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ALLIED INTEGRALS, FUNCTIONS, AND SERIES FOR
THE UNIT SPHERE *

O. DZAGNIDZE

ABSTRACT. Among the functions defined on the two-dimensional unit
sphere we distinguish functions generalizing the conjugate integral,
the conjugate function, and the conjugate series which depend on one
variable. We establish the properties of these functions whose struc-
tures essentially differ from those of integrals, functions, and series
based on the theory of analytic functions of two complex variables.

INTRODUCTION

0.1. Let a function F(X,Y,Z) be defined on the two-dimensional unit
sphere 0 = {(X,Y,Z) : Z? +Y?+ Z? = 1} and F € L(0). Denote by
Ur(z,y,z) the Poisson integral for the three-dimensional unit ball B =
{(z,y,2) : 2® + 9?4+ 22 < 1} with density F(X,Y,Z2), (X,Y,Z) € o,
(z,y,2) € B, which has the form

Up(x,y,2) =

1 1— 2 2 2
- [ F(xv2) @4y +2)
™

[ea

X2+ (v —gp @ _aepr s O

By introducing the spherical coordinates (r,6,¢), x = rsinfcos¢, y =
rsinfsing, z =rcosf (0<r<1,0<60<m, 0<¢<2m), the function F
is transformed to a function f(6, ¢) defined on the rectangle R = {(6, ¢) :
0<0<m0<¢<2r} sothat f(6,¢) -sinf € L(R). Hence Up(z,y,2)
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* The results of this paper were announced in the author’s paper [1], where the terms
used differ slightly from those of this paper.
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takes the form (see, e.g., [2], p. 445)

T 27

Up(r,0,¢) = //f 0, " VP (0,¢;0, ¢')sin@ db’dg’, (0.2)

which is called the spherical Poisson integral of f(6, ), (6,¢) € R.
The spherical Poisson kernel P, can be represented as follows (see, e.g.,
[3], pp- 335 and 143):

1o 1—r?
Fr(6,6:0,¢)= (1 — 2r[cos 0 cos 0’ +sin @ sin @’ cos(p—¢')]+12)3/2 (0.3)
and
P(0,¢:0',¢) Z (2n + 1)r" P, (cos 0) P, (cos0") +
n=1

+2 Z 2n + 1 Z (n=m) ) i (€08 0) Py (cos 0') cosm(¢p — ¢'). (0.4)

(n+m)

First and second order derivatives with respect to € and to ¢ of the
spherical Poisson integral Uy (r, 6, ¢) have been investigated, together with
their boundary values, in [4]-[9].

0.2. The main objects for one-dimensional Fourier analysis are functions
defined on or inside the circle. Among them functions which in the circle
can be represented by the Poisson integrals, and their conjugate functions
(conjugate Poisson integrals) play a special role, since the Poisson integral
and the conjugate Poisson integral make up a pair which is an analytic
function inside the circle. This analyticity enables one to represent the
radial derivative of the Poisson integral in terms of the derivative of the
conjugate Poisson integral with respect to a polar angle. If the density of
the Poisson integral possesses the summable conjugate function with a finite
derivative at some point ¢g, then by virtue of Smirnov’s theorem ([10], p
263; [11], p. 583) and Fatou’s theorem ([10], p. 100) this derivative is an
angular limit at the point (1, ¢g) for the radial derivative of the Poisson
integral.

Analogous questions naturally arise for the spherical Poisson integral
Uy (1,0, ¢). The representation of the radial derivative 2 Uy (r, 0, ¢) becomes
a more difficult problem, in particular, because of the fact that for functions
defined in the three-dimensional real ball there is no theory that would be
analogous to the theory of analytic functions in the disk. The formula for
% Us(r, 0, ¢) considered in the author’s paper “The radial derivative with
boundary values of the spherical Poisson integral” has turned out to be
closely connected with functions that have not been considered previously.
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This paper is dedicated to the investigation of such functions having an
independent interest for Fourier analysis on the sphere. B
Namely, the triple of harmonic functions Uf(r,0,¢), U(r,0,¢) and

