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FIXED POINTS OF SEMIGROUPS OF LIPSCHITZIAN
MAPPINGS DEFINED ON NONCONVEX DOMAINS

KOK-KEONG TAN AND HONG-KUN XU

ABSTRACT. Certain fixed point theorems are established for nonlinear
semigroups of Lipschitzian mappings defined on nonconvex domains
in Hilbert and Banach spaces. Some known results are thus general-
ized.

1. INTRODUCTION

Let X be a Banach space and C be a nonempty subset of X. A mapping
T :C — C is said to be a Lipschitzian mapping if, for each integer n > 1,
there exists a constant k,, > 0 such that | T"z—T"y|| < k,|lz—y|| Vz,y € C.
A Lipschitzian mapping T is said to be uniformly Lipschitzian if k, = k
for all n > 1, nonexpansive if k, = 1 for all n > 1, and asymptotically
nonexpansive if lim,_, . k, = 1, respectively. Goebel and Kirk [1] initiated
in 1973 the study of the fixed point theory for Lipschitzian mappings. They
showed that if X is uniformly convex and C is a bounded closed convex
subset of X, then every uniformly k-Lipschitzian mapping T : C — C with
k < v has a fixed point, where v > 1 is the unique solution of the equation

fi-n ()]

with dx the modulus of convexity of X. Since then, much effort has been
devoted to the existence theory for fixed points of Lipschitzian mappings in
both Hilbert and Banach spaces; see [2], [4], [5], [7], [10], [11], and refereces
cited there. Usually the domain C on which T is defined is assumed to be
convex. Recently, Ishihara [3] and Takahashi [9] studied in Hilbert spaces
the existence theory for fixed points of Lipschitzian mappings which are
defined on nonconvex domains. However, their methods do not work outside
Hilbert spaces.
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The purpose of the present paper is to investigate the existence theory
for the fixed point theory of semigroups of Lipschitzian mappings defined
on nonconvex domains in both Hilbert and Banach spaces.

2. PRELIMINARIES

Let G be a semitopological semigroup, i.e., G is a semigroup with a
Hausdorff topology such that for each a € G, the mappings ¢t — at and
t — ta from G into itself are continuous. Let C' be a nonempty subset of
a Banach space X. Then a family F = {T; : t € G} of self-mappings of C
is said to be a Lipschitzian semigroup on C' if the following properties are
satisfied:

(1) Tysx = TyTsx for all t,s € G and z € C;

(2) for each z € C, the mapping ¢t — Tyx is continuous on G;

(3) for each t € G, there is a constant k; > 0 such that | Tix — Try|| <
killa =yl Va,y € C.

A Lipschitzian semigroup F is called uniformly k-Lipschitzian if k, = k for
all t € G and in particular, nonexpansive if k; = 1 for all ¢ € G. We shall
denote by F(F) the set of common fixed points of F = {1} : t € G}.

Recall that a semitopological semigroup G is said to be left reversible if
any two closed right ideals of G have nonvoid intersection. In this case,
(G, <) is a directed system when the binary relation “<” on G is defined by
a < bif and only if {a} UaG D {b} UbG. Let B(G) be the Banach space of
all bounded real-valued functions on G with the supremum norm and let X
be a subspace of B(G) containing constants. Then an element p of X*, the
dual space of X, is said to be a mean on X if ||u|| = u(1) = 1. It is known
that p € X* is a mean on X if and only if the inequalty

inf{f(t) : t € G} < u(f) <sup{f(t):t € G}

holds for all f € X. For a mean g on X* and an element f € X, we use
either p;(f(t)) or p(f) to denote the value of u at f. For each s € G, we
define the left transformation ¢; from B(G) into itself by (¢, f)(t) = f(st),
t € G, forall f € B(G). The right transformation r is defined similarly. Let
X be a subspace of B(G) containing constants which is ¢g-invariant (rg-
invariant), i.e., £5(X) C X (rs(X) C X) for all s € G. Then a mean p on X
is said to be left invariant (right invariant) if u(f) = p(lsf) (u(f) = p(rsf))
for all f € X and s € G. An invariant mean is a mean that is both left and
right invariant.

