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ON SOME MULTIDIMENSIONAL VERSIONS OF A
CHARACTERISTIC PROBLEM FOR SECOND-ORDER
DEGENERATING HYPERBOLIC EQUATIONS

S. KHARIBEGASHVILI

ABSTRACT. Some multidimensional versions of a characteristic prob-
lem for second-order degenerating hyperbolic equations are considered.
Using the technique of functional spaces with a negative norm, the
correctness of these problems in the Sobolev weighted spaces are
proved.

In the space of variables x1, x3, t let us consider a second-order degener-
ating hyperbolic equation of the kind

Lu = uy — " (Ugy g + Usnay ) + G1Uz, + a2y, + aguy +agu = F, (1)

where a;, j =1,...,4, F are the given functions and u is the unknown real
function, m = const > 0.
Denote by
24 m 2w 1 2
D:O<t<[1f r} . r=(x?+22)2 <
(@ +ad)t <

a bounded domain lying in a half-space ¢ > 0, bounded above by the cha-
racteristic conoid

24+ m 1w 2
Sit= [1 _zrm } o< ——
2 "= m
of equation (1) with the vertex at the point (0,0, 1), and below by the base

2

Sp:t=0, r<
0 r72—|—m
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140 S. KHARIBEGASHVILI

of that conoid; equation (1) has on Sy a non-characteristic degeneration.
In what follows, the coefficients a;, i = 1,...,4, of equation (1) in D are
assumed to be the functions of the class C?(D).

For equation (1), consider a multidimensional version of the characteristic
problem which is formulated as follows: On the domain D, find a solution
u(x1,xa,t) of equation (1) satisfying the boundary condition

ulg = 0. (2)

As will be shown below, the following Cauchy problem on finding in D a
solution of equation

L'v = vy — "™ (Vgy 2y + Vagas) — (@10) 2, — (a20) s, — (a3v): + agv = F (3)
by the initial conditions

v|50=(), Ut{SO:O (4)

is the problem conjugate to problem (1), (2), where L* is the operator
formally conjugate to the operator L.

Note that for m = 0, when equation (1) is non-degenerating and con-
tains in its principal part a wave operator, some multidimensional Goursat
and Darboux problems have been investigated in [1-6]. For a hyperbolic
equation of second-order with non-characteristic degeneration of the kind

m
Ut — |T2| " Uy 5y — Upgwy + Q1Ug, + G2Uy, + agUy + aqu = F),

as well as for a hyperbolic equation of second-order with characteristic de-
generation

m —
Ut — Ugyz; — (|$2| umz)m2 + ajuy, + agug, + azus + agu = F

the multidimensional variants of the Darboux problem are respectively stu-
died in [7] and [8]. Other variants of multidimensional Goursat and Darboux
problems can be found in [9-11].

Denote by E and E* the classes of functions from the Sobolev space
W3(D), satisfying respectively the boundary condition (2) or (4) and van-
ishing in some (own for every function) three-dimensional neighborhood of
the circle ' =SNS5y : r = ﬁ,t:()and of the segment [ : z1 = z2 = 0,
0 <t < 1. Let W (W3) be a Hilbert space with weight, obtained by closing
the space E(E™*) in the norm

Jul? = / (12 + t™(u2, +u2,) + u]dD.
D

Denote by W_(W*) a space with negative norm which is constructed
with respect to Lo(D) and W, (W5) [12].
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Let n = (v1,v9,19) be the unit vector of the outer to dD normal, i.e.,
vy = cos(, 1), Vo = cos(i, Z3), Vo = cos(n,t). By definition, the derivative
with respect to the conormal can be calculated on the boundary 0D of the
domain D for the operator L by the formula

0 0 0 0
— =y —t"vr— —t"ry—.
aN — ot Yo 2 9y

Remark 1. Since the derivative with respect to the conormal a% for the
operator L is an interior differential operator on the characteristic surfaces
of equation (1), by virtue of (2) and (4) we have for the functions u € E
and v € E* that

ou Ov
0

ONls — 7 0N

—0. (5)

So
Impose on the lower coefficients a; and as in equation (1) the following
restrictions:

Mi = sup |t7%ai(x1,m2,t)| < 4’007 1= 1,2 (6)
D

Lemma 1. For all functions w € E, v € E* the following inequalities
hold:

