢n} will be called a Ag-orthonormal system (Ay-ONS) if:

(D) flenlla=1, n=1,2,...;

(2) (pirp;) =0fori,je Ay, i#j, k=1

Definition 2. A positive nondecreasing sequence {w(n)} will be called
the Weyl multiplier for the convergence ((c,1)-summability) a.e. of series
with respect to the Ap-ONS {¢,(z)} if the convergence of the series

> anw(n)
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guarantees the convergence ((¢, 1)-summability) a.e. of the series

> anp(@). (1)

2. Let the sequence {Ny} be fixed and Ay = (Ng, Ngt+1]. Without loss
of generality it can be assumed that
N():O, Nlil, W(O)Zl
We have

Theorem 1. In order that a positive nondecreasing sequence {w(n)} be
the Weyl multiplier for the convergence a.e. of series with respect to any
A-ONS, it is necessary and sufficient that the following two conditions be
fulfilled:

B
NE
£
5»—
AN
3

Proof. Sufficiency. Let the conditions of the theorem be fulfilled and for
the sequence {a,}

o0
Z aZw(n) < oo.
n=1

We introduce

Ni41
Yp(x) = Z anon(r), k=0,1,2,....
n=Ng+1
Then
S k(@) < S n@)lls = 3 l(@)ll2 (V) * (V) F <
k=0 k=0 k=0
oo S 0 Ng41 0o
2)||2w 1 _ 2w 1
<> w0 3 S =3 n:%ﬂ Vel D Sy S
S;anw(n)];iw(]vk)< ,

which by the Levy theorem implies that

Z [r(x)] < 0o ae.
k=0
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Therefore the sequence Sy, (x), where

k
= Z an‘Pn@g)

converges a.e.

Let 4
J
op(2) = . k>L
k(r) = N, % > anp(x) >
n=Ng+1
Using the Kantorovich inequality, we obtain
Ng41
16k ()13 < ¢ Z a?logan, k>1.
n=Ng+1
Now
oo Ng41
Z”‘sk H2<CZ Z a7110g2n<cZaw 1
k=0n=N,+1

from which it follows that limy_. dx(z) = 0 for a.e. = € (0,1). This
together with the proven convergence almost everywhere of the series Sy, ()
guarantees the convergence of series (1) a.e. on (0,1).

Necessity.

(1) Let
SN
o w(Nk) .

Then there exist numbers ¢, > 0 such that

o0 o0
Zciw(Nk) < oo and ch =00
k=1 k=1

Let &y, (x) =1 (k= 1,2,...; € (0,1)) and choose as other functions
®,(x) (n € N, n # N, k=1,2,...) an arbitrary ONS orthogonal to 1.
The system {®,,(z)} is an Ax-ONS. Take b, =0 (n # N1, Na,...), by, = ck
(k=1,2,...). Then

211)@ zi_o: z € (0,1),

though

Z bpw(n) = Zciw(Nk) < 00
n=1 k=1

n what follows ¢ will denote, generally speaking , various absolute constants.
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The necessity of condition (1) is proved.
(2) If equality (b) is not fulfilled, then

log3 2F 1 log2 2k+1

w(2k) T4 w(2k)

1 2
> 20820 L ook ok =19
(n)

1

4 w

which implies that the equality
log3 2" = O(w(2¥)) for &k — oo

is not fulfilled either. Therefore we can find an increasing sequence of natural
numbers ¢;, j = 1,2,..., such that
1< Ve <8 =12, 2)
J

Inequality (2) makes it possible to construct an orthonormal system
{®,(x)} (which simultaneously will also be a Ag-ONS) and a sequence
{bn} (see [4], p. 298, the proof of Menshov’s theorem) such that

Z b2w(n) < oo,
n=1

but the series
> ba®n(2)
n=1

diverges a.e. on (0,1). O

Remark 1. The application of the proven theorem to orthonormal sys-
tems allows us to formulate the Menshov-Rademacher theorem as follows:

In order that a positive nondecreasing sequence {w(n)} be the Weyl mul-
tiplier for the convergence a.e. of series with respect to any orthonormal
systems, it is necessary and sufficient that the equality

logan = O(w(n)) as n— oo
be fulfilled.
Remark 2. If
w(n) = log3n,

then condition (b) of Theorem 1 is fulfilled and we obtain Gaposhkin’s
theorem [1, Proposition 1].
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Remark 3. If
a 1
N = [2"], 0<a<g,!
then logg n will be the Weyl multiplier for the convergence a.e. not for each
A-ONS. From Theorem 1 it follows that in that case
w(n) = 10g25+€ n, >0,

is the Weyl multiplier.
Analogously, if

Nk:[k’a], 0421,

then

w(n) = ne logsten, &> 0.

Also note that in both cases one should not take € = 0.

3. Here a necessary and sufficient condition is established to be imposed
on the sequence { Ny} so that the well-known Kacmarz theorem on the (¢, 1)-
summability a.e. of series with respect to orthonormal systems (see [5], p.

223, theorem [5.8.6]) remains valid also with respect to block-orthonormal
systems. Moreover, a generalization of the Kacmarz theorem is given for a

Ag-ONS.

In what follows we shall use the notation
1 n
" = - S;(x), k = k: N, .
on(x) - ;_1 (z), k(n)=max { p<nj}

Lemma 1. Let the sequence {Ny} be fized, {pn} be an arbitrary Ay-
ONS and for a positive nondecreasing sequence {w(n)} let there be given

min {k : Ny > n} +n® Z ]\}E:O(w(n)) for n — oo. (3)
k:Np>n

Then the condition
Z aZw(n) < oo (4)
n=1

implies the convergence a.e. of the series
= 2
Z n(an(:v) — an,1(3c)) ,
n=2

L[p] denotes the integer part of the number p.
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Proof. Let conditions (3) and (4) be fulfilled. Then

2
Ni(n) n
4
3*3/ S ali-Dail@)+ > ali—p(@) | dr<
0 =1 1 Nk(n)+1
8 1 }{?(’I’L) 1 N]+1 2
S E X wi-va@) der
0 =0 i=N;+1
2
1 n
X wli-naw] | <
0 \i=Nymy+1

8 k(n)—1 1 ( Nju1 2 n
<o [ aili— i) | dov S a2(i-1)?[ =

n3
§=0 i=N,+1 i=Ng(ny+1
3 Ni(n) n
=5 |k(n) Y af(i—1)+ doai-1)?| <
i=1 isz(vL)+1
8 Ni(n) n
2.2 2:2
gﬁ k(n)Zaiz—i- Z aji*|, n>2
i=1 7 Nk(n)+1
Therefore
00 1 oo Ngt1 Ni(n)
> [ nlon) o @) <8y S 5 k) 3 atit
n=2"0 k=0n= Nk+1 i=1

N1 Ni41
2

> Z*a%” Yoy L

n=Ng+1i= Nk+1

+ i a?i? :8§:

i:Nk(,,L)—‘rl k=0 \n=Np+1i=1
o N1 1 oo Nig1 Nit1
=8 ol Dk Y, o5H+8Y > a QZ*<
i=1 k:Np>1 n=Ng+1 k=0i=Np+1
oo Nig1

gsiafﬁ 3 k(]\% )+cz Y @

i=1 k=Fk(i)+1 k=0i=Ny+1
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oo

=8 aii® |(k() + ) qm—+ D | ted ai<
i=1 k@+1 k=k@)+2 "k i=1

<CZ‘%2 min {k : N}, > i} + i Z % cha?w(i)<oo,
i=1 =1

k:Np>i

from which by the Levy theorem we obtain
Zn(an(ac) - an_l(:n))2 <oo ae O
n=2

Lemma 2. Let {Ny} be a given sequence, {on(x)} be an arbitrary Ay-
ONS, and conditions (3), (4) be fulfilled. Then for the corresponding series
(1) the convegence a.e. of the sequence {Saon(x)} is equivalent to the con-
vergence a.e. of the sequence {oan(x)}.