Let C(G) be the Banach space of all bounded continuous real-valued
functions on G, let RUC(G) be the space of all bounded right uniformly
continuous functions on G, i.e., all f € C(G) for which the mapping s — 4 f
is continuous, and let AP(G) be the space of all f € C(G) for which {/,f :
s € G} is relatively norm compact. Then RUC(G) is a closed subalgebra of
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C(G) containing constants and both ¢¢- and rg-invariant; see [7] for details.
If {zs: s € G} is a bounded family of elements of a Banach space E, then
for all x € E and p > 1, the functions g(s) := ||zs — z||P and h(s) := (x5, x)
(if E is a Hilbert space) are in RUC(G).

3. THE HILBERT SPACE SETTING

In this section, we prove fixed point theorems for Lipschitzian semigroups
defined on nonconvex domains in Hilbert spaces.

Theorem 3.1. Let C be a nonempty subset of a real Hilbert space H,
let G be a semitopological semigroup such that RUC(G) has a left invariant
mean p, and let F = {T; : t € G} be a Lipschitzian semigroup on C such
that py(k?) < 2. Suppose that {Tyz : t € G} is bounded and Ngeg co{Tsx
t € G} is contained in C for all x € C. Then there exists a point z € C for
which Tyz = z for allt € G.

Proof. Let xg € C. It is easily seen that the functional pu(Tixo,x), v € H,
is a continuous linear functional on H. By Riesz’s representation theorem,
there is a unique element x1 € H satisfying p¢(Tixo, ) = (x1,z), Vo € H.
By a routine argument (cf. [3] and [9]) via the separation theorem, we have
T € SQG@{TStxO : t € G} and hence by assumption, x; does remain in

C. Therefore, we can continue the above procedure to obtain a sequence
{zn}52; in C satisfying the following property:
pe(Tixn—1,2) = (Tp,x), Yz e H, Vn>1L1 (3.1)

Noting the fact that for all u,v € H, the function h(t) := || Tyu — v||? is in
RUC(G), it follows from (3.1) that

piel| Tywn—1 — 2|* = pe | (Tin—1 — ) + (2 — 2)|[|P=pe (| Tewn—1 — zn||*+
+ [lzn — ZH2 +2(Tixn—1 — T, 2n — ) = e[| Texn—1 — xn”Q +

+ |z — 2l + 2 (Tywn 1 — T, T — @) = pue|| Twn 1 — || +

+ [lzn — xHQ +2(xy — TnyTn — ) = || Tewp—1 — anZ + lzn — x||2
This shows that x,, is the unique minimizer of the convex function p || T2, —1
— x||? over H and in particular, taking x = T,sz,, and noting that u is left
invariant, we get

Mt”Ttxnfl - anQ + H-Tn - TsanQ = Mt”Ttmnfl - TsanQ =

= el Tawn—1 — Tswn||* = pu|| TeTywn 1 — Town||* < k2| Town—1 — 2.
It follows that

llzn — Tsan2 < (’ff = Dpe||Tiwn—1 — $n||2 (3.2)
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Set A = ps(k2—1), 7, = pe|| Tyxn, — v || and Ry, = g || Ty — 2 ]|%. Then
from (3.2) we have
Rn < A’I‘n_l < ARn_l << AnRO (33)
It then follows from (3.3) that
Hxn-i-l - anQ = :ut”(xn-i-l — Tyxy) + (Tyw, — xn)HQ <
< 2 (| Ty — xn+1||2 + || Ty, — xn”?) =
= 2(rp + Ry) < 4R, < 4A"R,.

Since A < 1, we see that {z,} is Cauchy and hence convergent in norm.
Let z be the limit of {z,}. We claim that z is a common fixed point of F.
In fact, for any s € G, since p is left invariant, we have

1Tz = 211> = pe((Tsz = Topan) + (Taazn — 2)|* <
< 2 (| Torn — Toz|* + | T — 2[|*) <
< 2082 | Ty — 212 + o Toen — 1) =
= 2(1+ k) | Ty — 2|1 =
=21+ k) pe|| Ty, — ) + (20 — 2)||2 <
<A+ B2 (el Toen — wnl|® + |2n — 2%) =
414 ko) (Ry + ||l2n — 2||*) — 0 as n — oo.

