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ON A SINGULAR TWO-POINT BOUNDARY VALUE
PROBLEM FOR THE NONLINEAR mTH-ORDER
DIFFERENTIAL EQUATION WITH DEVIATING

ARGUMENTS

ABsTRACT. Sufficient conditions of solvability and unique solvability
of the boundary value problem

u(m) (t) = f(t’u’('rll(t))? s u(TIk(t))7 cee 7u(m_1)(7—m1(t))7 s
—uM D (7 (8))), u(t) =0, for t ¢ [a,b],
wWD@)=0 (=1,...,m—1), v D) =0,

are established, where 745 : [a,b] = R (i=1,...,m; j=1,...,k) are
measurable functions and the vector function f : ]a,b[x RF™" — R™
is measurable in the first and continuous in the last kmn arguments;
moreover, this function may have nonintegrable singularities with re-
spect to the first argument.

In the present paper we consider on a segment I = [a, b] the n-dimensional
mth-order vector differential equation

™ (t) = f(t,u(ria(t),- .. u(rie(t)), ...

S (T (8), - u D (i (1)) (1)

with the conditions
u(t)=0, for t&1, (2)
W) =0 (i=1,...,m—1), «" V(1) =0, (3)
where k > 1, m > 2, n > 1, the functions 7, : I — R (i =1,...,m; j =
1,...,k) are measurable, the vector function f : ]a,b[x R¥™" — R™ is such
that f(-, 211,y T1ky s Tmly-- - Tmk) © |a,0[— R™ is measurable for all
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zij € R (i =1,....om; j =1,...,k), and f(t,.,...,.) : R — R is
continuous for almost all ¢ €]a, b[.
Let x, be the characteristic function of the interval I,

fO(taxlla ooy T1ky ey Ty - - - 7xmk) =
= f(t7X1 (Tll(t))xlh s Xy (le(t))xlk’ tee
-~ X (Tml(t)>97m1, s X (ka(t))l'mk) (4)
and
a for 7;;(t) < a
T0ij(t) = S 7 (t) for a <7(t) <b (i=1,....m;j=1,...,k). (5)
b for Tij(t) >b

A vector function u : I — R™ is called a solution of problem (1), (2), (3)
if: (i) it is absolutely continuous along with its derivatives up to the order
m — 1 inclusive and satisfies conditions (3), (ii) the equality

™ (t) = fo(t,ulror1(t)), - ultore(®)), - o, u™ D (Toma (t)), . . .
™ (10,5 (1)) (6)

is fulfilled almost everywhere on I.

It should be noted that if 7,;(t) e [ fort € I (i =1,...,m; j=1,...,k),
then equations (1) and (6) coincide, and hence condition (2) drops out.

We are principally interested in the case where the vector-function
fl 211, Ziky oo, Timdy - - - Tmi) 18 nOt summable on I for some z;; € R™
(t=1,...,m; j=1,...,k). In this sense, problem (1), (2), (3) is singular.
The existence and uniqueness theorems proven below generalize the results
of paper [1] dealing with the case where equation (1) is linear. In the case
with k = 1 and 7;1(¢t) =t (i = 1,...,m), problems of type (1), (3) were
investigated earlier in [2-5].

Before passing to the formulation of the existence theorem, we introduce
the notation which will be used throughout this paper.

R is the set of real numbers; R, = [0, +00[;

R is the space of column vectors x = (x;)!_; with the components z; € R
(¢=1,...,1) and the norm

l
lzl = Jail;
i=1
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R s the space of [ x | matrices X = (x45)} ;—; with the components

xzy; € R (i,j =1,...,1) and the norm || X|| = Zé,j:l Tk

Ri_—{x— (z),€R :2; >0(i=1,. S0}
Rle {X xz]) =1 € Rle Ty, >0 (Za] = lvul)}v

7(X) is the spectral radius of the matrix X € R>!; if x = (2;)!_, and
X = (xij)” 1> then

| = (Jzil)izys  |1X| = (J2s])i i
if z and y € R', then
x§y<:>yf:L'ERl+;
if X and Y € R**!, then

X<Y<+<Y-XeR}.

A matrix or a vector function is called continuous, summable, etc., if its
components are such.