Proof. Let conditions (3) and (4) be fulfilled. We have

n

Su() — on(x) = -3 aili ~ Diile).

i=1
Then
1 ) 1 [ Neem
| @ —om@)e= [ 1|3 ai- Vet
0 0 i=1
2" 2 9 Ni(2n)
Y ali-Dede) | de< o [REY YD aki- 1%
i=Npan)+1 i=1
2" 5 Nigzmy gn
+ > aii—1)? < R Yooar+ ) ali?
i=Nyany+1 i=1 i=Nyany+1
Therefore
) 1 %) Ni(an)
k(2"
> [ (unto) = om)ar <2 [ S HEL S iz
n=170 n=1 i=1

) 2"
1
n=1 1=Np(an)+1
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We have
oo k(2m) Ni(an) - oo Nk(z")
h=2 afit = > it Zal
n=1 =1 k=1logy, Nix<n<logy, Nr41
%) k N
=> > e =
k=1log, Nrx<n<logy, Nr41 i=1
oo
=2 > = Za
k=1 \log, Nix<n<log, Nii1
oo oo
k
_ 2.2 _
ISR -
i=1 k=k(i)+1 \log, Nk<n<log2 Ni1
> 1
_ 2.2 .
DNl [CORSVID DR DRSS o
i=1 n>logy Ni(i)41 k=k(i)+2n>log, Ng
oo o
4 1 4 1
2.2
<) aji (k(>+1)3N2 t3 > R
i=1 k(i)+1 k=k(i)4+2  *
4 & 1 >
ng:afﬂ — min {k: N, > i} + Z 5 <cZa$w(z)<oo
i=1 k:Ng>i = F i=1
and
) 1 oo 1 2"
_ 2.2 2,2
S SN SRR S S
n=1 1=Np@n)+1 n=1 i=1
oo 1 oo
:Zaff 4—n§cZa3<oo
i=1 2n >4 i=1
Therefore
0 a1
2
Z/ (SQn (.’,B) — O2n (1’)) < 00
n=1 0

from which it follows that

00 1
Son(z) — oan (7)) < 00 ae.
Z_:l/o ( )2 <oo ac

and therefore

lim (San(z) — o9n (x))2 =0 ae O

n—oo 0
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Theorem 2. Let {Ny} be a given sequence, {p,(x)} be an arbitrary Ay-
ONS, and conditions (3), (4) be fulfilled. Then for series (1) to be (c,1)-
convergent a.e. it is necessary and sufficient that the subsequence of partial
sums {San(x)} of (1) be convergent a.e.

Proof. Sufficiency. Let conditions (3), (4) be fulfilled and the subsequence
{San(z)} of the corresponding series (1) converge a.e. Then by Lemma 3
the subsequence {o9n(2)} also converges a.e. and we have

2

k
sup  (on(x) — 020 (:c))2 = ( sup Z (oi(z) — O'il(.'L‘))> <

ke(2n,2n+1] ke(2n2n 1] o
2n+1

. 2

< Z z(oi(:c)—a,;_l(x)),
i=2n 41

which by Lemma 1 implies that {o,(z)} converges a.c., i.e., series (1) is
(¢, 1)-summable a.e.

Necessity. Let conditions (3), (4) be fulfilled and series (1) be (¢, 1)-
summable a.e. Then {o2n(x)} converges almost everywhere and by Lem-
ma 2 {S2n(x)}, too, converges almost everywhere. [

Lemma 3. If
< o0,
kZ:s (log, 10%2 Ni)?
then
. 2 1 2
min {k: Ny >n} +n Z N O((logylogym)?)  for n — oc.
k:Np>n k
Proof. Let
< 00.
kZZQ (log 10g2 Ny)?
Then

li i

im ——— =

k—oo (log, logy N)?