u ; (r,6,¢) in the ball is connected with the spherical Poisson integral Uy (r,
6, ¢). These functions are called allied with U/ harmonic functions with re-
spect to 6, to ¢, and to (6, ¢), respectively (see §1). The triple of harmonic
functions P*(6, ¢; 60, &), ﬁT(G, @;0',¢') and 13;‘ (0,%;6',¢') in the ball is con-
nected with the spherical Poisson kernel P,.(0, ¢;60',¢"). These functions are
called allied with P, kernels with respect to 6, to ¢, and to (6,¢). These
kernels can be regarded as generalizations of the conjugate Poisson kernel
Qr(t) = >0 r"sinnt (see §2). Moreover, the triple of allied harmonic
functions admits representations in the form of integrals with allied kernels
and are called by the author allied integrals with {/y. These integrals are
generalizations of the conjugate Poisson integral (see §3). If f(6,¢) € L?,
then in L? there exist functions f*(, ¢), f(ﬂ, @), and f* (0, ¢) called allied
with f(6,¢) functions with respect to 6, ¢, and (6,¢). In that case the
allied integrals are Poisson integrals for the allied functions (see §4). We
have derived an estimate of the L?-norm of the functions f*, f, and f*
through the L2-norms of the function f € L2?. The obtained inequalities
can be regarded as generalizations of M. Riesz’s inequality ([10], p. 253) for
the ball when p = 2 (see §5). The application of the above arguments to
the Fourier—Laplace series S[f], f € L(R), enables us to obtain the allied
Laplace series S*[f], g[ﬂ, and S* [f] with respect to 8, to ¢, and to (0, ¢),
respectively. For f € L~2 these Laplace series become Fourier-Laplace se-
ries S[f*], S[f], and S[f*], respectively. This fact generalizes, for the ball,
Smirnov’s equality ([10], p. 263; [11], p. 583) and M. Riesz’s equality ([10],
p- 253) when p = 2 (see §6).

0.3. In what follows we shall use the representation of the spherical Pois-
son integral as a series (see, e.g., [2], p. 444)

uf(T‘, 05 ¢) = aopo + Z anOTnPn(COS 9) +

n=1
+ Z ) Z (anm cos Mm@ + by, sin mcb) P (cosb), (0.5)
n=1 m=1

coinciding with the Abel-Poisson mean values (A-mean values) of the fol-
lowing Fourier-Laplace series S[f] for the function f(6, ¢) € L(R) (see, e.g.,
[2], p. 444):

S[f] = apo + Z anoPp(cos ) +

n=1
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+ Z Z Ay COSMP + by SID m(b) P (cosb), (0.6)

n=1m=1

where the Fourier-Laplace coefficients a0, anm, bnm of the function f are
defined by the following equalities:

™ 2
2n+1//f (0,8 )P, (cos ') sin @' do’dg’, (0.7)
™ 2
- 2n2+1, Z:Lm /f@’ &) P (cos )
x cosma’ sin 6’ df’ dq§, (0.8)
™ 2
Do — 2”:1 Z;m //fa’ &) P (cos 8') x
x sinma’ sin @’ do’ dqﬁ. (0.9)

The Legendre polynomials P, (z) and the associated Legendre functions
P, (2) figuring in these equalities are defined on [—1,1] by the following
equalities:

1 ar 4 n
n. X
dm
Pom(z) = (1 —2%)2™ T Pal) = (0.11)
(1 —x )1 m dn+m n
nlon dxn+m (xQ -, (0.12)

1<m<n, n=1,2,...,

where (1 — 22)? is a non-negative value of the square root. Note that
PY(x) = P,(z), and P, (x) =0 for m > n.

Remark 0.1. In defining the associated Legendre functions, some authors
use the multiplier (—1)™ (see, e.g., [3], p. 98 or 107; [12], p. 240, formula
(7.12.7); [13], p. 67, 191), while others do not (see, e.g., [14], p. 481; [15],
p. 246; [16], p. 384).

Remark 0.2. In the case where the associated Legendre functions are de-
fined by equality (0.11) or (0.12), they are sometimes called Ferrers’ func-
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tions ([15], p. 246) and denoted by the symbol T (x) ([3], p. 93) or Py m(z)
([14], p. 481; [16], p. 3841).