[ Lullw~ < exullw,, (7)
IL*v]lw_ < caljvllws, (8)

where the positive constants c; and cy do not depend respectively on u and
o, I llwy = [ llwe = 11 [l

Proof. By the definition of a negative norm, for v € E with regard for
equalities (2), (4) and (5) we have

[Lullw= = sup [Jv]ly (Lu, v) 1,0y = sup [|vllyh (Lu, v) 1,0y =
veEW + vEE* +

_ -1 m m
sup |||y / [0 — ™ Uy 5y 0 — Uy, U + A1 U, U + AU, v +
veE* +
D

+asuv + a4uv} dD = sup ||v||;vli / [utvl/o — tM g vy —
veE*

oD

—t" g, vva|ds + subp ||v||‘7[,11 / [ — wvy + 7" (g, Vg, + UgyVsy) +
vekE*
D

_ ou
01Uz, U + A2U, v + azuv + aguv]dD = sup vl [ =ovds +
veEE* + aN

oD
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+ seubg) Hv||;‘,1i/[futvt+tm(uzlvzl F UgyVgy ) + AUz, U+ Aoz, v +
veB*
D

+azuv + aguv]dD = sup ||v||‘7[,1i / [ — wvy + " (g, vy +
veE I
FlyyVgy ) + A1Uz, U + A2y, v + azupv + a4uv] dD. (9)

Due to (6) as well as the Cauchy inequality, we have

‘/ [ — wvy + 7" (g, Vo, + umzvmz)]dD‘ < {/(uf + "l 4
D

o)

1
2

1
a2, )ap] x [/(vf Fm2 402D < ullw, [ollw: . (10)
D

’ /[aluxlv + AUz, v + azuv + auw)}dD <
D

1 1
< Ml(/tmuildD)ZHUHLQ(D) -‘ng(/tmuide)Q“UHLg(D) +
D D

+sup |as| [[utl[z,(p)llvl| Lo () + sup |ad| [[ull 2,0y [Vl Lo (D) <
D D

g(i

7

(M; + sup Ia2+z—|)) lullw, llvllw; = cllullw llvllw:. (11)
1 D

From (9)—(11) it follows that

IZullw= < (1+72) sup [ollys [[ulw, [vllw: = cillullw,

veE*
i.e., we get inequality (7). Since the proof of inequality (8) repeats that of
inequality (7), therefore Lemma 1 is proved completely. [J

Remark 2. By virtue of inequality (7) ((8)), the operator L : W, —
W*(L* : Wi — W_) with a dense domain of definition E(E*) admits a
closure, being a continuous operator from the space W, (W) to the space
W_(W=*). Retaining for this operator the previous notation L(L*), we note
that it is defined on the whole Hilbert space W (W7).

Lemma 2. Problem (1), (2) and problem (3), (4) are self-conjugate, i.e.,
for any v € Wy and v € W} the following equality holds:

(Lu,v) = (u, L*v). (12)
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Proof. According to Remark 2, it suffices to prove equality (12) in the case
where v € E/ and v € E*. Obviously, in that case (Lu,v) = (Lu,v)r,(p)-
Therefore we have

(Lu,v) = (Lu,v),(p) = /[utvyo — Mg, vy — g, vva]ds +
oD

+ /[awl + asvy + asvpluv ds + / [ — wvy + " Uy vy + " U, Vg, —
oD D

—u(a10)a, — u(azv)y, — u(agv), + aquv]dD = /[utvuo — tMug vy —
oD
—t" g, vvo]ds + /[all/l + asvs + azvpluv ds — /[uvtl/o —
aD oD

—t"M v, v — Mg, 1a]ds + / [uvtt — Ut Vg, — U Vg, —

D
ou ov
—u(a10), — u(agv)y, — u(azv), + aquv]dD = / [(va—N - ua—N> +
oD
+(urrn + agvs + aguo)uv} ds + (u, L*v),(D)- (13)

Equality (12) follows immediately from equalities (2), (4), (5), and (13). O
Consider the conditions
Qs <0, [t — (At +m)Q]|, >0, (14)

where the second inequality holds for sufficiently large A, and Q = ai,, +
A2z, + a3t — Q4.

Remark 3. Tt can be easily seen that inequality (14) is the corollary of
the condition

Q|5 < const < 0.

