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HYPERPLANE SINGULARITIES OF ANALYTIC
FUNCTIONS OF SEVERAL COMPLEX VARIABLES

M. SHUBLADZE

ABSTRACT. A new class of non-isolated singularities called hyperplane
singularities is introduced. Special deformations with simplest critical
points are constructed and an algebraic expression for the number of
Morse points is given. The topology of the Milnor fibre is completely
studied.

0. INTRODUCTION

This paper continues the investigation of special classes of non-isolated
singularities.

In [1] and [2] germs of analytic functions having a smooth one-dimensional
submanifold as a singular set were investigated, the simplest ones of such
germs being obtained as limits of simple isolated singularities of series Ay
and Dj. In our work germs of analytic functions f : (C"*1,0) — (C,0) are
considered, having singularities on the hyperplane

H={(z,y1,y2,-..,yn) € CxC" |z =0}.

Such singularities are called hyperplane singularities.

The paper is divided into 6 sections.

In Section 1, coordinate transformations preserving the singular hyper-
plane H are introduced and the equivalence of germs under such transfor-
mations is defined. Moreover, simplest germs of A, (local expression x?)
and D, (local expression z2y;) types are determined.

In Section 2 the notion of an isolated hyperplane singularity is introduced
and investigated.

In Section 3, for isolated hyperplane singularities, a special deformation
is constructed, having only A, and D, type singular points on the hyper-
plane H and only Morse points outside H.
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In Section 4 the number of Morse points is calculated for special defor-
mation of f.

In Section 5 the topology of the Milnor fibre is studied using the special
deformation. It is shown that the Milnor fibre is homotopy equivalent to the
wedge of a circle S' with 2u + o copies of the sphere S™, where p = u(g)
is the Milnor number of the isolated singularity ¢(0,y1,...,¥yn), while o
is the number of Morse points of the deformation of f. To this end we
investigate the problem of determining a homotopy type of the complement
of a nonsingular (smooth) submanifold.

In Section 6 consideration is given to germs of analytic functions repre-
sentable as f = x*g(z,y1,...,Yn), called hyperplane singularities of transver-
sal type Ag. For such singularities all the results obtained in Sections 1-5
are generalized.

1. HYPERPLANE SINGULARITIES

Let f : (C"*1,0) — (C,0) be a germ of a holomorphic complex func-
tion of n + 1 complex variables (x,y1,...,yn) and let the hyperplane H =
{(z,y1,...,yn) | = = 0} consist of points z € C"T! such that
gradf(z) = 0.

In the ring O, 11 of all germs at zero of holomorphic functions, single out
the ideals

m = {f € Ony1| f(0) =0},
() = {f € Ousr [ FO.91.- -, 9a) = 0.¥(y1, ., ym) € T},

We are going to investigate elements from the ideal (22). The following
characterization of these elements is valid:

Lemma 1.1. Let f : (C**1,0) — (C,0) be a germ of a holomorphic
function, having H as its singular set. Then such a germ can be represented
in the form f = x2g(x,y1,...,yn), where g is a smooth germ from the ring
Ont1-

In the group D, 41 of germs of local diffeomorphisms of C**! at the ori-
gin, consider a subgroup consisting of diffeomorphisms ¢ € D, ;1 satisfying
¢(H) = H. In the following all the coordinate transformations considered
will preserve the hyperplane H, i.e., belong to Dy.

Let us introduce some definitions.

Definition 1.2. A singular point z € H is called a point of type A, if
02
Hess, f = %(z, Y1,---,Yn) Is nonzero at this point.
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Definition 1.3. A singular point is called a point D if the gradient of
the function Hess, f with respect to variables y;, i = 1,...,n, written as

9 (Y 0 (o°f o0 (%
Oyr \0x2) Oy, \Oz2 ) Oy, \ 922/ )’
is not equal to zero at this point.

The following simple assertions are easy to prove.

Proposition 1.4. A singular point z € H is of the type A if and only
if in some meighborhood of z there exists a coordinate transform from the
group Dy which reduces f to x2.

Proposition 1.5. A singular point z € H has type Do if and only if in
some neighborhood of z there is a coordinate transform with respect to H
which changes f to z2y;.

Let Orb(f) denote an orbit of the germ f under the action of Dy. As
always the simplest orbits are of interest.

Having in mind to characterize isolated singularities, and in accord with
the finite dimensional case, let us introduce a measure for germ complexity.

Definition 1.6. The number

codim(f) = dime [(2?)/7(f)] ,

where 7(f) is the tangent space to Orb(f) at f, is called the codimension
of a hyperplane singularity f.