Remark 0.3. In what follows P,,,(z) will be assumed to be defined by
equality (0.11) or (0.12). If P,,,(z) were defined by the multiplier (—1)™,
then the terms of series (0.4) would have (—1)™ - (—1)" = 1 as multipliers,
while in series (0.5) and (0.6) (—1)™ would arise the first time from the
coefficients a,,,, and b,,, and the second time from the Legendre functions.
As a result, the products anm Ppm () and by Pum () would have (—1)™ -
(=1)™ =1 as multipliers. Thus, what will be proved for the Fourier series
with functions Py, (z) defined by equality (0.11) or (0.12) will also be true
for the Fourier series with associated Legendre functions with multipliers

(—1)™.
8 1. ALLIED HARMONIC FUNCTIONS

1.1. We introduce the following functions connected with representation
(0.5) of the harmonic function Uy (7,0, ¢) in the ball B :

Ui (r,0,9) = Z anoAnor" Pp(cos8) +

n=1
1" A (Gnm €0S M + by s M) P (cos0) (1.1
n=1 m=1

and

a}(ﬂ 0,¢) = Z r" Z A (@ SINMG — by, cOS M) P (cos6),  (1.2)

n=1 m=1
where the numbers \,,,, are defined by the equalities

1 1
Anm = + for 0<m<n, n=1,2,.... (1.3)
n+m n-—m-+1

Besides the functions Z/l}‘ and U* we introduce one more function again
connected with representation (0. 5) of the function Uy,

n

(r,0,0) = Z Z anm sin mae — by, cOS m(b) Ppm(cos ). (1.4)

n=1 m=1
It will be proved below that the functions U}, &} = Up)* = Zj{} and U are
harmonic in the ball B (see Theorem 1.1).

1On pages 420-423 of [16] one will also find the tables of surface spherical harmonics
and solid spherical harmonics for 0 <n <4, 0 <m < 4.
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The functions L{Jf, L~{f, and Z]}‘ will be called allied with ¢/; harmonic
functions with respect to 6, to ¢, and to (0, ¢), respectively.
Speaking in general, if there is a harmonic function in the ball B

U(r,8,0) = Ago + Z Apor™ Py (cos0) +

n=1

Z Z nm COS M@ + By, sin mgf)) am (cos 6), (1.5)
n=1 m=1
then the function

7’0 @) = Z nmsmmcz) Bnmcosmgb) P, (cos) (1.6)

n=1 m=1

will be called the allied function of U(r, 6, ¢) with respect to ¢.
Similarly, using the numbers \,,,,,, one can define the functions U*(r, 6, ¢)
and U* allied with the function U(r, 8, ¢) with respect to 6 and to (6, ¢).

1.2. Now we shall prove the theorem on the functions Uz, Zj}ﬂ and Z/N{f
being harmonic for f € L(R).

Theorem 1.1. For every function f(o ¢), summable on the rectangle
R, the functions U} (r,0,0), Z/{f (r,0,9), and uf(r 0, ) defined by equalities
(1.1)~(1.4) are hamonic functions in the ball B.

Proof. If we introduce the functions

an(0) = anoAno Py (cosb),

. 1.7
Bn(0,¢) = Z Anm (@nm €OS M@ + by SINMG) Py (c0s 0), (1.7)
m=1
then series (1.1) will take the form
Ui (r,0,¢) = Zr an(0) + > 1"B.(0,9). (1.8)

n=1 n=1

By virtue of equality (0.8) we shall have

2n+1 (n—m)!
G P (c05.0) = //f Hm) x

X Pum (cos O)an(cos 0') cosma@ sin @’ do'd¢’. (1.9)
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But sincefor 0 <6 <7, 0<60 <m,1<m<n,n=1,2,..., the inequality
(n—m)!
) | P (08 0) Py (cos 0)] < 1 (1.10)

is fulfilled (see [3], p. 418, or [17], p. 271), we obtain |aum Paym(cosf)| <
i nl(f), where

T 27

I(f)://|f(9’¢’)|sin6’d6’d¢’. (1.11)
0 0

A similar estimate holds for b, Pnm(cos8) and apoP,(cosd). Thus we
have the estimates

1 1
|ano Pr(cos )| < an(f)’ |G Prm (cos 0)] < inl(f),

. (1.12)
|brm Prm (cos )] < 3 nl(f),
| (@nm €OS MG + by SN MNB) P (cos )| < nI(f) (1.13)
for the above-mentioned n, m, 6 and all ¢.
Since?