Therefore, Tsz = z. O

Corollary 3.1 (Theorem 3.5 [4]). If F = {T; : t € G} is a non-
expansive semigroup on a closed convex subset C' of a Hilbert space H,
RUC(G) has a left invariant mean, and there exists an © € C such that
{Ts(z) : s € G} is bounded, then F has a common fized point in C.

Let X be a subspace of B(G) containing constants. Following Mizoguchi
and Takahashi [7T], we say that a real valued function on X is a submean
on X if the following conditions are fulfilled:

(1) u(f+9) <p(f)+ulg), VfgeX;
(2) wlaf) <ap(f), VfeX, Ya=>0;
(3) Vf,g € X, f<g= u(f) <nlg)
(4) p(e) = c for all constants c.

Theorem 3.2. Let H be a real Hilbert space, C' a nonempty subset of
H, X an lg-invariant subspace of B(G) containing constants that has a
left invariant submean p on X, and F = {T} : t € G} a Lipschitzian
semigroup on C. Suppose that {Tyx : t € G} is bounded for some x € C
and Ngego{Tstx : t € G} C C for all x € C. Suppose also that for all
u,v € C, the function f on G defined by f(t) = ||Tyu—v||?> and the function
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h on G defined by h(t) = k? belong to X and p;(k?) < 2. Then there is a
point z € C such that Tyz = z for ollt € G.

Proof. Let xo € C and define the function ro on H by ro(z) = || Tyzo—z|?,
x € H. Note that ry is well defined since by assumption, the function
t — ||Tyxo — x||? is in X for every x € H. As rq is strictly convex and
continuous and ro(x) — oo as ||z|| — oo, there is a unique element z; € H
such that ro := ro(z1) = inf{ro(x) : € H}. We claim that this z; belongs
to Nseg co{Tstxo : t € G} and thus to C by our hypothesis. Indeed, if we
denote by Ps the nearest point projection of H onto the set ¢o{Tsixo;t € G},
then, as P; is nonexpansive and p is left invariant, we get

ro(Psxr) = pe|| Tewo — Poxr||* = pel| Torwo — Pean || =
= /JtHPsTstxO - Psxl”2 < NtHTstl’O — 371”2 =
= || Tywo — 21||* = ro,

which shows that P,z; is also a minimizer of 7y and hence by uniqueness,
Pyxy = xy, ie, 1 € Ngego{Tsxo : t € G}. This proves the claim.
Repeating the above process, we obtain a sequence {z,} in C with the
following property:

T, € ﬂ co{Tsyxp_1:t€G} Vn>1
seG

and z, is the unique minimizer over H of the functional r,(-) defined by
ro(x) = || Tyxn_1—2||?, * € H. Now by the same argument as in the proof
of Theorem 3.1, we conclude that {z,,} converges strongly to a common fixed
point z€ C. O

Corollary 3.2 (Theorem 1 [8]). Let C be a closed convex subset of
a Hilbert space H and X be an {g-invariant subspace of B(G) containing
constants which has a left invariant submean p. Let F = {Ty : t € G} be a
Lipschitzian semigroup on C' such that {Tsx : s € G} is bounded for some
x € C. If for each u,v € C, the function f(t) := ||Tyu—vl||*> and the function
g(t) == k% (t € G) belong to X and ps(k?) < 2, then there is z € C such
that Tsz = z for all s € G.

We now extend Theorem 3.3 of Lau [4] to a wider class of Lipschitzian
semigroups which are defined on nonconvex domains.

Theorem 3.3. Suppose H is a real Hilbert space, C' is a nonempty subset
of H, and F = {Ty : t € G} is a Lipschitzian semigroup on C. Suppose also
AP(G) has a left invariant mean p. If uy(k?) < 1 and if there exists an x €
C such that {Tix : t € G} is relatively compact in norm and Ngeq co{Ts:x
t € G} is contained in C, then F has a common fized point.
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Proof. Since {Tix : t € G} is relatively compact, by Lemma 3.1 of Lau [4],
for all y € H, the functions h and g defined on G by h(t) = (y, T;z) and
g(t) = |ly — Tyz||? are both in AP(G). So we have a unique 2z € H such that
we{Tyx,y) = (z,y), Yy € H. As seen before, we have (i) z € Nyeq co{Tstx :
t € G} and hence z € C and (ii) || Texr — y||? = wel|Tex — 2|12 + |ly — 2|2
Vy € H. In particular, we have for all s € G,

pel| Tew — Toz||* = pel| Tew — 2|1 + || Tz — 2.
Noting that
pe|Tex — Toz||* = pel| T — Toz||* = pe|| T Tow — Toz||* < K || Tow — %,
we get for all s € G, || Tsz — z||* < (k2 — 1) || Tyx — 2||*. Hence
pallTez = 22 < (B2 = 1)pel T — 21 < 0
for p15(k2) < 1; namely, us||Tsz — z||*> = 0. Now for a € G, we have

