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SUMMATION OF SINGULAR SERIES CORRESPONDING
TO REPRESENTATIONS OF NUMBERS BY SOME
QUADRATIC FORMS IN TWELVE VARIABLES

G. LOMADZE

ABSTRACT. Formulas for calculating the sum of singular series cor-
responding to the number of representations of integers by some
quadratic forms in 12 variables with integral coefficient are derived.

INTRODUCTION

In this paper a formula is derived for the sum of the singular series cor-
responding to the number of representations of positive integers by positive
primitive quadratic forms

f=ai(z] +23) + as(x3 + 23) + as(z? + 23) +
+ ag(a? + 23) + as (23 + 23y) + ag(ai; + 275) (1)

with integral coefficients a1, ..., aq.

In our next paper a way to find explicit exact formulas for the number of
representations of positive integers by the quadratic forms of type (1) will
be suggested.

1. PRELIMINARIES

1.1. In this paper a, k, n, g, A denote positive integers; b, m, u, v are
odd positive integers; p is a prime number; «, 3, 7, v, [ are non-negative
integers,; h, j, x, y are integers; ¢ is an imaginary unit; thodqand Z/hmodq
denote respectively sums in which A runs a complete and a reduced residue
system modulo ¢; (%) is the generalized Jacobi symbol; o5(u) is the sum of
the fifth powers of positive divisors of u; e(z) = €27 for arbitrary complex
number z; A is the determinant of the form (1).
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Let

S(h,q) = Z 6(]1(;2) (Gaussian sum);

jmodgq
’ h1 I h1
c(h,q) = Z e(—]) = Z e( — —‘]) (Ramanujan’s sum);
jmodgq q jmodgq q

6 oo
p(n; f) = ﬁ n® Zl A(q) (singular series of the problem),
q:

where

(1.4)

1.2. For the convenience of the reader we quote some known results as

the following lemmas:
Lemma 1. If (h,q) =1, then S(kh,kq) = kS(h,q).

Lemma 2 ([1], p. 13, Lemma 6). If (h,q) =1, then

S%(h,q) = (?)q for ¢g=1 (mod 2),

=2i"q for ¢=0 (mod 4),
=0 for ¢g=2 (mod4).

Lemma 3 ([1], p. 177, formula (20)). Let ¢ = p* and p” || h. Then

c(h,q) =0 for v<A—1,
=—p ! for v=X—1,

=p Y p—1) for v>A-1.
Lemma 4. Let
Xp=1+Ap)+ AP +---.

Then

o0

Z Alq) = H Xp-

g=1
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2. THE SUMMATION OF THE SINGULAR SERIES p(n; f)

Lemma 5. Let n = 2%m, a = 27%b, (k=1,2,...,6), v%6 > 75 > 4 >

Y3 Z Y2 Z 71 = 0; Y= 22:27167 (b17b27"'ab6) = 1; b= [b17b27"',b6]'
Then

Xo=1+(=1)""™2 for 0<a <y -2
=1 for a=y-1, a=72<7y, r=p<a=v—-1
Tetl=n<a=vwn—-1 m=13<a=5<7s,
Ttl=m<a=vn<v, a=v<a=7v%—1,
Ttl=yp<a=v%—1, 7= <a=",
Tt+l=9<a=
(in the last four conditions v3 =v2 or v3 = v2 + 1);

X2 = 2_(1{2& + (—1)te)/2 om0 3)} Jor 2 +1<a<ns,

3
(D br—m)/2
— 22(a+1){22(a+1) + (—1) k=1 QA/er%}

for =y <a<yu—-2 mt+l=pn<aly-—2,
— 9—2(at1) {22(a+1) 4o ((_1)(b1+bz)/2 (22(a+1)—72 _ 22a—'ya+3) +

3
(D br—m)/2
+ (=1) #= ~2’Y3)} for v2+2<vy3<a=94—2,
— 2—73{273 + (_1)(b1+b2)/2 . 272+1(2'y3—72—1 _ 1)}
for m+2<p<a=yu-1 m+2<p<a=y<s,