In what follows, by fo will be meant the vector function given by equality
(4), and by 79i; (¢ =1,...,m; j =1,..., k) the functions given by equalities
(5)-

Theorem 1. Let on the set Ja,b[x RE™ the inequality

‘fo(t,l‘ll, ey Llky- ooy Tmly - - - ,Imk)’ S
ZZ ()]zi;| +q(t) (7)
i=1 1=1
hold, where P;j : la,b[— R} (i =1,...,m; j =1,...,k) are measurable

matriz functions satisfying

b
/(ij(t) Q)" Pyl < +o0 (i=1,..om; j=1,....k) (8)
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and q : |a,b[— R is a summable vector function. Let, moreover, the prob-
lem

(10)

have only the trivial solution. Then problem (1), (2), (3) is solvable
Proof. For any continuous vector function z : [a,b] — R™, assume
Toij (t)

7@ = o= [ (o= " el

(i=1,....m—1;5=1,...,k),
Omi(2)(t) = x(Toms(t)) (G =1,....k),
g(z)(t) = fo(t,o11(z)(t),...,o0(x)(t), ..., omi(z)(t),..

and consider the functional differential equation

i ,amk(x)(t))

2'(t) = g(x)(t). (11)

It is easily seen that if w is a solution of problem (1), (2), (3), then the
vector function x(t) = u(™~1(t) is a solution of problem (11), (10), and
vice versa if x is a solution of problem (11), (10) and

u(t) = —

=] /(t —8)" %x(s) ds,

a

then u is a solution of problem (1), (2), (3). Therefore, to prove the theorem
it suffices to state that problem (11), (10) is solvable

Owing to (7), for any continuous vector function = : I — R™ the inequal-
ity

m—1

SUIESY

1=

Toij (t)

k
e AL [ i) = o a(o)las+

—

a

k
Z () |z(Tom; ()] + q(t) (12)
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is fulfilled almost everywhere on I. If along with the above inequality we take
into account (8) and the fact that fo(t,-,...,-) : RF™ — R™ is continuous
for almost all ¢ €]a, b, then it becomes clear that g : C(I; R™) — L(I; R")
is a continuous operator, where C(I; R™) and L(I; R™) are, respectively, the
spaces of continuous and summable on I n-dimensional real vector functions.

By Theorem 1.1 of [6], the continuity of the operator g : C(I; R™) —
L(I; R"™), conditions (8), (12), and the absence of a nontrivial solution of
problem (9), (10) ensure the solvability of problem (11), (10). O

Theorem 2. Let on the set ]a, b[x RE™ the inequality

|f0(t,$117~ <o Llksye - Tmlse - 'axmk)ff()(tyllr s Ylkye oo Ymis- - 7ymk)| <
m k
<D Pl — vl (13)
i=1 [=1

hold, where P;j : |a,b[— RY*" (i =1,...,m; j =1,...,k) are measurable
matriz functions satisfying conditions (8). Let, moreover,

b
/||f(t,0, ..., 0)|dt < +o0 (14)

and let problem (9), (10) have only the trivial solution. Then problem (1),
(2), (3) has a unique solution.

Proof. (13) and (14) imply inequality (7), where ¢(t) = |fo(¢,0,...,0)| =
|f(t,0,...,0)| and the vector function ¢ : Ja,b[— R’} is summable. Con-
sequently, all the conditions of Theorem 1 are fulfilled, which ensures the
solvability of problem (1), (2), (3).

To complete the proof of the theorem, it remains to show that problem
(1), (2), (3) has at most one solution. Let v and v be arbitrary solutions of
this problem. Assume

z(t) = u™ Y () — oD (1).

t
1

U(iil) (t) —U(iil) (t) = m /(t—S)miliil'(S)dS (Z = 17 cee, MM — 1),
and z(b) = 0. Taking into account this fact and condition (13), we can
conclude that z is a solution of problem (9), (10). However, according
to one of the conditions of the theorem, this problem has only the trivial

solution. Hence z(t) =0 and u(t) = v(¢). O
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To obtain effective conditions for the solvability and unique solvability of
problem (1), (2), (3), we will need

Lemma 1. Let the matriz functions Pij : ]a,b[— RY™ (i =1,...,m;
j=1,...,k) be measurable, satisfy conditions (8), and
m k 1 b

=1 j=1 a

Then problem (9), (10) has only the trivial solution.
Proof. Let x = (x;)_; be a solution of problem (9), (10),

pi =max {|z;(t)] : t € I} and p= (pi)is.

Then
m k 1 ‘
01 < |33 ) - 0 P (0)] o
i=1 j=1
and
[z(t)| < Qp for tel, (16)
where
m k 1 b
Q=23 ot [ = Py .
i=1 j=1 o
Due to the definition of p, we find from (16) that p < Qp so that

(E—Q)p<0. (17)

The matrix @ is non-negative, and by condition (15) we have r(Q) < 1.
Therefore (E — Q)™ is non-negative. If we multiply both parts of (17) by
(E —Q)~1, then we obtain p < 0, which implies p = 0 and z(¢t) =0. O

By virtue of the above-proven lemma, from Theorems 1 and 2 we have
the following propositions.

Corollary 1. Let on the set |a, b[x R*™" inequality (7) be fulfilled, where
Pij : la,bl— R (i = 1,...,m; j = 1,...,k) are measurable matriz
functions satisfying conditions (8) and (15), and let q : la,b[— R be a
summable vector function. Then problem (1), (2), (3) is solvable.