2. ISOLATED HYPERPLANE SINGULARITIES

Now we can give a simple criterion for finite determinacy:

Theorem 2.1. Let f € (x2) be a hyperplane singularity not of type
Ao or Dy such that in the presentation f = x%g(x,v1,.-.,Yyn) the germ
9(0,91,...,yn) 18, as a germ of a function of y1,...,Yn, an isolated singu-
larity. Then the following assertions are equivalent:

(a) codim f is finite;

(b) the function g(z,y1,...,yn) has an isolated singularity;

(c) f has a singularity of type Ao outside points with g(0,y1,...,yn) =0
and a singularity of typeDo at points with g(0,y1,...,yn) = 0, except the
origin.
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Proof. Let us show that (a) implies (b). Indeed, if codimf < 400, then
dim¢ [((E2)/T(f)] < 400, where 7(f) has type (zg + x2g,, maigy,,. ..,
Mx?gy.), & € (x), ni € m, i = 1,...,n. To the function g associate the
ideal (gu, Gyy»- -+ 9y, ); according to Briangon-Skoda’s theorem [3], g" ! €

(GzsGyrs -+ -+ 9y, )- Clearly, this implies 7"T1(f) € (2%gu, 22gy,, .- ., T2gy,)
and since

dime [(2%)/7"(f)] = dime [(2%)/7(f)] + dimg [7(f) /7" (f)] < +oo,

one obtains

n+1

. . O
dimc [(xQ)/(xggm x29y1 yee >$29yn)] = dlm(c [(nggyu e 7gyn)] < 400

hence g(z,y1,...,yn) has an isolated singularity.

(b)=(c). Let g have an isolated singularity and ¢(0,y1,...,y,) have
an isolated singularity at zero, i.e., grad g(0,%1,...,y») = 0 only at the
origin. Then for an arbitrary point z of the space {g(0,y1,...,y,) = 0}
the gradient of this function will be nonzero; assume, for definiteness, that

g—;(o,yl, ...,Yn) is not zero at z and consider a transformation from the
group Dy

EE: mv,gl :g(mﬂyla"wyn)7g’i = yiai = 27"'7”)
whose Jacobian is %(o,yl, ..,Yn) # 0 and reduces f to the form 727,

i.e., f has type D, at the point z.
At the points outside the set g(0,¥1,...,y,) = 0 on the singular hyper-
plane x = 0, consider the element of the group Dy determined by

rT=z g(x7y1a"'7yn)7g:yia iil,...,n,

whose Jacobian equals \/g(0,y1,...,¥yn) # 0 and which transforms f to the
function 72, i.e., f has type Ao at these points.

(¢c)=>(a). Let f be some representative of the germ of a given hyperplane
singularity. Define on its domain a sheaf of O,,+1-modules as follows:

Fu) = %)/ (r(f)n %),

where (23) and 7(f) are considered as modules over the ring of holomorphic
functions on v C C™*!, while 0,41 is the sheaf of holomorphic functions
on C"*1. The sheaf F is coherent, hence we may use the fact that F has
support consisting of a single point if and only if dimI'(F) < oo, where as
usual I'(F) denotes the space of sections of F over w.

For z # 0 the function f is regular at p = (x,y1,...,¥n), and one has
dim F, = 0; hence (z3) 2 (Op41)p and 7(f) = (Ony1)p- If z = 0, but
(y1,-..,yn) does not belong to the space {g(0,y1...,y,) = 0}, then the
germ of f is right equivalent to 2% under the action of Dy, and (2?) =
7(f); hence at this points dimF, = 0. Suppose now that « = 0 and
9(0,y1,...,y,) = 0. Then f is right equivalent to the germ of z%y;, if
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(2,91, -,yn) # (0,...,0); hence outside the origin one obtains 7(f) = (z3)
and consequently dim¢ F, = 0. Hence the sheaf F has support 0, whence,
by the above remark about one-point supported sheaves, one concludes that
dime (2%)/ ((z*) N 7(f)) < oo. This implies the finiteness of multiplicity of
the hyperplane singularity f. O

Definition 2.2. A hyperplane singularity f = z2g(x,%1,...,¥n) not of
type Ao or Dy is called isolated if both ¢(0,y1,...,yn) and
g(z,y1,...,yn) have isolated singularities.

3. DEFORMATIONS OF HYPERPLANE SINGULARITIES

For isolated hyperplane singularities one can construct special deforma-
tions having singular points of type A1, Ao, Doo-

Theorem 3.1. Let f: (C"*1 0) — (C,0) be an isolated hyperplane sin-
gularity f = 2%g(z,y1,...,yn). Then there exists a deformation fy,\ €
C™ 1, within the class of isolated hyperplane singularities, which has singu-
lar points of types Ao and Do, on the hyperplane H and only Morse points
outside H, and such a deformation can be given in the form

=2 (g1, yn) + M1+ Ao+ Ans),
where A1, ..., A\py1 are sufficiently small complex numbers.
Proof. Suppose that on the hyperplane H one has
90, Y1, Yn) + My + o+ A + Ang1 # 03

then consider the transformation from the group Dy given by

E:x\/g(x,ylv"wyn)+)\1y1+"'+/\nyn+>\n+1,
Zji:yi,i:L...,n.

Since %‘ 0= \/g(O,yl,...,yn) + My1 + o+ AYn + Ang1 # 0, the Ja-
cobian of | g’él_lis transformation is nonzero, and in these coordinates the sin-
gularity f has type A.