_ 2—3a{23a + (_1>(b1+b2)/2 . 23a+72—’Y3+1(2’Y3—V2—1 _ 1) +

4

. 2;::2 Tk (23 (23(a—'y4—1) o 1)7—1 _ 1)}

for yu+1< o<y, but 3> 7 +2,

4
(> br)/2
e

4

4
(L bz S,
- 2‘3“{25“ +(- ks (2@ S - 1)}

for ay+1<a<vys, but 3= or 3= +1,

5
(>~ br—m)/2
= 274e+D) {24<@+1) +(=1) w1 : Qv—%}
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Jor y=vm<a<y%—2, utl=7v<a<vy -2
but y3 =2 or 3 =" +1,

Xy = 24(a+1){24(a+1) + (_1)(b1+bk)/2 . 9dat5+yz—s (27377271 — 1+

(> br—m)/2
+ (—=1) »=2 .2“/76} for ya=v <a <y —2,
74+1:'y5§a§’ye—27 but 73272+27
_ 2,(,‘/3,7271){2%77271 + (_1)(b1+b2)/2(273*’Y2*1 _ 1)}

for y=vm<a=v%-1, u+l=7y3<a=7%—-1,
Ya=7T <=7, 7atl=7 <=1,
bUth32’Y2+2a 4 4

(D br)/2
_ 24(a+1){24(a+1) (1) kz::l : .2,;::2% (24(a+1)—3y4 T

5
(> be—m)/2
- 24(0&1)73(%71))7*1 + (—1) = . vis}
for Y4+ 2< v <a<v—2, but y3="y2 or v3 =y +1,
= 24(a+1){24(a+1) + (_1)(bl+b2)/2 . 9dat5+y2—7s (273772,1 D+
4 4
(Q_ br)/2 ¥
+ (—]_) kz::l k . zkzz:g k <2a+7(23(a—74—1) _ 23(‘1775))7_1) +
5
(> br—m)/2
+(=1) #=1 '27_%} Jor v +2 <7y <a<qy—2,

but v3 > 2 + 2,

4 4

(2 bk)/2 2l
_ 2—4(a+1){24(a+1) +(=1) kZ::l 2 .2,62;2 k2a+7 %

X (23(0‘*74*1) - 23(0‘751))71} for 4 +2< v <a=v%—1,
Ya+2< v <a=76 but y3=r2 or y3=r2+1,

_ 2—3(’)’5—1){23(%—1) + (_1)(b1+b2)/2 . 272—’YB+3’Y5—2(2’Y3—72—1 _ 1) +

4 4
(Q_br)/2 gl
+ (=1) kgl ' .ngz ' (23(75—%—1) _ 1)7—1}
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Jor y4+2 <5 < a= s,
Ya+2< v <a=9—1, but v3 >y + 2,

6
(> br)/2
X, = 256“{25“ + (=1) »=1 .27 (25 (25(@=e=D) _1)3171 — 1)}

for a>v+1, bul y3=92 or y3="2+1
and 5 =v4 or v5 <y +1,

4
(> b)/2
_ 2_50{25a n (_1) = . 9baty—4y5—76+3 (23(75—’74—1) _ 1)7—1 +
6
(> bk)/2
F(=1) k= .20 (25(25(%76“) —1)317" - 1)} for a6 +1,

but Y3 =y2 Or 73:’)/24—1 and 5 2744‘2’
_ 25a{25a + (71)(b1+b2)/2 . 25&+72*’Y3+1(2’Y3*72*1 _ 1) +

6

(> br)/2

(-1 = (25 (2501 _ 1)31-1 — 1)} for a>q5+1,
but v3>v2+2 and v5 =4 or v5 =4+ 1,

_ 25a{25a + (71)(b1+b2)/2 . 25a+v2*73+1(2“/3*"/2*1 _ 1) +

4
(> br)/2
+ (1) *= . 9baty—4ys—v6+3 (23(75—74—1) _ 1)7—1 +
6
(> br)/2
(=1 2 (25 (25 +D) _ 1)31-1 — 1)}

for a>v+1, but v3> v +2 and v5 > v4 + 2.

