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ON SOME PROPERTIES OF MULTIPLE MODULI OF
CONTINUITY

L. PANJIKIDZE f

ABSTRACT. For functions of several variables a property is established
similar to the well-known result of S. B. Stechkin about the metric
property of almost increasing functions. In the case of one variable
the proof is easier than the known one.

The following result by S. B. Stechkin is true.

Lemma (see [1], p. 92). Let n(d) (0 < § < 1) be a positive, nonde-
creasing function, and (~n(¢) < e In(8) for 0 < 6 < n < 1. If for

(o)
some number a €)0,1] the series > n=%n(n~') = oo, then there exists a
n=1

00 N

sequence (By,) such that B, | 0, > n~®B, = oo and > B, < Nn(N~1)
n=1 k=1

(N=1,2,...).

The proof of this lemma (see [1], p. 94) implies that B,, < n(n~!) for all
n=12....

One knows many applications of this result, for instance, in the theory of
classes of conjugate functions, in the theory of embedding of certain classes
of functions, etc.

In this paper a multidimensional analogue of S. B. Stechkin’s result is
obtained for o = 1.

To present further results we need a definition. Let [0,1]™ = [0,1] x
[0,1] x -+ x [0,1]. A function

w:[0,1]" — [0, +o0]

is called a mixed modulus of continuity (see, e.g., [2], p. 179) if it satisfies
the following conditions:
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(1) w(O,ég,...,5n) :w(51,0,...,5n) = :w(51,51,...,0) =0
forall 0<6, <1, k=1,2,...,n

(2) w is continuous on [0, 1]™;

(3) w does not decrease on [0, 1]™ in the sense of Hardy [3];

(4) w is a semi-additive function with respect to each of the variables.

Note that in what follows ¢ will always denote absolute but, generally
speaking, different positive constants.

Theorem 1. Let the function uw : [0,1]" — [0,+o0] not decrease with
respect to each of the variables,

() u(ty, oyt tn) > () T uty, L)
forall 0<t,<t/<1, 0<t;<1 (%)
(k=1,2,....n, i=12,....n, i#k)

and

11 1
// / t1t2 u(tl,tg,...7tn) dtl dtgdtn = Q.
0 0 0

Then there exists a non-negative function B which does not decrease either
with respect to each of the variables and satisfies the conditions:

(1) B(tl,tg, Ce 7tn) < U(tth, Ce 7tn) fOT’ all (tl,tg, o ,tn) € [0, ].]n,

(tito---tn) 'B(t1,ta, ... ty) dty dty - - - dt, = oo;

(tth )_QB(tl,t27.--,tn) dty dts - - - dt,

IN

<c(zize - 20)  tu(Tr, T2, . s T)
forall 0<zp, <1, k=1,2,...,n

Proof. We set
Bty ta, ... ty) = u(t 15, .. .19

for (t1,ta,...,t,) € [0,1]", where 3 > 1 is some fixed number.
We have

1 1 1
// /t1t2 Y EB(t1,toy ... ty) dty dty - - - dt, =
00 0
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1 1 1
:// /tltg YRt 1, ) dty dty - dt, =
0 0 0
11 1 di d d
=p" "// /t1t2 “YBu(ty, ta, ... tn) kjli "=
) )

0
11 1
=p" "// /t1t2 “Lu(ty, ta, ... ty) dty diy - - - dt, = o0,
0 0 0

which means that condition (2) is fulfilled.

Since (t1,t2,...,tn) € [0,1]™, 8 > 1, and u does not decrease with respect
to each of the variables, we conclude that B does not decrease either with
respect to each of the variables, and also

B(tl,tg,...,tn) S u(tl,tg,...,tn)

for all (t1,t2,...,tn) € [0,1]™. Therefore condition (1) is fulfilled.

Now we will show that relation (3) is true. Let xj be some numbers,
O<zr<l(k=12,...,n).

In that case, if

11 1
I:// /tlt? )2B(t1,ta, ... ty)dt dty - --dt, =

T1 T2 Tn
11 1

:/ /tlt? ) 2u(td S, A0 dty dty - dt, =
1 T2 Ty
2/ 1

B // /tlt? “2u(t? 15, 0 dty diy - - - dt, +
1 T2
// /tlt? Yy 2u(t? 1, 8)dty dty - - dt,
1/[" To T

then by Fubini’s theorem

1/5

1 1
7= /t;2</ /(tg---tn)2u(t§’,t§,...,tﬁ)dtg---dtn>dt1+
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1 1
+ / tfz(/---/(tg---tn)Qu(tf,tg,...,tg)dtQ~--dtn)dt1g

mi/ﬁ T2 Ty
21/ ) )
< / tfz(/"'/(tQ"'t”)2u(m1’t2’"'7t")dt2"'dtn>dt1+
z1 T2 Ty
1 1 1
-1 -2 _2 5 ; -
+06 T 6 ... (ta: - tn) U(Tl’t%'-wtn)dtz'--dtn 7 dn =
1 T2 Ty
21/ X )
= / tl_thl/.../(tg...tn)*Qu(xl,t’g,...,tg)dtQ...dtn+
1 T2 T
1 1 1
_ 1
-‘rﬁ—l/(/... Tl_l(t2-..tn)2u(7'17t§,...,tfi)dt2...dtn)Tl 5 dry.
1 T2 T,

Using the property () of the function u, we obtain

1 1
<[t /---/(t2~-~tn)*2u(x1,t§,...,tﬁ)dtrzmdtn+

B
NERA T
1 1 1
_1
+c/ </~--/1:1_1(t2--~tn)2u(x1,t§,...,t§)dt2~--dtn)Tl Pdr =
Ty xro Tn
1 1
_ 1
= (xl_l — Iy ﬂ)//(t2tn)_2u(xl7tg7atg)dthtn"'
xro Tn
1 1 1
_1
+c/r1 ”dﬁ-xfl/~-~/(t2-~-tn)_Qu(x17t27...,tn)dt2-~-dtn <
T T2 Tn
1 1
gxl—l/~~/(t2-~.tn)*Zu(xl,tg,...,tﬁ)dtr,udtn+
T2 Tn,