\)\nm|§g, 0<m<n, n=12,..., (1.14)

from (1.7) we obtain, in view of (1.12) and (1.13), the equalities

1

lan(0)] < 5nI(f), |Ba(0,0)] < 20°I(F) (1.15)

forall , p and n=1,2,....

Therefore the power series Y -, n?r™ converging for r < 1 is, to within
a constant multiplier, a majorant series for series (1.1). This implies that
series (1.1) converges uniformly and absolutely in every closed ball By =
{(z,y,2) : 2% +y? + 2% < rZ}, where 0 < 79 < 1. Thus the sum of series
(1.1) exists and is continuous in the unit open ball. We denote this sum by

UE(r.0,0).

2

2By equality (1.3) we have Ao = Ap1 = % + L <

P %foralln:l,Q,....Asimple
calculation shows that
2n+1
A - A =2m- >0
AL T Anm [(n+1)2 — m2](n? — m2)
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Now we shall show that the function U} (r,0, ¢) is harmonic in B. For this
it is sufficient to prove that the function Uj(r,0,¢) in the ball B satisfies
the equation

9/ ,00\ 1 0 o 1 Py
or (r 87") + sino 20 (sine ae) t g o O (116

Using the function 3, (6, ¢) from equality (1.7), we introduce the function
v(r,0,¢) = r"B,(0, ¢) for which we have the equalities

@_ Fn—1 2571_ nt1 Q 2@_ ng .
5 B, T 5, = " B, o (r 8r) =n(n+1)r"G,; (1.17)
v
sinf — =r"sin — fG,,
00 89
1.18
L 2(sm@a—) r ( ﬁn—i—cote ﬁn> ( )
sinf 00 00 062
1 0% 1 o
oV _ 1O 4 1.19
sin? @ O¢? " en?e 02 p (1.19)
By inequality (1.15) we have the estimate
0 /45 0v 4
- 7)) < n
5 (r 67’)’ <An*r"I(f) (1.20)
while (1.18), (1.19) give
1 0 0
‘Siné a0 (smﬁ— ( 892 T g ‘%ﬁn )7 (1.21)
1 | 9
1. 1.22
sinZ 0 5‘¢2 = sin2 8 1 0¢2? p (1.22)

It is necessary to estimate |2 f,|, ‘W Bn| and |8‘9732 Brl|. To this end,
we use S. Bernstein’s well-know inequality ([10], p.118; [11], p. 47): the
inequality

!
< .
T(@)| <0 may [T(a) (1.23)
is fulfilled for a trigonometric polynomial T,,(z) of order not higher than n.

Since P, (cosf), 0 < m < n, is a trigonometric polynomial of order n,

by (1.23) we conclude that

d
— 5 < .
tnm Py (cos 9)‘ n- Orélaax | @ Prm (cos 6)], (1.24)
d
nm 7. an ‘ < nm+ nm .
b pT (cosB)| <n- Joax |brm Prm, (cos 6)] (1.25)

hold for all 8, 0 < 0 < .
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Now using inequality (1.12) we obtain

d 1,

anO@Pn(COSQ)‘ <" I(f), (1.26)

& Pun(cos0)] < 021(1).  [bun 55 Pun(cost)| < 3 nI(f) (1.27)
Apm a0 nm (COS < 271 5 nm a0 nm (COS = 2n .

forall,0 <6 <m andn=12,....
Inequalities (1.26) and (1.27) imply

d 1
- < Zp? =
Jnax | oo (anoPn(cosﬂ))’ < I(f), n=1,2,..., (1.28)
0 . 2
Jmax | 5o (@nm cOSMP + by SiInMP) Py (cOS 9)‘ <n?I(f) (1.29)
0<p<2n

forl<m<n,n=12,....
Using (1.7), (1.28), and (1.29) we obtain

d 1,
— < — = .
‘dean(ﬂ)‘_zn I(f), n=1,2, , (1.30)

)
‘%BH(Q,QS)‘ <2n*I(f), n=12,..., (1.31)

for all (6,¢), 0 <0 <7, 0<¢ < 2m. By virtue of inequalities (1.23) and
(1.31) we obtain the estimate

82
ﬁﬁ”(()’@‘ <2niI(f), n=1,2.... (1.32)
Further, since
82
@ ﬁn(97¢) =

n

=— Z M2 X (G €OS NP + Dy $IN M) Priyy (cOS ), (1.33)

m=1
by (1.13) and (1.14) we have

2

0
ggz (0.0 <2 I(), =12 (1.34)

max
0<0<n
0<p<2rm

On account of estimates (1.31), (1.32), and (1.33) inequalities (1.21) and
(1.22) imply that