Lemma 3. Let conditions (6) and (14) be fulfilled. Then for any u € W
the inequality

etz V| ) < I Lufwe (15)

with the positive constant c independent of u is valid.
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Proof. Due to Remark 2, it suffices to prove inequality (15) in the case
where v € E. If u € F, then for &« = const > 0 and A = const > 0 the
function

¢
v(xy, x2,t) = /e)‘TTO‘u(xl,a:g,T)dT (16)
0

belongs to the space E*. The fact that for a > 1 the function v € E*
can be easily verified, and for 0 < « < 1 this statement follows from the
well-known Hardy’s inequality

1 1
t2g%(t)dt < 4 [ f2(t)dt,
[z

where f(t) € L2(0,1) and g(t) = fot f(r)dr.
By (16), the inequalities

ve(21, 2, t) = e”to‘u(xl,xg,t), u(zy, 2, t) = e_’\tt_“vt(xl,xg,t) (17)

are valid.
With regard for (2), (4), (5), and (17) we have

ou
(L, v) L,y = / [va—N + (a1 + agua + 1131/0)’LLU:| ds + /[fut’ut +

oD D
Ft MUy, Uy + T Uy Ve, — w(@10) g, — u(agv),, — ulazv)s + aquv]ldD =

= 7/e>‘tt°‘uut dD + /e*)‘tt*o‘[tm(fu:,;l,fvm1 + VgytUsy ) —
D D
—(a10g, + @204, )0t — (12, + G2g, + a3t — ag)vev — azvi]ldD.  (18)

By virtue of (2) we find that

1 1
_/e_’\ttauut dD =~ /e“ta(zf)tdt =-3 / Mtuvy ds +
D D oD

1 1
+§ /e>‘t(ozzfo“_1 + M*)u? dD = 5 /eM(onfo‘_1 + Mt u? dD =
D D

2

1
= g/e)‘tto‘flu2 dD + 5//\67)\%70"(}? dD, (19)
D D

2

1
/eiAttmia(7Um1tvm1 +Umztvm2)dD -5 ‘/eiAttmia(vil +
D oD
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1
+'U£2)l/0 dS —+ 5 ‘/67)‘15 [Atm*a + (Oé _ m)tmfafl] (,Uil + 'U,%Q)dD Z
D

>

N |

/ e M (@ = mp T (0, +0g,)dD.(20)
D

In deriving inequality (20) we have taken into account that
wls 20, (v, +v3,)ls, =0.
From (19) we have
Q) 1a-1). |12 1 CAt—
—/e’\tto‘uut aD > §Ht2(o‘ 1)uHL2(D) + 5/)\6 MmewZ dD.  (21)
D D

Below we assume that the parameter a = m.
By (6) we obtain

1
‘ /6‘”7&"”(alvag1 + agvz, Ut dD‘ = M/e_ktt_m {vf gt
D D

2

M
—|—1}£2):| dD < M/ef)‘ttfmvde +— /ef)‘t(vfc1 +v2,)dD, (22)
D D

where M = max(M;, Ms).
Since V()’S > 0, using conditions (4) and (14) and integrating them by
parts, we obtain

—/e_)‘tt_m(alzl + G9q, + agt — ag)vv dD =

D
1 1
—g/e_”t_mQ(vg)th = —g/e_)‘tt_mQ’UQV()dS-i-
D oD
1
+§/e—w—m—1 [tQ — (At +m)Q]v*dD > 0. (23)
D

In deriving inequality (23) we have used the fact that the function t~™v?
has on Sj a zero trace, i.e., t‘mvz‘so =0.
From (18) by virtue of (20)—(23) we have

m 1
(Lu 0wy = Gl + 5 [Ae e maD +
D

1 M
+§//\e_)‘t(v§1 +v2,)dD — M/e_)‘tt_mthdD - /e_)‘t(vfc1 +
D D D
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2 Nt — 9 N m 1 —1 2
+vm2)dDSL];p|a3|/e t~"v;dD = 5||t2(m )u||L2(D) +
D