Now suppose g(0,y1,---,Yn) + A1y1 + -+ + An¥n + Ant1 = 0 and choose
An+1 from Reg(g(0,y1,...,yn) + My1 + -+ + Apyn) and Aj,i = 1,...,n,
from Reggrad(g(0,y1,...,yn)). This is possible, since f has an isolated
hyperplane singularity and hence g(z,y1,...,yn) and ¢g(0,y1,...,yn) have
isolated singularities. Supposing, for definiteness, that 88 ygl (0,91, yn) +
A1 = 0, and consider a transformation of the form

T =u,
gi :g(ovyla"'vyn)+>\1y1+"'+)\nyn+>\n+17
@297»1:2,7”
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This is an element of Dy, with the Jacobian %gl + A1, which is nonzero.
In the new coordinates, f) has only D., type singular points on the
smooth submanifold

{(ylv"'ayn) €C|g(07y137yn)+)\lyl++)\nyn+)\n+1 :O}a

while outside the submanifold the function f has only A, type singularities
on H.

Consider the whole critical set of fy. It consists of a singular hyperplane
H and a set determined by the system of equations

x#0

29 +2My1 + -+ 2 41 + 29, =0
Gy, = _>\1

9y, = _)\n

At these points Hessfy has the form

2 2 2
33:ng—|— T Grx x2 Joyr - -- x2 Gy,
z gqu x 9y1y1 e z gylyn
Hessfy = .
2 2 2
"Gy, x TGynyr -+ T G9ynyn

Consequently the set {Hessfy = 0} does not depend on Ay,..., A\,41 and
so for almost all A1,..., A\,4+1 the points given by the above system are the
Morse ones. [

Following Damon [4], one can introduce the notion of a versal deformation
of hyperplane singularities. The theorem on deformation implies

Corollary 3.2. A hyperplane singularity possesses a versal deformation
if and only if it is isolated, in which case the deformation can be given as
F(x,y1,--,Uns A) = F(@, 015, Un) + Doiq Ni€i@, Y1, - - -, Yn), where o =
codim f, and ey, ...,e, are the representatives for the C-base of the space

(@2)/7(f)-

4. THE NUMBER OF MORSE POINTS

Let f € (z?) have an isolated hyperplane singularity; then according to
Theorem 3.1, there exists a deformation, having, on H, A, and D, type
singular points and a certain number s of Morse points outside H. It turns
out that this number does not depend on the deformation choice and can
be calculated in a purely algebraic way.
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Theorem 4.1. The number of Morse points of a deformation of f is
calculated by the formula

S = dlmC [(1'2>/(xf3;, fyla . '7fyn)] :

Proof. Let F : (C"*! x C?,0) — (C,0) be a versal deformation of the
singularity f, where f = 22g(z,y1,...,yn). Then F = 22G(z,y1, ..., Yn, ),
A€ C7, where G € Oy, ...y, satisfies G|,_, = g.

Clearly, the number of Morse points of s is obtained as the number of
solutions of the following system of equations lying outside the singular
hyperplane {x = 0}, for some sufficiently small value of the parameter ),

F,=0, Iy, =0,..., F, =0,

where F, and Fy, are the partial derivatives of the function F' with respect
to x and y;, respectively.

One can trace a part consisting of values of the parameter Ay which obey
the transversality of the intersection of the plane A = Ay with the singular
set of F), outside the singular plane {z = 0}; hence by the definition of the
intersection index, the number of Morse points coincides with the intersec-
tion index of the plane {\ = 0} with the germ of the surface S C C"*! x C?
determined as closure of the germ of the set

{F,=0,F,, =0,...,F, =0,z #0}.

Since = # 0, one can cancel it, which exactly corresponds to considering
only the singularities outside {x = 0}; hence

S={2G+2G,=0,Gy, =0,...,Gy, =0} C Ctl x CO.
Since the set S is defined only by functions with isolated singularities, one
gets by [5]
S = dimc [Ow,yh---,ymk/(ZG +2Ga, Gy, -, Gyn)] =
= dimc [Oa .y / (Ozyr,oyn (29 + TGy Gyr s - -5 Gy,))] =

5. ToPOLOGY OF ISOLATED HYPERPLANE SINGULARITIES

Let f: (C"™1,0) — (C,0) be an isolated hyperplane singularity with the
singular set H = {z = 0}, and let f) be a deformation of the singularity f
obtained by Theorem 3.1. Choose €9 > 0 such that for any e with 0 < e < g
one has f~1(0) M OB, i.e., the fibre f~1(0) is transversal to the boundary
of a ball of radius e in C"*1. (This is possible since f~1(0) is an algebraic
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stratified set.) For such ¢ > 0 there is 7(¢) such that f~1(¢) h 0B, for any
0 < |t| < n(e). Fix e < g and consider 0 < 1 < n(e) and the restriction

fr:Xp=f"YDy)NB. — Dy,
where D,, is a disc of radius 7 in C.