and therefore for sufficiently large k’s we have
22" < N,

By definition, n € (Nj(n), Ni(n)+1]. Putting

k(n)+1, if 22V >,
m, if 22VHT o and 22V <n< QQW,
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for sufficiently large n’s we have
(n)-1
1 1 ! 1
> NZ T > NZ T > N2
ENg>n "k k=k(n)+1 "k k=k(n)+1 F  k=q(n)

cm k1SS L gk -1

Ni(ny+1 keatn) (22%)2 ~ n2
c g(n) —k(n) =1 ¢ _ (logylogyn)?
< — < c—=
+(22v4<">)2 - n2 + n? — ¢ n2

Therefore for sufficiently large n’s

1 logs 1 2

k:Np>n k

< c( log, log, n)2. O

IA

Theorem 3. Let the sequence {Ny} be fized. In order that the condition

o0

Z a2 (log, log, n)2 < oo (5)

n=2

guarantee the convergence a.e. of the sequence {Sqr(x)} for series (1) with
respect to any Ag-ONS {p,(x)}, it is necessary and sufficient that the con-
dition

ad 1

———— < 0 6
kzzg (logz logy Ni)? ©
be fulfilled.

Proof. Sufficiency. Let conditions (5) and (6) be fulfilled. Define the se-
quence of natural numbers {M;} by the recurrent formula

M, =N, =1,
M; =min { min{Ny : My > M;,_1, k € N}, (7)
min{2™ : 2™ > M, ;, m € N}}, i>2,
i.e., {M;} is the increasing sequence whose terms have the form Nj, or 2™,

k>1,m>1.
Assume that N; = My, i > 1, and kg = 0. Clearly,

M; <2, i>1, (8)
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and
logo M, +i+1>p for pe€ (ki kiy1], i >0. 9)

Now, applying condition (6) and inequality (9), for sufficiently large i’s and
pE (]Ci, ki-&-l} we have

Vi
p <logy My, +1i+ 1 < logy, M), + log, 227" < log, M, +logy N; =

= log, M, + logy My, < 2log, M,,. (10)
Set
3 1 Mnn
kS >
B 5 ) a;p;i(x), for b, #0,
b= ' Z aj |, Un(z)=q bn Pyl n>1.
=Mt Pty +1 ($)7 for bn = 07

Clearly, {¢n(z)} is a (k;, ki+1]-ONS. Moreover, by condition (6) and in-
equality (8) we have

[e%} 1 0 0
2; Z 1og210g2M;.C Z log210g2 i)? =

= 1=

l\'Jl\.’?

and by (5) and (10)

Mp41 o My 41

ibilogg Z Z a? 1og§n§cz Z a? X
n=1

n=1 \j=M,+1 n=1 \j=M,+1
% (log, log, J\Jn)2 < CZ Z a3 (log, long)2 < oo.

Thus the conditions of V. Gaposhkin’s theorem (see [1], Proposition 1) are
fulfilled for (k;, k;4+1]-ONS {¢,,(z)} and the sequence {b,}. Therefore the

series -
> bnthn ()
n=1

converges almost everywhere, which, in particular, guarantees the conver-
gence a.e. of the sequence {S,x(x)} for the corresponding series (1).
Necessity. Let

(o]

> emTom Moy -

= (log, logy Ni)?
Then there exist numbers ¢, > 0 such that

o0

c (log2 log, Nk Z Cr =
k=2
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Take @y, (x) =1 (k > 1) and as other functions ®,,(x) (n # Ny, Na,...)
choose an arbitrary ONS orthogonal to 1. The system {®,,(x)} is a Ap-ONS.
Let by, = ¢ (k> 1) and b, =0 (n # Ny, Na,...). Then

oo

Z bi ( log, log, n)2 = Z ci ( log, log, Nk)2 < 00,
n=2 k=2

but
anfbn(x) = Zka = ch =00, z€(0,1),
n=1 k=1 k=1

i.e., for the series

> ba®n()

the sequence {Syr(x)} diverges everywhere. [J

Theorem 4. Let the sequence {Ny} be fized. In order that the sequence
{(logy logy n)?} be the Weyl multiplier for the (c, 1)-summability a.e. of se-
ries with respect to any A-ONS, it is necessary and sufficient that condition

(6) be fulfilled.