1 1
1—1 _ _
+C[T1 B]glcl'xll/"'/(tZ"'tn) zu(xlytgﬂ"wtg)db"’dtnS

T2 Tn
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1 1
gcxl—l/--~/(t2~~~tn)*2u(z1,t§,...,tﬁ)dtgmdtnzczl,
T2 Tn

where
1 1
I :J;fl/--~/(t2-~-tn)_Qu(xl,tg,...,tg)dtg-~-dtn.
o Tn
Next,
mé/ﬁ 1 1
T, =yt / /~~-/(t2~~~tn)*2u(x1,t§,...,tﬁ)dt2~.~dtn+
T2 T3 Ty
1 1 1
+ a7t / /---/(tg---tn)—zu(a:l,tg,...,tﬁ)dtg---dtng
wl/ﬁ xs3 Ty
/"’ 1
<yt / t22</--~/(t3-~-tn)_Qu(thg,tg,...,tﬁ)dtg--~dtn)dt2—|—
T2 3 Tn
1 1 1
+ a7t / /~~-/(t2.~~tn)*2u(x1,t§,...,tﬁ)dt2~~~dtn:
r;/ﬁ s Tn
1 1
1
= 27! (3 —xg)/---/(tg tn) 2wy, zo, th, .. 1) dts - - dt,, +
T3 In
1 1 1
+ a7t / /~~./(tQ.~~tn)*2u(xl,t§,...,tfj)dtg---dtng

1 1
< (zlxl)*l/~-~/(t3~~~tn)*2u(z1,x2,t§,...,tﬁ)dtg---dtn+

xr3 Tn

1 1 1
+x1—1//.../(t2...tn)_Qu(xl,tg,...,tg)dtz

x;/ﬂ T3 Tn

dt, =

1 1
:($1$2)_1/'~'/(t3"'fn)72u(.731,$2,t§,...,tﬁ)dtg-“dtn+
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1 1
_1
+(ﬂx1)*1/---/t2 Pty t) "2l to, 5, .. .,

1 1
:(1‘11‘2)_1/"'/(tg"'fn)72u(.731,.132,t§,...,tg)dtg'”

xs3 Tn
11 1

+(ﬁx1)_1//-~-/t§1(t3-~-tn)_2u(x17t27t§,...,

Again, using the property () of the function u we have

1 1
7 < ($1$2)_1/ / “2u(zy, 20,15, ..,
xr3

1 1 1
1
+(218) 1// / w(ay, wo,th, . VT F (Lt

T2 T3

(w122)”~ / / (zl,xg,tg,...,tff
T3 Tn
1
_ 1
B

6371-132 -t tg

xlmZ / / (x17x27t§,...,

(e -1 P, x
1

/ / 2u(zy, o, th ... t0) dts - - - dty,
xlmQ / / (xlax%tg, .. ,tﬁ

1
--/(t3~ ) 2u(wr, aa D

+(B— 1) Naz) ™!

S\’_‘

Tn

By 51
tn)tQ

1 1
2/ / xl,.’L‘g,t3,...,t§

t2) dts - -

<

)dt3~~~

tht

dty---dt, =

dt,, +

_1
o Pdty - dty,.

t3) dts - - dt, +
)*2dt2~~~dtn:
)dts---dt, +

)dts: - dt, =

dt, +

dt, +

t)dts- - -dt, =



ON SOME PROPERTIES OF MULTIPLE MODULI OF CONTINUITY 283

1 1
.T1I2 1/ /(t3-~-tn)72u(x1,x2,t§,...,tg) dt3dtn

Therefore

/ / Y2B(t1, ta, ... ty)dts---dt, <
:L‘1£L'2 / / ($1,$2,t3,...7t£)dt3~'-dtn

Clearly, continuing a similar reasoning in a step by step manner, we arrive
at the inequality

1 1
/.../(tl...tﬂ)*QB(tl,tg,...,tn)dtg--~dtn <
@

Tn

_1u(m1,x2, ceeyTp)

<c(zrze---Th)
and thus prove the validity of relation (3). O
Note that by assuming that
By mg.omy, = Bmit,my oo omy ) (mp=1,2,..., k=1,2,...,n),

where B is the function from Theorem 1, we obtain

Theorem 2. Let the function u satisfy the conditions of Theorem 1.
Then we have a sequence (B, ,....m, )my>1,...mn>1 Such that

>0

Bml,mymk,m,mn - Bml,--»ykarl,n-,mn

foreachmp=1,2,... (k=1,2,...,n),

Ny Ny
>y - Z Bonymasimy, <¢N1Ng - Nyu(NTL NS O N
mi1=1mso=1 my=1

for every N,y =1,2,... (k=1,2,...,n), and
Bml,mg,...,mn < U(ml ! m2 1,...,m;1)

for everymp =1,2,... (k=1,2,...,n).
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Also note that if © = w is a mixed modulus of continuity, then the
sequence (B, ...m, ) will additionally satisfy the condition

1 1 1
ki+ko+-kn
Z Z Z <_1) 1kt By 4kimatks,omn+kn = 0
kn=0

k1=0 k2=0

forall mpy >1 (k=1,2,...,n).

Note finally that Theorems 1 and 2 have applications in the theory of em-
bedding of classes of functions of several variables, in the theory of conjugate
functions of several variables, and in other problems of multidimensional
analysis.
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