[Tz — ZH2 = ps||(Taz — Tsz) + (Tsz — Z)H2 < 2 ps([|Taz — Tsz”2 +
+ | Toz = 21I%) = 2(us | Toz — Taz|® + ps | Toz = 2[1%) =
= 26||Tasz — Taz||* = 2 u||TuTsz — Toz|* <
< 2k || Tz — z[|* = 0.

Therefore T,z = z. O

Corollary 3.3 (Theorem 3.2 [4]). If C is a closed convex subset of a
Hilbert space H, F = {1} : t € G} is a nonezpansive semigroup on C,
AP(G) has a left invariant mean, and x € C such that {Tsx : s € G} is
relatively compact, then C' contains a common fixed point for F.

By the same proof as in Theorem 3.1, we get immediately the following
result.

Theorem 3.4. Suppose H and C are as in Theorem 3.3, suppose AP(QG)
has a left invariant mean p, and suppose F = {T} : t € G} is a Lipschitzian
semigroup on C such that pu(k?) < 2. If, for every x € C, {Tyx : t € G}
is relatively compact in norm and Nseg co{Tsix : t € G} is contained in C,
then F has a common fized point.
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4. THE BANACH SPACE SETTING

In this section we study the existence of fixed points for Lipschitzian
mappings defined on nonconvex domains in Banach spaces. So suppose C'
is a nonempty subset of a Banach space X and F = {T; : t € G} is a
Lipschitzian semigroup defined on C. (Here G is as in Section 3 a semi-
topological semigroup.) We will employ the following condition introduced
by Goebel, Kirk, and Thele in [2]: A nonempty subset E of C' is said to
satisfy the property

(P): For every * € E and € > 0, there exists s € G such that
dist(Tyz, E) < € for all ¢ > s.

Recall that the modulus of convexity of a Banach space X is defined as the
function

1
5X(s)inf{12||x+y|| : 2,y € Bx with |lz — y|| >6}, 0<e<2,

where By is the closed unit ball of X. A Banach space X is said to be
uniformly convez if x () > 0 for all 0 < € < 2. It is said to be p-uniformly
convex for some p > 2 if there exists a constant d > 0 such that dx(¢) > deP
for 0 < e < 2. It is known that a Hilbert space is 2-uniformly convex and
an L? (1 < p < 00) space is max(2,p)-uniformly convex. We shall need the
following characterization of a p-uniformly convex Banach space.

Proposition ([cf. [12]). Given a number p > 2. A Banach space X is
p-uniformly convex if and only if there exists a constant d = d, > 0 such
that

Az + (1= Nyll” < Mlz|[” + (1 = NVyll” = dWp(Mlz —y[|”  (4.1)
for allz,y € X and 0 < XA <1, where W,(A) = AP(1 — X) + A(1 — \)P.

Theorem 4.1. Suppose X is a p-uniformly convex Banach space for
some p > 2, C is a nonempty subset of X, G is a semitopological semigroup
that is left reversible, and F = {T; : t € G} is a uniformly k-Lipschitzian
semigroup on C with k < (1+ d)%, d being the constant appearing in (4.1).
Suppose also there exist an T € C such that {T3Z : t € G} is bounded and
a nonempty bounded closed convexr subset E of C with Property (P). Then
there exists a point z € E such that Tyz = z for allt € G.