Lemma 5.1. Let fy be a deformation of the isolated hyperplane singu-
larity f. Consider the restriction

f)\ . XD)\ = f;l(Dn) QBE — .D777

for any 0 < ||A|| < 0 and 0 < [t| < n, where 6 and n are sufficiently small
numbers. Then the following assertions are valid:

L fy'(t) hOB..

2. Fibrations induced over 0D, by f and fx are equivalent.

3. Xp and Xp » are homeomorphic.

Proof. At the points of H N 9B, one has A, and D, type singulari-
ties. If z € H N OB, is an A, type singular point, there exist coordi-
nates (2,y1,...,Yn) With fa)(z,y1,...,yn) ~ 22, where fy(,) is a one-
parameter deformation of the singularity f and the coordinate x depends
on A smoothly. For ¢t # 0 the tangent space f;é) (t) is obtained from the
equation

xo(x — z9) =0,

i.e., x = xg, which is a hyperplane parallel to H and hence transversal to
0B., as H is preserved under the coordinate transform involved.
Now assume that z € H N 9B; is a D, type singularity; then one has

f)\(s)(maylv cee 7yn) ~ 5U2y1'

Hence the tangent space to f/((i)(t) at (70,9Y,...,9%) has the form

(z — 20)woy! + (1 — y))af =0,

ie., x = mo,y1 = ¥y, which is transversal to 9B, since the set y; = ¢}
coincides with {g(0,y1,...,Yn) + Ay1 + -+ An¥Un + Ans1 = y7}, and this
set is compact and intersects 0B, N H transversally.

We have thus established that at the points z € HN0OB. the transversality
condition holds, while at the points from dB.\H the map is a submersion.
Since f~1(0) N dB. is compact and transversality is an open property, this
implies f;(i)(t) M 0B, 0 < ||A|| < § and 0 < |t| < n, which concludes the
proof of assertion (1).

Let us prove (2). Consider the mapping

F(x7y17"'>ynas) = (f/\(s)(xayla"' ayn)as)'
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Define
Yp,sg = F‘l(D,, x [0,80]) N (Be x [0, s0])

and the mapping

Fps:Yp s — Dy x[0,50] — [0, s0]
which is well defined for any s € [0, s0] fx(s) : Xp,s — Dy; the map Fp , is
submersive at the internal points of

F~10D,, x [0, s0]) N (intB. x [0, s0]),

since dfy(s) has a maximal rank over the boundary of D,,. The restriction
of Fp s to the boundary of

F_l(aDn X [0, SOD N (aBE X [07 SOD

is also a submersion, since f;é) (t) h 0B for any t € Dy, A(s),s € [0, sq].
Now one can apply the theorem of Ehresmann [6] to find that Fp s is a
trivial fibration over the contractible set [0, so] and, consequently, for any s
the maps fy(s) determine equivalent fibrations over the boundary of D,.

Finally, (3) follows from Thom’s lemma on isotopy [7] needed for describ-
ing a homotopy type of the Milnor fibre. [

Now let us turn to the main construction. _
Let by,...,b, be Morse points for the deformation fy := f with critical

values f(b1),..., f(bs). Define By, ..., B, to be disjoint 2n + 2-dimensional
balls in C"*! centered at by, ..., b, respectively, and let D1, ..., D, be dis-
joint 2-dimensional discs centered at f(b1),..., f(b,). Let

f:Biﬂf_l(Di)HDi, i=1,...,0,
be locally trivial Milnor fibrations satisfying the transversality condition
Y ) hoB,teD;, i=1,2,....0

Choose furthermore a small cylinder By around H and a 2-dimensional disc

Dy Cint f(By), satisfying
OBy f~1(t) for te Dy.

First of all, let us investigate the fibration f: BonN f_l(Do) — Dy. Its fibre
f~L(t) N By can be in turn fibred over B. N (H\U) using the projection T,
where U is a tubular neighborhood of the smooth nonsingular subvariety

g(o’y17"'ayn)+/\1y1 +"'+)\nyn+An+1 207

with m(2,y1,...,9Yn) = (0,91,...,yn). This projection may have singulari-
ties. To describe them, consider the mapping

Py f_l(Do) NBy—CxC"
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defined by

@}($,y17-~-7yn) ::(f($7y17"'7yn)ﬂy17"‘7yn)

The Jacobi matrix of this mapping has the form

of of ... Of
ox oY1 OYn
0 | 0
0 o --- 1

Hence the critical set of ¢ is given by the equation
of
or

The hypersurface I' contains the hyperplane H, i.e., ' = H LJl"];’7 and the

0. ()

projection

7= f 1 (t)N By — B. N (H\U)

is smooth outside F;;.
Lemma 5.2. The hypersurface F}v meets H at Do, type points.