A 1
—|—(§ - M - sup|a3|> /eikttfmvde—F 5(/\ — M) /ef)‘t(vi1 +
D

D D

2 m lon—1 2 —At(,2 2 2
+v3,)dD > 5”152( )u||L2(D) +J/e (v; +vg, +vz,)dD >

Nl

D
> 2mai%fe—MHt%(mfl)uHiz(D)(/ [U?—th(vil +7112:2)}dD) , (24)
D

where 0 = [$ — M —supg |as|] > 0 for sufficiently large A, and inf e =

e~ > 0. When deriving inequality (24), we have taken into account the
fact that =™, > 1.
If w € W (W3) and because u|s = 0 (u|s, = 0), we can easily prove the

inequality
/quD < co/ude

D D

for which ¢y = const > 0 independent of u. Hence we find that in the space
W (WZ) the norm

i vy = [ [67 +47 2, +42,) +?]ap

D
is equivalent to the norm
|ul|? = / [uf +t™(u2, +u2,)]dD. (25)
D

Therefore, retaining for norm (25) the previous designation ||u||W+(W1),
from (24) we have

Lim—
(Lu,v)p,(py > Vomoe=A||tz(™ 1)U||L2(D) HUHW;‘_' (26)
If now we apply the generalized Schwarz inequality

(Lu,v) < || Lufw-

vllws

to the left-hand side of (26), then after reducing by [lv[w+ we get inequality

(15) in which ¢ = vV2moe=*. O
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Consider the conditions
Cl4‘s0 >0, ()\a4 =+ a4t)’D >0, (27)
of which the second one takes place for sufficiently large A.

Lemma 4. Let conditions (6) and (27) be fulfilled. Then for anyv € Wi
the inequality

cllvllry )y < L7 0|lw- (28)
is valid for some ¢ = const > 0 independent of v € WT.

Proof. Just as in Lemma 3 and because of Remark 2, it suffices to prove
the validity of inequality (28) for v € E*. Let v € E* and let us introduce
into the consideration the function

p(w1,32)
u(xy, e, t) = e_)‘Tv(xl,xg,T)dT, A = const > 0, (29)
t

where t = p(x1, x2) is the equation of the characteristic conoid S. Although

on the circle r = % the function
m

2+m }%

o(x1,22) = {1 — T?“

has singularities and at the origin z; = x5 = 0, but by the definition of
the space E*, the function v vanishes in some neighborhood of the circle
I' =5NSy and of the segment I : 1 = x5 =0, 0 <t < 1, the function u
defined by equality (29) will belong to the space E. Moreover, it is obvious
that the equalities

up (21, 2,t) = —e Moz, 29,1), (1,0, 1) = —Muy(21, 22,1) (30)
hold.
Owing to (2), (4), (5), and (30), we have
. v
(L v, u)Lg(D) = |:U87N — ((111/1 + agvo + agl/())’Uui| ds +
oD

+ /[—vtut F 1" g, Uy, F T UG, Uy, + A1 VUL, F G2VUL, + azvu +
D
+aquv)dD = /e*)‘tvtv dD — /e” [ (U 1 Uy + Uyt Usy) +
D D
(a1, + @2, Jup + azu? + a4uut] dD, (31)
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1 1
/e*’\tvtv dD = 5 /e*)‘tv21/o ds + 3 /e*M)\v2 dD =
D

oD D
1 1
= 5/67)\7:1}2%) ds + 5 /ef)‘t)\vz dD =
5 D
1 1
=3 /extufl/o ds + i/eAtAuf D, (32)
s D
1
- / MM (U U, + Uty )dD = -3 / e/\ttm(ui1 +ul o ds +
D aD
1 m m—
+§/e)‘t[)\t +mt™ (u2, +u2)dD >
D
1 1
> —3 / e)‘ttm(ui1 +ul o ds + 3 /)\e’\ttm(uil +u?)dD. (33)
oD D

Since uls = 0, for some « we have vy = avg, v, = avy, vy, = avs on S.
Therefore the fact that the surface S is characteristic results in

[uf — tm(ufc1 + ui)] |S = a? [z/g - tm(yf + 1/22)] |S =0. (34)

Taking into account that m > 0 and hence t™|g, = 0, equalities (2) and
(34) imply

1 1
§/e>‘tufu0 ds — 5 /e’\tﬁm(ufCl +ul vy ds =
S oD

1
=3 / Muf — t" (w2, +u )]y ds = 0. (35)
5

Due to (32), (33), and (35), equality (31) yields

* 1 m
(L 'U’u)la(D) z i/e)\t [u? +1 (uﬂzﬂl +u92172)]dD -
D

- / et [(aluaj1 + agug, )ur + agu? + a4uut]dD. (36)
D
Since V0|So < 0, by (27) we have