Proof. Since {T;Z : t € G} is bounded, it is easily seen that for all z € C,
{Tiz : t € G} is bounded. Now choose any z¢ € E and define a functional
fon E by f(x) = infssup,s, ||Tixo — z||P, x € E. By Lemma 3 of [11],
we have a unique 1 € E such that f(z1) < f(x) —d||lz — z1|P, Vz € E.
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Continuing this procedure, we construct a sequence {z, }2; in E such that
for every integer n > 1,

inf sup | Ty2p—1 — 2 || < infsup | Tizn—1 — z|P —
S t>s S t>s
—d||z —z,||P, Vxe€E. (4.2)
Now by Property (P), we can find for each n > 1 an a,, € G such that
dist(Tozn, E) < A" for all a > ay, (4.3)

where A = @;1 < 1. For each fixed a > a,,, from (4.3) we can thus find a
Yn € E such that

I Toxn — ynll < A™. (4.4)
Using the mean value theorem, it is easy to see that for all z,y € X,

[y l? = )Pl < p fmasx{ |l [y I3~ 1yl = 2l < plzll+ gD~ lly = -

Since all the involved sequences are bounded, we can find a constant M big
enough so that for all t,a € G and n > 1,
P(|Texn—1 — ynll + [|Te20 -1 — Ta$n||)p_1 < M/2
and
P Tezn — xpll + lyn — xn”)p_l < Mj2.

It thus follows from (4.2) and (4.4) that

infsup | Tizn—1 — zn||” < infsup |Tian—1 — ynl|” — dllyn — 2, <

S t>s S t>s

<infsup [|[Tixn-1 — Tuxn||P — d||Toxn — zp||P + sup(||Tixn—1 —

S t>s t
= Ynll” = Tszn—1 — Taxn||?) + d([|[ Tawn — znll” — [lyn — zal”) <

< irslf Sl>1p ITixn-1 — Taznl|P — d||Taxn — znl|P + M||Tozn — ynll <
t>s

<infsup |[|Tizn—1 — Toxn||P — d||Toxn — xn||P + MA™ <
S t>s
<infsup |[|Te1@n-1 — TaZnl|P — d||Toxn — xp||P + MA™ <
S t>s
< k¢ infsup || Tywn—1 — an|” — dl|Tozn — zn[|” + M A"
S t>s

Hence for all a > a,,,

d|Toxn — 2p||P < (kP — 1) infsup | Tyzn—1 — 2, || + M A",
S t>s
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which results in the conclusion

inf sup || Tz, — 2, ||P < A infsup | Tizn—1 — 2, ||P + M'A™,
S t>s S t>s

where M' = M/d. Write R, = infgsup,s,||Tixn — z,||P and r, =

infg sup,> [|Ttwn —2n41||P. Then r, < R, by (4.2) and

Ry < Ar, 1+ M A" < AR, 1+ M'A™ < A(AR, o+ M'A™"™1) +
+ M'A™ = A’R,,_o +2M'A™ < --- < (Ro + nM')A™.
Therefore,
[ = 2 = inf s0p (@ = Titn-1) + (Trms = an0)| <
< 2 it sup(o, — Ty [P+ Tt — oa) <
>s

<2P M rp_14+Rno1) <2PR,_1 <2P(Ro+(n — 1)M') A",

which shows that {z,,} is Cauchy and hence convergent to some z strongly.

We now show that this z is a common fixed point of F. In fact, noting that
the inequality (cf. [11])

inf sup ||Tyz — y||P < inf sup || Tz — y||P
S t>s S t>s
is valid for all x,y € C and a € G, we have for all a € G,
|z = Taz||” < infsup(|[z — @all + |20 — Tianl +
S t>s
+ Ty, — Toxnl|| + | Tozn — Toz||)? < 4P infsup((1 + £P)||z — .|| +
S t>s

+ |n = Tixn|” + (| Tizn — Tazn||?) < 4P((1+ KP)|[2 — zn[|” + Ry +
+inf sup [|Turxn — Toxa||P) < 4P(1 4+ KP)(||z — 2p]|P + Rn) — 0 (n — 0).
S t>s

Hence T,z = 2z. O

Theorem 4.2. Let X be a p-uniformly convexr Banach space for some
p > 2, C a nonempty subset of X, G a semitopological semigroup for which
RUC(G) has a left invariant mean p, and F = {T; : t € G} a uniformly
k-Lipschitzian semigroup on C such that k < (1 + d)% with d being the
constant appearing in (4.1). Suppose there is a point T € C for which
the orbit {3 : t € G} is bounded. Suppose also there exists a nonempty
bounded closed convex subset E of C' with the following property:

(P*) Foreveryx € E ande > 0, there exists s € G such that dist(Ts .z, E)
<eg Vteq.