Proof. We shall prove that if I‘}v meets H at D, type points, then F}v
coincides with H.
Let f = 22g, where g = g(2, 91, .., Yn) + Miy1 + - + A\¥n + Aps1 and
g(0,...,0) # 0. Then
Of o~ o
—f =2xg + xgg
ox
and since g(0,...,0) # 0, @ can be expressed by the module 2. Hence
2]
() C (gL) + (#?). N
By Nakayama’s lemma this implies (z) = (%). Consequently, the set

defined by the equality g—£ = 0 coincides with the set z = 0, i.e., I‘f~: H.
This concludes the proof. [

The lemma implies that the projection 7 is a locally trivial fibration
outside D, type singular points, and its fibre is given by the equation
f =t. And since the set 7=1(B. N (H\U)) is compact and consists of A,
type singular points, (fw 22), the fibre locally consists of two points. By
compactness of the aforementioned set one can choose a radius for By in
such a way that = will define a double covering over B, N (H\U).
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Let us introduce the space B. N (H\U) = B.\U, where B. is a 2n-
dimensional ball in the space C™ and U is a small tubular neighborhood of
the smooth nonsingular variety

V ={g(0,41, s yn) + M1+ - + Aatn + A1 = 0};

obviously, EE\IN/ and EE\U are of the same homotopy type.
Our aim is to investigate a homotopy type of the complement to V.
The homology of that space is easily computed from Leray’s exact ho-
mological sequence

2 Hy(BAV) 25 Hy(B.) 25 —Hy (V) 25 Hy o (BAV) 25

obtained from Leray’s exact cohomological sequence [8] by the Poincaré
duality

2 HP(BAV) 2% HP(B.) = HP(V) 25 HPPY(BA\V) 2,

where j, are induced by the embedding j : EE\XN/ C EE, 1. is the intersection

of cycles from H*(B) and H*(V), and 4, is the Leray coboundary.

Since V is a smooth nonsingular submanifold of real codimension two
which is homotopy equivalent to the wedge of u(g) copies of the n — 1-
spheres, where p(g) is the Milnor number of the isolated singularity g, one
obtains Hy(V) = Z,H,_1(V) = 29 and H;(V) = 0 for i # 0,n — 1.
Taking this in account, one obtains from Leray’s exact homological sequence
that

Hy(B\V) = Z,H,(B:\V) = Z*9 and H;(B.\V) =0, if i #0,1,n.

Figure 1
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To find the homotopy type of the Milnor fibre, let us prove

Lemma 5.3. For sufficiently small t the complement EE\V of the non-
singular hypersurface V inside the ball Es is_homotopy equivalent to the
space obtained from the direct product S* x V by filling all the vanishing
spheres S?fl,i =1,2,...,u, with n-dimensional balls, in one of the fibres
{to} x V for some tq € S, where u is the Milnor number of the isolated
singularity g(0,y1, ..., Yn)-

Proof. Take a small neighborhood u of the point ¢ty € Dy and let @ be
its closure. Let tg € OJu. Connect the critical values ¢; of the mapping
90, Y1,y yn) + A1y1 + -+ + Anyn + Ang1 with ¢ by disjoint paths v;(7),
where v;(0) = t; and v;(1) = to (see Figure 1).

The disc Do\t is a deformation retract of the set | Ji_, v;(7)U(@\¢t). Since
900,91, yn) = 9(0,y15- - yn) + My1 + -+ AnYn + Angr I8 a locally
trivial Milnor fibration in the ball B,, by the homotopy lifting property one
obtains that g=1(Dp\t) is homotopy equivalent to g~ (Ji_, vi(7) U (@\t).
Restrictions of the locally trivial fibration on the contractible set are trivial;
consequently g~1(ii\t) is a total space of the trivial fibration over u\t, i.e.,
over a circle, with fibre {g(0,y1,...,yn) = t}ﬂgg, diffeomorphic to V, hence
g~ 1(u\t) is homotopy equivalent to the direct product S* x V.

Following [9], we shall show that the space Y = g~ (i, v(7)) is ob-
tained, up to homotopy type, from the fibre V' by filling all the spheres
A?fl, i=1,2,...,u with n-dimensional balls T;. Let

Si(t) : ST — Si(t) C B,y (0<t<1)

be the family of maps of the standard n — 1-dimensional sphere S{‘fl (the
index ¢ counts copies of the sphere), determining the vanishing cycle A; =
S;(1)(S;(0) : S — P,). Let T; be the n-dimensional ball constructed as
the cone over the sphere SZ."_l,

T =1[0,1] x S '/{0} x Sp—*.

The space ‘7UA1. {T;} obtained from the fibre V by filling in the vanishing
cycles A; with n-balls T} is the quotient of VU J!_; T; under the equivalence
relation

Sz(l)(a)N(17a)7a€S:Ln/_1’ (17&) 67—‘1’ 7::]‘7'"7/'1’7
and its mapping to the space Y can be written as
o(x) =z for x € V CY;p(t,a) = Si(t)(a) for (t,a) €T}, 0<t<1,

a € SP71. Let us construct the inverse mapping ¢ : Y — V Ua, {Ti}
by putting ¥(y) = y for y € V, ¥(y) = (t,a) for y € V,, (), if under the
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homotopy equivalence between ffvi(t) and the wedge \/2‘=1 A; the point y
passes S;(t)(a) for a € SP~*. Consider the composition

’@[1080 : ‘7UA1' {TZ} - VUAi {Tl}

Then ¢(p(z)) =z for x € V and 1o is homotopic to the identity mapping
of V Ua, {T;}, since ‘N/vi(t) for 0 < t < 1 is homotopy equivalent to the
wedge of the spheres A;, while 17”(0) — to that without one of them (the one
vanishing along v;). Similarly, p o9 : ¥ — Y is homotopic to Id,, which
proves the homotopy equivalence.