2
D D oD

1 1
f/ Mg uurdD = —5/6)‘ta4(u2)th: ff/eAta4u21/0ds—|—
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2
D

1
+= / eM(Nay + ag)u?dD > 0. (37)

Using (6), we obtain

1
‘/e“(aluzl +a2um2)uth‘ < M/e“ {u§+ §tm(u§1 +u2,)|dD, (38)
D D

where M = max(My, Ms).
With regard for (30), (37) and (38), from (36) we get

. A m
(L*v,u)p,(py > (5 - M - sgp\a3|) /eAt [uf +t™(u2, +u2))]dD >
D
D

N

> 7{/6’\%de} : {/e’\t [uf + ™ (u2, +u32)]dD} -

D D

= ry[/e)‘tvdeF[/e)‘t [uf + ™ (ul, +u§2)]dD] >
D D

[N

Nl

zvi%fe_’\tHUHLz’(D)[/ [ + 17 (w2, +u2,)]aD] ", (39)
D

where v = (% — M — supy |a3|) > 0 for sufficiently large A.

From (39), in just the same way as in obtaining inequality (26), we find
that

(L*Uau)Lz(D) > CHU”LQ(D) ||u||W+’

which immediately implies (28). O

Denote by L2 (D) a space of functions u such that t*u € Lo(D). Assume

“ 1
ullzs,0(p) = [[t*0[ L2(D),  am = 5(m —1).

Definition 1. For F' € W* we call the function u a strong generalized
solution of problem (1), (2) of the class Lo, , if u € La,,, (D) and there
exists a sequence of functions u,, € E such that u, — w in the space
Ls ,, (D) and Lu,, — F in the space W* as n — oo, i.e.,

lim ||u, — U”Lz,am(D) =0, lim ||[Lu, — F|lw- =0.
n—oo n—oo

Definition 2. For F' € Ly(D) we call the function u a strong generalized
solution of problem (1), (2) of the class W, if u € W, and there exists a



150 S. KHARIBEGASHVILI

sequence of functions u,, € F such that u,, — v and Lu,, — F in the spaces
W, and W*, respectively, i.e.,

lim |lup, —ullw, =0, lim [[Lu, — Fllw= = 0.
n—oo n—oo

According to the results obtained in [13], the following theorems are the
corollaries of Lemmas 1-4.

Theorem 1. Let conditions (6), (14), and (27) be fulfilled. Then for
every ' € W* there exists a unique strong generalized solution u of problem
(1), (2) of the class L, for which the estimate

lullLy ., 0y < cllFllw= (40)
with the constant ¢ independent of F is valid.

Theorem 2. Let conditions (6), (14), and (27) be fulfilled. Then for
every F' € Lo(D) there exists a unique strong generalized solution u of
problem (1), (2) of the class W for which estimate (40) is valid.

Consider now a second-order hyperbolic equation with a characteristic
degeneration of the kind

Liu = (t"ut)t — Upy 2y — Uzpzy + Q1Uz, + A2Uy, + azuy + agu = F, (41)

where 1 < m = const < 2.
Denote by

2

—m

—m

2 = 1
D1:O<t<[1— rr ) r:(xf+x§)§<2

a bounded domain lying in a half-space ¢t > 0, bounded above by the char-
acteristic conoid

2—m 5= 2
Syt = [1— 5 7‘]2 , 1< -
of equation (41) with the vertex at the point (0,0, 1) and below by the base
2
S1:t=0, r<
2—m

of the same conoid where equation (41) has a characteristic degeneration.
Just as in the case of equation (1), in what follows, the coefficients aj,
i = 1,...,4, of equation (41) in the domain D; are assumed to be the
functions of the class C?(D).

For equation (41) let us consider a multidimensional version of the char-
acteristic problem which is formulated as follows: Find in the domain D7 a
solution u(x1,x2,t) of equation (41) satisfying the boundary condition

ulg, =0 (42)



ON SOME MULTIDIMENSIONAL VERSIONS 151

on the plane characteristic surface ;.
The characteristic problem for the equation
Liv=("v)t — Vayzy — Vagas — (@10) 5, — (a20)z, — (a3v)s + agv="F (43)
in the domain D; is formulated analogously for the boundary condition
vlg, =0, (44)

where L7 is the operator conjugate formally to the operator L.