Then there exists some z € E such that Tyz = z for allt € G.
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Proof. Choose an arbitrary xo € E. As the function ¢ — || Tiu — v||P is in
RUC(G) for any u € C and v € X, we can inductively construct a sequence
{zp}%; in F in the following way: For each integer n > 1, z,, € F is
the unique minimizer of the functional y|Tyz,—1 — z||* over E. Then by
Lemma 2 of [11], we have

pelTitns = 2all? < e Ty — P = dllz — 2, [P, Vo € E. (4.5)

Write r, = inf{u||Tyzn, — z||? : @ € E} = p||Tixn, — zpia||P and R, =
wi||Texn, — x,||P. Then for a fixed integer n > 1, condition (P*) yields an
Sn € G such that

dist(Ts, rxn, E) < A", Vr e G, (4.6)

where A = (kP —1)/d < 1. From (4.6) we can find a y,, € F (depending on
r) such that ||T, 2, — ynl| < A™. It then follows from (4.5) that

Tn1 < pel|Tixn—1 — Y|P — dl|yn — 20|’ = pel[(Ten—1 — T, p ) +
+ (Tsrn — Yu)|I” = Al (Y — Toprn) + (Lo — 20)[|P <
< pel|Tixn—1 — Ts, rxn||P — d||Ts, rn — Tpl| + MA™ =
= || Ts, rttn—1 — Ts, rxn ||’ — d||Ts, rxn — 25 ||P + MA™ <
< K ol Totn 1 — 2nll? = d| Ty ritn — 2nl|? + MA™,

where M > 0 is some appropriate constant independent of r € G, which
can be found similarly to the proof of Theorem 4.2. Hence

~1 M
o1+ —A" = Ar,_y + M'A",

1T, a0 — @ |” < d d

where M’ = M/d, and

Rn = Nt”irfxn - xn”p = NT”TSnrxn - anp S
S Arn—l +M/An § S (RO +’I7,MI)An

Therefore, we have

|20 — 21 ll” < puell(@n — Tiwp—1) + (Tin-1 — n-1)||” <
< 2P p(l|len — Tiwp_1||P + |Tixn—1 — 2na|?) =
=2(rp1 4 Ry1) <2P'R, 4 <
< 2PN Ry 4 (n — 1)M')A™ L,
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showing that {z,} is Cauchy and hence strongly convergent. Let z be the
limit. Now for all ¢ € G, we have

2 = Tazl|” < pe(llz — 2all + [|on — Tewnll + [[Tian — Tazn | +

N Tawn — Taz|)? < 47 (|2 = zn|l? + |on — Tean||” + | Tizn — Taza||” +
+ [[Tawn = Taz|?) < 4P((L+ £P) ||z — 2|7 + Ry + pel| Tarzn — Tazn ) <
<AP(14+EkP)(|lzn — 2||P + Rn) — 0 (n — 00).

Hence T,z = z. O
In L? (1 < p < o0), we have the following inequalities (cf. [5], [6], [12]):
1Az + (1= Nyl|* < Allz]| + (1 = Mly[| = dWe (M |z = y]|*

for all z,y € L? and A € [0, 1], where ¢ = max{2,p}, Wy(A\) = X1(1 - \) +
A(1 = XN)4, and

(I+tp)P— 12

p—1
d - At ) if 2 <p<oo;
N P if1<p<2.

t, is the unique solution of the equation (p — 2)tP=! + (p — 1)tP=2 — 1 = 0,
t € (0,1). Thus we have the following consequence of Theorems 4.1 and 4.2.

Corollary 4.1. Let C be a nonempty subset of LP (1 < p < o), G
a semitopological semigroup which is left reversible or for which the space
RUC(G) has an invariant mean, and F = {T} : t € G} a uniformly k-
Lipschitzian semigroup on C with k < \/p if 1 <p <2 ork<l+(1+ tg_l)
(1+tp)1’p]% if 2 < p < 0o. Suppose there exists an x € C such that the orbit
{Tyxz : t € G} is bounded. Suppose also there exists a nonempty bounded
closed convex subset of C which possesses Property (P) in the case where
G s left reversible or Property (P*) in the case RUC(G) has an invariant
mean. Then there exists a z € E such that Tsz = z for all s € G.
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