The space (@\t) U J; v;(7) is the amalgam [10] of the diagram

Jwilr) — {to} — a\¢,
=1

whence the inverse image of this space under the mapping g will be the
amalgam of the inverse image of the diagram [10], i.e., of the diagram

m

g (U v(T)) — Vi — g @\t),

i=1

where ‘7}0 is diffeomorphic to V. We arrived at the amalgam of

n
Vua, (T} —V —Vxs,
i=1

which is the space V x S! with all the vanishing spheres in the fibre over ¢y
filled with n-balls. O

An even more general fact can be proved.

Proposition 5.4. Let g : (C*,0) — (C,0) be a germ of an isolated
singularity; then V.= {g = t} N B, where B, is a small ball in C", is, for
small t, homotopy equivalent inside Es to S x V' with n-dimensional balls
filling in all the vanishing spheres of one of its fibres V.

Proof. Let g be the morsification of the isolated singularity g in the ball
B., having nondegenerate critical points p; with different critical values
t; = g(pi); then V = {g = t} N B, is diffeomorphic to V.

We shall show that EE\V is homotopy equivalent to EE\\7, which by
Lemma 5.3 will imply our proposition.

Let ¢ > 0 and § > 0 be chosen in such a way that g—1(t) = g, ' () is
transversal to B, for any 0 < ||A|| < &. Consider the mapping given by
F(x,)\) = (ga(x),\) and its restriction

Fys = F'({t} x [0,4]) N (Be x [0,0]) — {t} x [0,8] — [0,4].
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The mapping F} 5 is submersive at the interior points of
F=1({t} x [0,6]) N (intB- x [0,4]),

since dgy has a maximal rank over {¢}. Moreover, the restriction of F}; s on
the boundary of F~1({t}x [0, §])N(6B.x [0, 8]) is submersive as § 1 (t) M OB,
for any A € [0, §]. By Ehresmann’s theorem [6] one obtains a locally trivial
fibration over the contractible space [0, ¢], which is trivial. Consequently, V'
is diffeomorphic to the fibre V.

Let T be a tubular neighborhood of the submanifold V. Choose 0 <
81 < ¢ sufficiently small for the fibre F~1(8;) to lie inside T. Making &;
still smaller, one can make 7T into a tubular neighborhood for F~1(d;) too.
This will imply that B.\T is homotopy equivalent to B.\V and B.\F~*(6;)
simultaneously; hence B.\V is homotopy equivalent to B.\F~1(6;). By the
compactness of [0, 4] in a finite number of steps one obtains the homotopy
equivalence of EE\V to FBZ\T/ 0

Corollary 5.5. The complement EE\V is homotopy equivalent to a
wedge of S' and p copies of the n-sphere S™, where i is the Milnor number
of the isolated singularity g(y1,...,Yn).

Proof. By Lemma 5.4, EE\V is homotopy equivalent to the direct pro-
duct S x V, where over a point t; € S' the fibre V is contracted to a
point, hence such a space is homotopy equivalent to the suspension of V
with the identified vertices, i.e., suspension of the wedge of (n — 1)-spheres
Sl i =1,...,u(g), with identified vertices, which is obviously a wedge
of p(g(y1,-..,yn)) copies of the n-sphere and a circle (see Figure 2).

12

Figure 2

We obtain that B, N (H\U), where U is a tubular neighborhood of the
smooth nonsingular subvariety g(0,y1,...,¥n) +A1y1+ -+ AnYn +Ant1, is
homotopy equivalent to the wedge of a circle S* and p = u(g(0, 91, -, yn))



HYPERPLANE SINGULARITIES OF ANALYTIC FUNCTIONS 177

copies of the n-sphere and one has a double covering
7: f'(t)N By — BN (H\U).

Represent B, N (H\U) as a union of V; and Va2, where V; has homotopy
type of a circle, while V5 has homotopy type of a wedge of n-spheres, and
where V1NV is contractible. Since 7 is a double cover, 771 (V) is homotopy
equivalent to the circle S', while over the simply connected space V; the
covering 7 is trivial, hence 7 ~1(V3) consists of a disjoint union of two wedges
of = u(g9(0,91,-..,yn)) copies of the n-sphere S™, and, since 7= 1(V7) is a
doubly winded circle, one obtains that f’l (t)N By is homotopy equivalent to
the wedge of S* and 2u(g(0,%1,...,¥yn)) copies of the n-spheres S™. Hence
we arrive at

Lemma 5.6. Let an isolated hyperplane singularity be not of type Aso;
then the fibre of the Milnor fibration in a small cylinder By

X, =f't)NBy

is homotopy equivalent to the wedge of a circle S* and 2u copies of the n-
sphere, where u is the Milnor number of the isolated singularity g(0, y1,-..,yn)-

We have already established that the critical set f consists of

(a) the hyperplane H;

(b) Morse points by, ..., bs.