Denote by E; and E7 the classes of functions from the Sobolev space
WZ(Dy), satisfying the corresponding boundary condition (42) or (44) and
vanishing in some (own for every function) three-dimensional neighborhood
of the segment I : 21 =0, z2 =0, 0 <t < 1. Let Wy (W7, ) be the Hilbert
space obtained by closing the space E;(E7) in the norm

Jull? = [ 42, 42, + 2D,
D,

Denote by Wi_ (W) a space with a negative norm, constructed with re-
spect to La(Dy) and Wi (WY, ).
The following lemma can be proved analogously to Lemmas 1 and 2.

Lemma 5. For all functions u € Ey and v € E} the inequalities

[Liullw; < callullwe,  [1L3vliwa- < elvllwy,
are fulfilled and problems (41), (42) and (43), (44) are self-conjugate, i.c.,
for every u € Wiy and v € WY, the equality

(Llua U) = (U, LTU)
holds.

Let us consider the conditions

inf(as — a1z, — 22, — az) >0, (45)
D1

. 1 .

1§1fa3>§ for m =1, 1§1fa3>0 for m > 1. (46)

Lemma 6. Let conditions (45) and (46) be fulfilled. Then for any u €
Wiy the inequality

cllullLypyy < IEruflw; (47)

17’

with the positive constant c independent of u, is valid.
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Consider now the conditions

lllf ag > 0, (48)
Dy
. 1 .
infag > —= for m=1, infazg >0 for m > 1. (49)
S1 2 S1

Note that condition (46) results in condition (49).

Lemma 7. Let conditions (48) and (49) be fulfilled. Then for any v €
W1, the inequality

cllvllLany < I1L70llw, - (50)

with the positive constant ¢ independent of v holds.

Below we will restrict ourselves to proving only Lemma 6. Let u € Fjy.
We introduce into consideration the function
Y(z1,22)
v(xy,xa,t) = / e Mu(xy, w9, 7)dT, X = const >0, (51)
t
where t = ¢(x1, z2) is the equation of the characteristic conoid Sy of equa-

tion (41). Since 1 < m < 2, the first and second-order derivatives of the
function

V(@ w2) = {1 _ 2 mr} Tom
with respect to the variables z; and x5 will have singularities at the origin
only. But by the definition of the space FE7, the function u vanishes in
some neighborhood of the segment I : ;1 = x5 = 0, 0 < t < 1. Therefore
the function v defined by equality (51) belongs to the space EF, and the
equalities

ve(x1, T2, t) = —e”‘tu(glcl,xg,t)7 ug (21, 22,1) = —e/\tvt(xl,xg,t) (52)
hold.
Since the derivative with respect to the conormal
0 0 0 0

m _

—— =1tV V1 — Vo
ON 0 ot ! 8$1 2 81‘2
for the operator L; is an interior differential operator on the characteristic

surfaces of equation (41), because of (42) and (44) for the functions u € F;
and v € BT we have

ou ou
anls, ~ " anls, =0 (53)
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By (42), (44), (52) and (53) we arrive at

ou
(L, v) py(pyy = / [va—N + (a1v1 + agva + asvo)uv |ds +
oD

+/ [ — " w vy + Uy Vg + Ugy Vg — U(a10) 5, — u(a2v)g, — ulagv); +
D,

+a4uv] dD; = /e*Attmuuthl + /e” [ — Uy tUgy — VgotUszy +
D1 Dl
+(a1vg, + a2v4, ) + (12, + G2z, + ast — ag)vev + —i—agvﬂdD, (54)

1 1
/e_’\ttmuuthl =3 /e‘Attm(uQ)thl = - / e Mmuyyds +

2
D, Dy 0Dy
1 1
+§ /e_’\t()\tm —mt™ Yu?dD, = 3 /e_’\ttmuQVOds +
D, Sa
1 1
+§ /e’\t()\tm —mt™ HeZdD, = 3 /e’\ttmvfuods +
D1 Sz
1
+3 / M — mt™2d Dy, (55)
Dy
1
/ekt[_vwltvfl - UIQtvﬂﬂz]d‘Dl = _5 / BM[’U?“ + U?cz]l/ods +
D, 8D,
1
+5 / M2, + 02, ]dD;. (56)
Dy