1 0 /. ,0v 4 n
®%<sm9—)}§sin9n4r I(f), n=1,2,..., (1.35)
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1 0% ‘ 2
sin? @ 0¢?
for all (6,¢),0<0 <7, 0<¢ <2m.
From (1.20), (1.35), and (1.36) it follows that the power series > > | n*r",
which converges for r < 1, is, to within a constant multiplier, the majo-
rant series for the series® Zn 1 gr (r? 87,) " Bn(0,9), Yonl ) < % (siné 8%)
"B (0,0), Yooy sorg 8¢2 r" 3, (0, ®). Therefore these series uniformly and
absolutely converge in the ball By of radius rop < 1. Hence in these series
the operation of differentiation can be put before the summation sign, which
enables us to conclude that the function U (r, 0, $) satisfies equation (1.16)
so that it is harmonic in B. _
Applying similar arguments, it can be proved that the functions U} (r,0,9)

and L~{f (r,0, ¢) are harmonic in the ball B. O

< —on'r"I(f), n=1,2,..., (1.36)
sin“ 0

1.3. The proof of Theorem 1.1 enables one to state that the harmonicity
preserves after the transformation of the coefficients.

Theorem 1.2. Let the function ®(0,¢) be summable on R. Denote its
Fourier—Laplace coefficients by Ano, Anm, Bnm and consider the harmonic
in the ball B function which is the spherical Poisson integral for ® (6, ¢)

U (r,8,¢) = Ago + Z [ no7" Pp(cos ) +

+7r" Z (Apm cosme + By sinme) Py (cos 0)} . (1.37)

m=1

Assume that a sequence of real numbers iy, is given such that the rela-
tions

lfinm| < en? for 1<m<n, n=1,2,..., (1.38)

are fulfilled for some fized constants ¢ > 0 and p > 0.
Then the three series

3 2 <r2 4 ) [,unoAnor . (cos 6) +

= or or
+r" Z tinm (Apm cosmeo + By, sin me) Py, (cos 9)} (1.39)
m=1

52 (0 2)

n:l

31t is a well-known fact that the values 6 = 0 and # = 7 do not prevent one from
making the same conclusions for the whole ball B ([2], p. 273).
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+7r" Z L (Apm cos me + By, sin me) Py, (cos 0)} , (1.40)
m=1
=1 92
Z 5, Ao MnoAnor™ +
= sin" 0 O¢? [

+r" Z L (Anm c0SM@ + By, sinme) Pppy, (cos 9)} (1.41)

m=1

converge absolutely and uniformly in each closed ball By of radius ro < 1
and the sum of the series

i [unoAnor”PH(cos 0) +

n=1

+r™ Z L (Apm cosme + By, sin me) Py, (cos 0) (1.42)

is a harmonic function in the ball B.

§ 2. ALLIED KERNELS

We introduce the functions

oo

P 9,4,0',¢)) = Z(Zn—l—l)/\nor P, (cos0)P,(cos ') +

X an(COb 0) nm(cos@ ) cos m((b — ), (2.1)

X Py (cos G)an(cos 0 ) sin m(¢ — '), (2.2)

where A, are defined by equality (1.3). Besides, we introduce one more
function

(n+m)!
X an(COb 0) P (cos @) sinm (¢ — ¢'). (2.3)

(9¢79/7¢ = i2n+1 iwx
=1

m=1

The functions P, P,, and 13} = (]ST)* = ]5;‘ will be called allied kernels
with the Poisson kernel P, with respect to 6, to ¢, and to (6, ¢), respectively.

Let us establish some properties of the functions P, P}, and P,.
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2.1. First, we shall prove that the following equalities are valid:

27

[ B 0,050,006 =0, (2.4)
0
27
Pr(0,¢:0',¢') d¢ =0, (2.5)
0
T 27
//P: 0,0;0',¢")sing’ d§’d¢’ = 0, (2.6)
0 0
T 27
//15:(9,¢;9’,¢’)Pk(cos 0')sin® do'd¢’ =0, k=1,2,..., (2.7)
0 0
T 27
/ P(6,$;0',¢')Pi(cos®)sin® do'd¢' =0, k=1,2,.... (2.8)
0 0

Equalities (2.4) and (2.5) are immediately obtained from equalities (2.2)
and (2.3) by taking into account that the termwise integration is correct on
account of inequalities (1.10) and (1.14).