We have defined the small discs D; around the points f(bi), the disjoint
disc balls B; over the points b; and the cylinder By over the singular set H.
Now choose t; € 0D;,t € D,, and a system of separate paths vo,71,...,7
from the point ¢ to t; (see Figure 3)

o

H | f

By

ONORLINE

Figure 3
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Let us introduce the notations

D=|JDi,Xa=f YA)NB., ACD,, X,=f"(s)NB., s€ D,
i=0
Define suitable neighborhoods of the critical sets as follows:
(1) for the hyperplane H : ro(z) = |z|? and let

By(&) ={z € B. | ro(z2) <&, K e}
(2) for the Morse points b; : r;(2) = |z — b;|? and
Bi(e)={z€ B |ri(z) <&, ek e}.

As shown by Lemma 5.1, for fthere exists g such that for any 0 < £ < &g
the set X is transversal to dB(€) and there is &; such that for any £ with
0 < & < &; the set Xy, is transversal to 9B;(€),i = 1,2,...,0, as the
points b; are the Morse ones [11].

Since the transversality condition is open, for any 0 < & < &,i =
0,1,...,0, there exists 7, = 7;(€), such that X; h B;(¢) for any

0<|t—f(bs)| <7,i=0,1,...,0, where f(by) = 0.

Now fix £ > 0 and 7 > 0 and require B;(€) and D;(7) to be disjoint balls
and discs, respectively.
Denote

B; = Bi(e), D;=D;(1), E'=DB;NXp,,
E=B.NXp, F'=BnNXy,, F=BnX,.

We shall need the isomorphism (see [2])

H,(E,F)~ @D H.(E", F").
i=0
This implies that the homology groups H.(FE, F') are direct sums of homol-

ogy groups over all critical sets. The situation for the Morse points by, .. ., by
is very well known [11]

Z, k=0,n,

Hence we finally obtain

Hyi1(E,F) = H,(E°, F%) & Z°,
Hy(E,F) = Hy(E°, F°), k#n+ 1.
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To calculate the homology groups Hy(E°, F°), write down an exact se-
quence of the pair (E°, F°) [12]

- — Hy(E°) — Hp(E°, F°) — Hy_1(F°) — Hp_1(E°) — ... .

The spaces E° = E N By and E are homotopy equivalent, while E is con-
tractible [11]. Therefore

0 — Hy(E°, F°) — Hyp_1(F°) — 0.

This implies Hy(E°, F°) = H),_(FY).
Similarly, one obtains Hy(E, F) = Hy_1(F') so that we have

H,(F) = Hy(Fy) ®Z°
Hy (F) = Hp-1(Fo) L k#n.

By Lemma 5.6 we obtain

Proposition 5.7. Homology groups of the Milnor fibre are calculated as
follows:

HO(F) = Za

H{(F) =7,

H,(F) = 72:+7,

Hy(F) =0, i #0,1,n,

where p = p(g(0,y1,-..,Yn)) is the Milnor number of an isolated singularity

and o is the number of the Morse critical points for f, which by Theorem
4.1 equals

g = dlmC [(1’2)/($fx, fyla .. '7fyn,)] .

T T

Figure 4

Now let us determine a homotopy type of the fibre F. We have
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Theorem 5.8. Let [ be an isolated hyperplane singularity (not of As
type). Then the Milnor fibre of f is homotopy equivalent to the wedge of a
circle S* and 2u + o copies of the n-dimensional sphere, where p = u(g) is
the Milnor number of the isolated singularity g(0,y1,...,Yn), while o is the
number of Morse points of the deformation f

Proof. Let Dy, Dy,...,Ds and B.,By,...,Bs be as before. Let ¢ be a
point in 9Dy, and choose a system of separate paths 91, ...,%, from t to
Dy, ..., D, (see Figure 4).

Applying the Morse lemma [13] to | f| which has by, ..., b, as Morse points
of the index n + 1, one obtains the homotopy equivalences

(Xp,,X:) 2 (Xp, Uy, efTH U Uipem™ Xy),

(XDth) ~ (XDO N By UXt,Xt).

n?

Let ¢1,02, ..., 2, : S™ — F%and ¢ : ST — FO represent the generators
of m,(F°) and 71 (F?), respectively. Use @, ..., p2, to attach a 2-cell and
n + l-cells €2, e?“, el egljl to Fy = X; N By.

The inclusion X; N By C Xp N By extends to the homotopy equivalence

Xy Upy efTH U Uy, et — Xp, N By
as both spaces are contractible. This gives the homotopy equivalence
(XD, Xi) = (Xy Upy €1 U Ugy, 311, X)),

Finally, we obtain the contractible space Xp, from the fibre X; by attaching
o + 2u copies of the n 4+ 1-cell and one 2-cell, and since attaching n + 1-
cells does not change homotopy groups in dimension n — 1, it follows that
X Uy, €2 is n — l-connected.