Since v} S = 0 and the surface Sy is characteristic, similarly to equality
(34) we have

(tmvt2 - vgl - 1)372)|S2 =0. (57)

Taking into account that v s, <0, with regard for equalities (54)—(57)
we find that

1

1
(Lu,’ U)LZ(D) = _5/6)\75[’03%1 +U§2]1/0d8+ 5 /e)\t[tm’U? _ Uil _

Sl SZ

2
D1 Dl

1 1
—v2, Jvods + = /e)‘t [2a3 — mt™ ! 4 M™|vZdD; + B /e’\t/\[vi.1 +
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+v2,]dD1 + /e”[alvxl + agvg, |vedDy + /(am1 + a2z, + az; —
D4 D,y

1
—ag)vpvdDy > 3 /e’\t[Qag —mt™ 4 XM v2dDy +

Dy
1
+§/e/\t>\[vgl +v2,]dD; — ’ /e’\t[alvgg1 + agvy, JuidDy +
Dy D,
+ / e’\t(aml + agq, + as — aqg)vvdDy . (58)

D,
Since az € C(D), it follows from condition (46) that for sufficiently large A
(2a3 — mt™ 4 )\tm|D1 > 46 = const >0

and thus

1
3 / eM[2az3 — mt™ ™ 4 MM wEdDy > 26 / eMuZdD,. (59)
D,

D,y

Integration by parts gives

1
/e’\t(am1 + agy, + az; — ag)vivdDy = 3 / eM(ayy, + e, +
D, oD,

1
+ag, — aqg)v’vods — 3 / M Nars, + ase, + az — as) +
Dy
+(a1:1:1 + agg, + a3y — a4)t] ’l)2d.D17

whence by condition (44) and inequalities Vo‘ g, <0and (45) we find that
for sufficiently large A the inequality
/e”(ahCl + agg, + a3t — ag)vrvdDy >0 (60)

D,

is valid.
Using the inequality
1

(a+b)? < 2a% 4+ 20, |ab| < §lal* + B'le’

we obtain

‘/e”[alvxl + agvy, JurdDy < 5/e>‘tvt2dD1 +

D1 Dl
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Y
P2 [ a2, o i, (1)
D

where v = max (supﬁ1 lay|?, supp, |laz|?).
With regard for (59), (60), and (61), for sufficiently large A we get from
(58) that

AA
(L, v)1,(p) = 5/6’\%de1 + (5 - %> /6”(1)9231 +03,)dD1,
D1 Dl
which for A > 2§ + 7 yields
(Lu,v) (D) = 6/@” [vi +v2, +v2,]dDs. (62)

Dy

In the same way as in proving inequality (15) in Lemma 3, from (62) follows
inequality (47) which proves Lemma 6.

Definition 3. For F € W{_(Wi_) we call the function u(v) a strong
generalized solution of problem (41), (42) (of problem (43), (44)) of the
class Lo, if u(v) € La(D;) and there exists a sequence of functions uy, (vy,) €
E,(EY) such that u,, — u (v, — v) in the space Ly(Dq) and Liju, — F
(Liv, — F) in the space Wi (W;i_) as n — oo.

Definition 4. For F € Ls(D) we call the function u(v) a strong gen-
eralized solution of problem (41), (42) (of problem (43), (44)) of the class
Wi (W), if u(v) € Wi (W7, ) and there exists a sequence of functions
Un(vy) € E1(EY) such that u, — u (v, — v) and Lyu, — F(Ljv, — F) in
the spaces Wi (W}, ) and W{_(W;_), respectively.

The following theorems are the corollaries of Lemmas 5-7.

Theorem 3. Let conditions (45), (46), and (48) be fulfilled. Then for
any F € Wi_(Wy_) there exists a unique strong generalized solution u(v)
of problem (41), (42) (of problem (43), (44)) of the class Lo for which the
estimate

lullypyy < ellFllwe ([ollLypyy < cllFllw,_) (63)

with the positive constant c independent of F holds.

Theorem 4. Let conditions (45), (46), and (48) be fulfilled. Then for
any F € Lo(Dq) there exists a unique strong generalized solution u(v) of
problem (41), (42) (of problem (43), (44)) of the class Wi (W7,) for which
estimate (63) is valid.
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