Proof. Sufficiency. Let conditions (5) and (6) be fulfilled. Then by Theorem
3 the sequence {Syr ()} converges a.e. for series (1), while by Lemma 3

min {k : Nj, > n} +n’ Z % = O((logy logyn)?), n — oo,
k:Ng>n =k

holds and therefore series (1) is (¢, 1)-summable by Theorem 2.
Necessity. Let

— 1

R,
Construct the Ag-ONS {®,,(z)} and {b,} as we did when proving the ne-
cessity in Theorem 3. Then the series

> ba®n()

will not be (¢, 1)-summable anywhere. [

Remark 4. If
Ny, = |:22k”:| o > 71
k ) 2a

then the above-mentioned Kacmarz theorem will hold for all Ap-ONS

{on(2)}-
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Theorem 5. Let the sequence { Ny} be fized. In order that the condition

Zaiw(n) < oo (11)

guarantee the convergence almost everywhere of the subsequence of partial
sums {Sor(x)} of series (1) with respect to any Ar-ONS {p,(x)}, it is
necessary and sufficient that the following two conditions be fulfilled:

— 1

a —— < 00y 12

@ 3 oo (12)

(b) logik = O(w(My)) for k— oo, (13) where the sequence {Mj} is
defined by the recurrent formula (7).
Proof. Sufficiency. Let conditions (11), (12), (13) be fulfilled. Construct
the system {¢,(x)} and the sequence {b,} as we did when proving the
sufficiency in Theorem 3. Set

v(k) =w(My), k=>1.

Then we obtain

0 00 M1 00
S -3 3 @)= 5 @)eon <
k=1 k=1 \ j=M,+1 k=1 \j=My+1

oo My

SZ aw(j) < oo,

k=1j=M;+1
= 1 =1 =1

= = < o0
22008 2 o) 2 5%

By condition (b) of Theorem 5 we have
logs k = O(w(My)) = O(v(k)) for k— oo.
Hence we conclude that {¢,(z)} is an (k;, ki+1]-ONS and

Z U(}ﬂ) < 00, Zbiv(k) < oo, logik= O(v(k)) for k — ooc.
i=1 N k=1

Now by Theorem 1 the series

> butpn ()

converges a.e. and therefore, in particular, it follows that the subsequence
of partial sums {Syr(2)} of the corresponding series (1) converges a.e.
Necessity.
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(1) Let
<1
; o)

Construct {®,,(z)} and {b,} as we did in proving the necessity of condition
(a) of Theorem 1. Then the sequence {Syx ()} diverges a.e. for series (1).

(2) Let
i ! < 00
= o (V)
but
loga k = cpw(My), k>1,
where

lim ¢ = oo.
k—oo

Let v(k) = w(My). Then

log2 k = cjo(k) and Iim ¢ = oo.

k—o0

Therefore there exist a {®,(x)}-ONS and a sequence {b;} (see Remark 1)
such that

> bio(k) < oo
k=1
but the series

> b®y(x)
k=1

diverges a.e.
Construct the system {1, (x)} and the sequence {a,}. Namely, let

Ay, =biy Yy (2) =@i(z), i=1,2,....

i

For the rest of n € (N;, N; 1] assume that a,, = 0 and as 1, (x) take anyone
of the functions ®y(z), k & (k;, ki+1], so that ¢;(x) # ¥;(x) for ¢ # j and
i,j € Ag. In that case we obtain an Ag-ONS {¢,,(z)} for which

Z a’w(n) = Zai’_w(Mi) = Zb?v(z) < o0
n=1 - i=1
but the series

Z anwn (3?)
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diverges a.e. Then, following the construction of the terms of this series,
the subsequence of partial sums {Sy, (¢)}, where {M}} is defined by (7),

diverges a.e. But since
o0

1
— < 00,
2o
the subsequence of partial sums {Sn, ()} of the series

Z anqbn (l‘)

converges alsmost everywhere. Let the {Son(x)} converge on a set E C
(0,1), m(E) > 0.