To prove (2.6) note that equality (2.1) implies

27

/P: 0,0;0',¢")dp' = 2m Z(Zn + D) Anor" Po(cos ) Py (cos€').  (2.9)
0 n=1
Hence
™ 2m
/ / P*sind do'dg) —
00

T

=27 Z Anor" Py (cos 6) /(2n +1)P,(cos @) sin@ d§’ =

n=1 0

n=1

- 1
=27 Z Anor" Py (cos ) /(2n + 1)P,(z) dz.
1

If we now use the equality (see, for instance, [3], p. 33, equality (34), or
[12], p. 228, equality (7.8.2))

2n+ 1) Py(x) = Py (2) = Py (2), Poaz) =0 (2.10)
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and the equalities P,(1) = 1, P,(—1) = (—1)", then we shall obtain the
relations

1 ™
/Pn(x) dr=0= /Pn(cosﬁ’) sinf'dd', n=1,2,.... (2.11)
1 0

We have thus proved equality (2.6).

Equalities (2.7), (2.8) are obtained from (2.2), (2.3) by virtue of the
fact that on the rectangle R each of the systems (P, (cos’) - cosm¢) and
(Pm(cosd’) - sinma) is orthogonal to the system (Pg(cos’)) with respect
to the measure sin ¢’ d6’'d¢’, i.e.,

™ 2r
//Pk(cos 0") Py (cos 0') cosme’ sin @' df’d¢’ = 0, (2.12)
00
1<m<n, k=12,..., n=1,2,...,
™ 2
//Pk(cos 0") Py (cos0') sinme’ sin 0’ df'd¢’ = 0, (2.13)
00
1<m<n, k=1,2,..., n=1,2,....

Equalities (2.7), (2.8) also hold for & = 0 but in that case they are weaker
than equalities (2.4), (2.5).

2.2. Let us now prove

Theorem 2.1. The functions P}, ]3:, and P, defined by equalities (2.1)—
(2.3) are harmonic functions in the unit open ball B.

Proof. In the first place, inequalities (1.10) and (1.14) imply that the power
series Y o2, n?r"™, converging for 7 < 1, is the majorant one for series (2.1)-
(2.3) so that the functions P, P*, and P, are continuous in B.

To show that these functions are harmonic in B we shall use the same
arguments as in proving Theorem 1.1 with the only difference that there the
presence of the function f € L(R) was used to obtain adequate estimates.
By analogy, we introduce the function

- — |
m=1 :
X Pun(c050) Pam(cos ) cos (g — ), (2.14)

for which by virtue of eastimates (1.10) and (1.14) we have the estimate

|7 (0,930, ¢")| < 9n?, (2.15)
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which repeats estimate (1.15) to within a constant multiplier.

If we introduce the function w(r, 8, ¢; 0", ¢") = r"v,(0,¢';0’, ¢'), for w we
shall obtain inequalities similar to (1.20)—(1.22).

Further, by inequality (1.23) we obtain the estimate

d
— 3 < .
‘ o Pam(cos0)] < n- max [Py (cos)], (2.16)

which with (1.10) taken into account give the inequality

0 ((n—m)!

20\ ) Py (cos 0) Py, (cos 0') cosm(¢p — qb')) ’ <n. (2.17)
Therefore

0
'— (0, 050", ¢)| < 9n?, (2.18)
00
which is similar to estimate (1.31).
It is now clear how to complete the proof of the theorem. [

8 3. ALLIED INTEGRALS

Theorem 3.1. For every function f(0, p)€L(R) the functions Uf(r, 0, $),
Zj}‘ (r,0,¢), and Zj{f(r, 0, ¢) defined by equalities (1.1)~(1.4) admit the follow-

ing integral representations:

T 27

Uz (r,0,0) = //f (0", ¢\ Pr(0,0;0",¢")sin0' do'de’, (3.1)
T 2T

s (r,0,0) = //f 0,8V (6,0:0, &) sin ¢ d0'de (3.2)
T 2

1(r,60,6) = - //f O, &) B (0, 6:0', &) sin ¢ 0y (3.3)