Corollary 2. Let on the set]a, b[x RF™™ condition (13) be fulfilled, where
Pij : la,b[— RY*™ (i,j = 1,...,n) are measurable matriz functions satis-
fying conditions (8) and (15). If, moreover, condition (14) is fulfilled, then
problem (1), (2), (3) has a unique solution.
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Remark 1. Example 1 given in [1] shows that the strict inequality (15)
in Corollaries 1 and 2 cannot be replaced by a non-strict one.

Example. Let t;; € [0,1], a;;j > 0, and let f;; : R* — R™ (i =
1,...,m; j=1,... k) be vector functions satisfying

i (@) = fis)| < Agle —yl (=1,....m; j=1,....k),

where A;; € R”" and

r(iz(ml_z)'/l”) <1.

Let, moreover, ¢ : |0,1[— R™ be a summable vector function. Then, by
Corollary 2, the problem

m k
ul™ () =303 "t — i f (D ([ = 155]%9)) + g(8),
i=1 j=1

wV0)=0 (i=1,...,m—1), u™ (1)
has a unique solution.

This example shows that in the conditions of Theorems 1 and 2 as well
as of Corollaries 1 and 2, the right-hand side of equation (1) may have with
respect to the first argument a non-integrable singularity of any order at
any point of the interval [a, b].

Lemma 2. Letn=1,
Ti;(t) >t for tel (i=1,....m;j=1,...,k), (18)

let the functions Ppy; :|a,b]— Ry (j =1,...,k) be summable, the functions
Piji]a, b= Ry (i=1,...,m—1; j=1,...,k) be measurable, and

m—1 1 b
> m—i) /(ij(t) —a)" T Py(t) dt <

i=1 j=1 p

<o (3 [ua). 15

Then problem (9), (10) has only the trivial solution.

Proof. Suppose on the contrary that problem (9), (10) has a nontrivial
solution x. Then there exists a point ¢y € [a, b[ such that

|z(to)| = max {|z(t)| : t € I}, |x(t)| <|z(to)| for to<t<b.
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Assume
y(t) = max {[z(s)] : t < s <b}.
Then
y(t) <ylto) for to <t<b y(t)=y(to) for a<t<ty. (20)
On the other hand, taking into account (18), we find from (9) and (10) that

k b
S ¢+ Z/ij(s)y(s) ds, for to<t<b, (21)
j=1 t
where
m—1 k 1 b 705 () '
0= sz / Pij(s) / (r0i5(s) — €)™ y(€)deds. (22)
i=1 j=1 & s

Owing to Gronwall’s lemma, (21) implies

y(to) < coexp (é/bpmj(s) ds) (23)

and hence ¢g > 0. Since ¢y is positive, because of (22) there obviously exists
a set of positive measure Iy C [to,b] such that

k
1
Z mpij(t) >0 for tel.

If along with this fact we take into consideration conditions (18) and (20),
then from (22) we find

b

k .
co <ylto) Y > m 1_ B / (013 (s) —a)™ " Py(s) ds.

i=1 j=1 i

Due to this inequality and condition (19), (23) yields

y()<yt0exp<§i:/b >><

The obtained contradiction proves the lemma. [J
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By virtue of Lemma 2, Theorems 1 and 2 result in the following asser-
tions.

Corollary 3. Let n = 1, 7(t) > t fort € I (i = 1,...,m; j =
1,...,k), and let on the set ]a,b[x R*™ condition (7) be fulfilled, where
Prj i Ja,b[— Ry (j = 1,...,k) and q : ]a,b[— R4 are summable func-
tions, while P;j : la,b[— Ry (i=1,...,m—1; j=1,...,k) are measurable
functions satisfying inequality (19). Then problem (1), (2), (3) is solvable.

Corollary 4. Letn=1, 7;;(t) >t forteI (i=1,...,m; j=1,...,k)
and let on the set |a,b[x R¥™ condition (13) be fulfilled, where Pp; : |a, b[—
Ry (j = 1,...,k) are summable functions, while P;; : la,b[— Ry (i =
1,...,m—1; j =1,..., k) are measurable functions satisfying inequality
(19). If, moreover,

b

/]f(t,o,...,0)|dt<+oo,

then problem (1), (2), (3) has a unique solution.

Remark 2. Example 3 given in [1] shows that condition (19) in Corollaries
3 and 4 is optimal because for no ig € {1,...,m — 1} and ¢ €]0, 1] can it be
replaced by the condition

m—1 k i b ' b
(7717—12')' / (T()ij (t) — (Z)m lpij (t) dt < exp < - Z/PU (t) dt>,
i=1 j=1 S =/
where v;, = 1 — ¢ and v; (i # do; © = 1,...,m — 1) are arbitrarily large

positive numbers.
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