It is clear that from the sequences {N,,} and {2"} we must obtain sub-
sequences {Np,, } and {2"*} such that

SQ"k (.’ﬂ) — SNmk. ((E) = Q2ng wgnk (QC), k Z 1.

Then
oo 1 o0
Z/ (Sonk () — SN, (a:))Qdm < Z a3n;, < 00
k=170 k=1

and therefore
lim (Soni (z) — SNon, (2)) =0 ae.,

k—oo

ie.,
lim Son(z) = klim Soni () = klim SN, () = lim Sy, (z)

almost every x € E,

which contradicts the divergence a.e. of the sequence {Sy, (z)}. O

Theorem 6. Let the sequence {Ny} be given and the equality

Z&O(z\%) for n— o0 (14)
k=n n

be fulfilled.

In order that the positive nondecreasing sequence {w(n)} be the Weyl
multiplier for the (c,1)-summability a.e. of series with respect to any Ayg-
ONS, it is necessary and sufficient that conditions (12), and (13) be fulfilled.

Proof. Let condition (14) be fulfilled.
Sufficiency. Let conditions (11), (12) and (13) be fulfilled. Then for
sufficiently large k’s we have

k< O.)(Nk)
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and therefore for sufficiently large n’s

1 > 1
min {k: Ny > n} +n*> Y sz(n)+1+n2 Yo <
k:Ng>n = K k=k(n)+1 K
-k
< 2k(n) + n? ]0\72(()11) < ck(n) < cw(Nk(n)) < aw(n)
k(n)+1

which yields

1

min {k : Nj, > n} +n? Z @:O(u}(n)) for n —o0o.  (15)
k:Nip>n

Then by Theorem 5 the sequence {Sor(2)} converges a.e. for series (1),
while by Theorem 2 series (1) is (¢, 1)-summable slmost everywhere.
Necessity.
(a) Let

=1
ZW(M) = 00.

k=1
Construct {®,(x)} and {b,} as we did when proving the necessity of con-
dition (a) of Theorem 1. Then we have

Z b2w(n) < oo
n=1
and
D ba®n(x) =Y by, =00, z€(0,1),
n=1 k=1

which imply that the series

Z b @, ()

is nowhere (¢, 1)-summable.
(b) Let

— 1
< 00
2 )
but condition (13) be not fulfilled. Then by Theorem 5 there exist a Ag-
ONS {4 (z)} and a sequence {a,} such that

o0
Z aZw(n) < oo
n=1
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but the corresponding subsequence of partial sums {Syx(z)} diverges a.e.
Moreover, if equality (15) is fulfilled, then by Theorem 2 the series

Z arﬂ/}n (’I)

n=1

is not (¢, 1)-summable almost everywhere. [

Remark 5. From the proof of Theorem 6 it is clear that condition (14)
in this theorem can be replaced by condition (15). Then, assuming that
w(n) = (logy logs n)? and condition (12) is fulfilled, by inequality (10) we
have

logs k = O((logy logy My)?) for k — oo,

and by Lemma 3
in{k: Ny > 2 L O((log, 1 3 f
min {k: Ny > n} +n Z N7 = ((logylogym)?) for n — oo,
k:Np>n  k
and we obtain Theorem 4 as a corollary.
Remark 6. Theorem 6 implies that in the typical cases given below the

Weyl multipliers for the (¢, 1)-summability a.e. of series with respect to any
A-ONS are:

(a) if
ok 1
Nk = |:2 :| 5 0<a S 5)
then
I+4e
w(n) = (logylogyn) =", &> 0;
(b) if
N, = |:2ka:| , a>0,
then .
w(n) = (log, n)zﬁ, g>0;
(c) if
Nk = [k‘a], a > 1,
then
1 €
w(n) =n= (log, n)H , €>0.

Note that if € = 0, then in cases (a), (b) and (c) {w(n)} will be the Weyl
multiplier not for each Ag-ONS.

Remark 7. Condition (14) is fulfulled, in particular, if
Ny = k®(k),

where ®(k) does not decrease.
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