Proof. Taking into account equalities (0.7)—(0.8), from equality (2.1) we
obtain

T 27
iﬁ//f(9’,¢’)Pj(9,¢;9’,¢>’)sin0’d0’d¢’:
0 0

T 27
9]

2 1
Znor (cos ) ”+ //fe”  (cos 0) sin 0/ d0'de +
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= e 2n+1 (n—m)!
+ZT Z)\nman(COSG){cosmq% - .(n—i—m)!x

N / / f(0',¢") Py (cos ') cosme’ sin 0 do’'de’ +
00

) 2n+1 (n—m)!
+sinmg - o .(n—l—m)lx
T 27
><//f(@’,qb')an(COSH’)sinmé’sin@’d@'dqﬁ' =Uj(r,0,¢).
00

Here termwise integration is correct because of the uniform convergence of
series (1.1) with respect to (6,¢) € R for r < 1 (see the proof of Theorem
1.1). O

Equalities (3.2) and (3.3) are proved similarly.
Integrals (3.1), (3.3), and (3.2) will be called allied integrals with the
integral Uy (r, 0, ¢) with respect to 8, to ¢, and to (0, ¢), respectively.

§ 4. ALLIED FUNCTIONS

By Theorem 1.1, to each function f € L(R) there corresponds with the
aid of the Poisson integral U a triple of the harmonic functions Uy, Zjl}‘,
and Zj{f in the ball B, which admits representations (1.1), (1.2), and (1.4)
in the form of allied series, and representations (3.1)—(3.3) in the form of
allied integrals.

We pose the natural question under what conditions these series will be
Fourier—Laplace series and the integrals will be spherical Poisson integrals.

For the integrals (for the series see §6) the answer for the space L?(R) is
stated as

Theorem 4.1. FPr every function f(6, ¢)~€ L?(R) there exist functions
f*(0,90) € L*(R), f*(0,¢) € L*(R), and f(0,¢) € L*(R) such that the
equalities

U}K(T’e’(é) = uf* (T797¢), (41)
Ui (r,0,6) = Usz. (1,0, ), (4.2)
Us(r,0,6) = Uxr,6,9) (4.3)
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hold in the ball B, i.e. (see equalities (3.1)—(3.3)),

T 27 T 27
//fP*bln@’dG d¢’ ——//f P.sin® do'dg’, (4.4)
T 27 T 27
//fP* sin @ do'de’ = //f P, sin0' do'de, (4.5)

T 27 T 27
= / / fP.sin@ do'd¢ = 4i / / fP.sing’ do'dg’. (4.6)
™ T

00 00

Proof. For f € L?(R) we have Parseval’s equality (see, for instance, [16], p
349)

T 27 50

. 1
//fQ(H’, ¢')sin® do'd¢’ = 4mad, + 4w Zl il Ao +
0 0 n=

n

> 1 (n+m)! 9
2 . 4.
D B 2 (o) o ) (4.7

Series (4.7) is therefore convergent. In that case the series obtained from
(4.7) will converge if instead of (@nm, bnm) We successively put

()\nmanma )‘nmbnm)7 (_)\nmbnma )\nmanm)v (_bnma anm)~ (48)

Hence by the Riesz-Fischer theorem we obtain the existence of the func-
tions f* € L*(R), f* € L?(R) and f € L*(R) with the Fourier-Laplace
coefficients (4.8). Series (1.1), (1.2), and (1.4) are therefore A-mean values
of the Fourier-Laplace series S[f*], S[f*] and S[f]. This in turn means
that the harmonic functions U5 (r, 0, ¢), L{f (r,0,¢), and L{f(r 0, ) are the
spherical Poisson integrals for f*, f * and f , respectively. This is equivalent
to equalities (4.1)—(4.3), which completes the proof of the theorem. O

The functions f*, f, and f* from Theorem 4.1 will be called allied with
f functions with respect to 6, to ¢, and to (6, ¢).