The homology group H,(X; Uy, e must be free abelian, since any
torsion elements would give rise to nonzero elements in the (n 4+ 1)th co-
homology group, which would contradict the fact that X, Uy, €3 is an n-
dimensional CW-complex. According to Hurewich’s theorem [12] there is
an isomorphism 7, (Xt Uy, €3) =~ H,,(X; Uy, €3). Hence m,(X; Uy, €3) is a
free abelian group, and one can choose a finite number of maps

(S?_l,basepoint) — (Xt Ug, e2, basepoint)

representing the basis in the group m, (XU, e3). Wedging these maps gives
the map

"\ -\ 8" = Xy Uy, €]
inducing an isomorphism in homology, which, consequently, by Whitehead’s

theorem [12], is a homotopy equivalence. Therefore X; U, e3 is homotopy
equivalent to the wedge S™\/---\/ S™ of n-spheres.
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This implies that 71 (X;) is generated by one element, and since Hq(X;) =
Z, we obtain 71(X;) = Z.
Consider the map

(S'v 8™V .. 8" basepoint) — (X, basepoint)

defined as follows: the sphere S™ maps to X; as the representative of a gener-
ator in the homology group H, (X;), whereas S* maps as the representative
of the generator of m1 (X;). The constructed map induces an isomorphism of
homology groups and fundamental groups, hence, by Whitehead’s theorem,
the constructed map is a homotopy equivalence. This concludes the proof
of the theorem. []J

6. HYPERSURFACE SINGULARITIES OF TRANSVERSAL TYPE Ay

In this section the germs of analytic functions f : (C"™* 0) — (C,0) of
n + 1 complex variables shall be considered, having the hyperplane H =
{(z,91,---,yn) | x = 0} as their singular set and representable in the form
f=12%g(z,y1,...,yn), where k > 2.

Let us introduce some definitions.

Definition 6.1. A singular point z in H is called an Ageo type singular
point if in some neighborhood U of the point z there exists a local coordinate
system (z,¥1,...,yn) such that

H={x=0}, z(2)=0, wi(2)=0, i=12,...,n,
and in U the identity f = z* holds.

Definition 6.2. A singular point z in H is called a Dy, type singular
point if in some neighborhood U of the point z there exists a local coordinate
system (x,y1,...,yn) such that

H:{ZIZ:O}7 $(Z) 07 yz(Z)ZO, 2:17237713
and in U the identity f = z¥y; holds.
Definition 6.3. The codimension of the singularity of a germ is called

codim f = dimc [(z*)/7(f)] .

Definition 6.4. A singularity f € (z*) is called an isolated hyperplane
singularity of transversal type Ay if codimf < +oo.

Similarly to the isolated hyperplane singularity case one can prove
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Theorem 6.5. Let f € (x) be not of type Axso 07 Dioo, and, moreover,
let the germ g(0,y1,...,yn) from the representation f = x*g(z,y1,...,Yyn)
be not identically zero; then the following assertions are equivalent:

(a) codim f is finite;

(b) the function g(z,y1,-..,yn) has an isolated singularity at zero;

(c) outside the points with g(0,y1,-..,yn) =0 the germ f has type Akoo,
while at the points with g(0,y1,...,yn) = 0, except for the origin, it has
Dy type singular points.

Theorem 6.6. Let f € (z¥) have an isolated hyperplane singularity of

transversal type Ay on the hyperplane H; then there exists a deformation f
of the form

F=a"g@ y1, - yn) + Myn + o+ Ao+ Angr),
where

Ant1 € Reg(g(a,y1y .o ¥n) + Ay1 + - + Ann)
and
Ai € Reggrad ¢(0,y1,...,Yn)),

satisfying the condition: f has only Agso and Dyoo type singular points on
H and only Morse type singular points outside H. Moreover, the number o
of Morse points is calculated by the formula

o = dime [(a")/(2fo, fyrs -0 Fu)] - (1)

Lemma 6.7. The Milnor fibre f~1(t)N By, where By is a cylinder around
the singular set H, admits a k-fold covering of a wedge of the circle S* and
u copies of the n-sphere S™, where u = p(g(0,y1,...,yn)) is the Milnor
number of the isolated singularity g(0,y1,...,Yn).

This enables the proof of
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Lemma 6.8. The Milnor fibre f=1(t) N By has the homotopy type of a
wedge of the circle S and k - i copies of the n-sphere S™ (see Figure 5).

This implies

Theorem 6.9. The Milnor fibre of the isolated hyperplane singularity of
transversal type Ay in the ball B, C C"T! is homotopy equivalent to the
wedge of a circle and pk + o copies of the n-sphere, where p is the Milnor
number of the isolated singularity g(0,y1,...,Yn), while o is the number of
Morse points calculated by formula (1).
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