§ 5. L2-INEQUALITIES FOR f*, f*, AND f

For the operators transforming f € L?(R) into f* € L?(R), frel? (R),
and f € L?(R) the following statement holds.
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Theorem 5.1. For every function f € L?(R) we have the inequalities

T 27 T 27

/ / (f*)?sin’ do'de’ < / / (f*)%sin@’ do'dg’, (5.1)

0 0 0 0

T 27 T 27

// Zsin® do’d¢’ < = //f2 sin 6 d@’d¢’, (5.2)
T 27 T 27

// )2 sin 0’ do’'d¢’ <//f251n9’d9 d¢’ (5.3)

and the equalities

T 27
// 2sin@’ do'd¢’ =
0
T 27 o 9 1
://(f*)2sin9’d9’d¢ Z ZL a2, (5.4)
00
2T 50 n
//(f)%me'de/dgy:z Z 12 "+: az, +02, ), (5.5)
00 n=1 et {
T 27
/ / (f)*sin® do’d¢’ =
00

T 27

: — 1
= //f2 sin@’ do'd¢’ — Ama, — A 231 1 azo. (5.6)
0 n=

0

Proof. Using the same reasoning as for the proof of Theorem 4.1, we obtain
the equalities

T 27
//(f*)%in ¢ do’dg’ =
0 0
00 1 n (n+m)! , ) )
= 2 .
WT; 2n +1 = (n*m)l >\nm<anm+bnm), (5 7)

2

™ 00 1
//(f*)2 sin 6’ do'd¢’ = 4m ST M2oaZ, +
0 0 n=1
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> 1 " (n4+m
+27rn§1 2n +1 = En - m; )\im( 3”” + bim)’ (5:8)
T 2n
/ / (F*)?sin @ do'd¢’ =
00
T 2n -
— b/o/(f*)? sin 0’ do’'d¢’ 747rnz::1 2n1—|— : M2 a,. (5.9)

Equalities (5.7) and (5.8) imply (5.1) and (5.2) with (1.14) and (4.7)
taken into account. Equality (5.4) is obtained from (5.9) by virtue of the

fact that \,9 = % Furthermore, since (—by,m, anm) are the Fourier—

Laplace coefficients for the function f(6, ¢), we obtain (5.5) and (5.6) from
Parseval’s equality. Equality (5.3) follows in turn from (5.6). O

§ 6. ALLIED SERIES

The technique used to make series (1.1), (1.2), and (1.4) correspond to
series (0.5) enables one to write the allied series S*, S*, and S for any
Laplace series S obtained formally from series (1.5) by substituting r = 1.
In particular, the series

M8

v 11
S*[f] = 2 (ﬁ + - 1>an0Pn(COS9) +
o0 n 1
;mZ: (n+m nfm+1) %
X (anmc SMe® + bpm smmgb) P (cos @), (6.1)
S [f]_nzjlm 1(n+m+n—m+1) x
X (@nm SINMG — by, c08 M) Py (cos 6), (6.2)

= Z Z (anm sinme — by, cos mng) P, (cos ) (6.3)

n=1m=1

are the allied Laplace series to the Fourier—Laplace series (0.6) with respect
to 0, to (0, ), and to ¢, respectively.
The proof of Theorem 4.1 gives rise to

Theorem 6.1. For every function f € L?(R) there exist functions f* €
L3(R), f*€L?*(R), and f € L*(R) for which the series S*[f], S*[f] and S[f]
are the Fourier—Laplace series, i.e., S*[f]1=S[f*], S*[f]1=S[f*], S[f]=S[f].
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Remark 6.1. Using the numbers \,,,,, defined by equality (1.3), we intro-
duce the polynomials

Pr(z) = (%+ni1)PH(z) (n=1,2,...) (6.4)
and
Pim = (n—im—i—n—:n—f—l)an(x) (6:5)

(I1<m<n, n=1,2,...),

which will be called allied Legendre polynomials and allied Legendre func-
tions, respectively.

Then equalities (1.1), (1.2), (6.1) and (6.2) can be rewritten as

Ui(r,0,¢) = Zanor *(cos b)) +

+ i " zn: (@nm cos M@ + by sinme) P, (cos 0), (6.6)
n=1 m=1
1(r,0,¢) = i " i: (@nm Sin M — by, cosme) Pr,, (cos ), (6.7)
n=1  m=1
S*[f] = f: ano P (cos ) +
n=1
+ i zn: (@nm oS M + by sinme) Py, (cos ), (6.8)

n=1 1

S*[f] = i z”: (@nm sinme — by, cosme) Prr,. (cos 6). (6.9)

n=1m=1
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