Proof. 1. If in (1.4) we put ¢ = 2* and then instead of h introduce a new
letter of summation y defined by the congruence h = by (mod 2*), then we
get

6
AN =271 57 e(-27Pmby) [T S2@beby, 2. (21)
ymod2* k=1

From (2.1), according to Lemmas 1, 2 and 3 it follows that:
(1) for A =y + 1, as S2(27byby, 27+t =0 (k =1,2,...,6),

AN =0; (2.2)
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(2) for 2< A <

A@2Y) =272 37 e(—20 by (2000 - 2)210) =

ymod2X
_ / biby  2%mby
—9l-X 6(17 _ ) _
yrr%?\ 4 2>
L bib— 202 T A2 g0y
=2 6( 4 ) D e( =1
y=0
bib— 2a7)\+2 b
_ e(%) it 2271 | (222b; — 2%m)b,
0 if 2214 (222h; — 29m)b,

ie.,

A2 = (—1)Er=m/2 i A =a+2,
0 if A\Aa+2;

(3) for y2+2< A< ~3

);

/
A@2Y) =271 N (=20 mby) (2070 - 24)2%72 (24020 - 22777)28) =

ymod 2
— (_1)(b1+b2)/2 . 2—2)\+72+QC(2amb, 2)\) —

(_1)(b1+b2)/2 912=(A=D) if A< a+ 1,
_ (_1)(b1+bz)/2 .9T2—« if A=a+1,
0 if A>a+1;

(4) for y3 +2 <A<y

/
A@2Y) =271 3T e(—22 P mby) (207 - 2*) x
ymod2*

X 272 (27;11251/ . 2>\—72)2"/3(2,L'b3by . 2/\—’73)26>\ _

= 2—3/\+v2+73+36((b1 by +b3)b 2amb) y

4 22
2 (272 (by + by + by) — 2%m)by
1 2 3) —
% ;0 e( 221 ):

B (71)(b1+b2+b37m)/2 Sty T2a-2 gE N = g 4 2,
0 if M£Fa+2;

(2.5)
(2.51)
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(5) for v4 + 2 < X < 43, similarly as in (3),

4 4
Qo t)/2 0 D> m—3(a-1)

(—1) #=1 - 2k=2 it A<a+1,
A 4 4
A(2Y) = Oobe)/2 D ve—3a
_(_1) k=1 . Q=2 if A=a+1,
0 it A>a+1;

(6) for v5 + 2 < A < g, similarly as in (4),

5
(3 ty—m) /2
AN = (=1) #=1 crvedasd e N 49

0 if AEFa+2;
(7) for A > 76 + 2, similarly as in (3) and in (5),

6
(> b)/2
(—1) #=1 2D i A< a1,
A
A@2Y) = (32 b2
—(—1) #=2 SR A =a+ 1,
0 if A>a+1;

II. According to (1.5) and (2.2), we have

X2=1+ZZ:A(2A)+ Z AN + Z AN +

A=2 A=72+2 A=7y3+2

s Y6 o]
+ Y AR+ D> AN+ DD ARY.
A=74+2 A=75+2 A=v6+2

Consider the following cases:

373

(2.9)

(1) Let 0 < a < 75 — 2. Then from (2.9), (2.3), (2.31), (2.42), (2.51),

(2.62), (2.71), and (2.82) we get

Y2
Xo =14 A@2Y) =1+ (-1)t=m1/2,
A=2

2)Leta=vw—1l,ora=mm<yorye=v<a=yu—loryp+l=

X2:1.

Ys<a=y—loryp=r3a=yu<ys0rv+1l=y93<a=rvy<75o0r
Ya=<a=w—loryu+l=yp<a=yp—1l,oryu=7;<a=rgor
Y4+ 1= < a = (in the last four conditions v3 = v2 or v3 = 72 + 1).
Then from (2.9), (2.31), (2.42), (2.51), (2.62), (2.71), and (2.83) we get
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(3) Let 72 + 1 < a < 3. Then from (2.9), (2.31), (2.4)—(2.42), (2.51),
(2.62), (2.71), and (2.82) we get

xo =1+ (_1)(b1+b2)/2 .92 Z 9—(A-1) _ (_1)(b1+b2)/2 92—
A=v2+2
=1+ (fl)(b1+b2)/2 . 272(2*’72*1 _ 27&)2 _ (71)(b1+b2)/2 LoM—a

=1+ (_1)(b1+b2)/2 L272(2772 _ 3.9,

A Letypo=y3<a<yy—2ory+1=7v <a<vy—2 Then from
(2.9), (2.31), (2.42), (2.5), (2.51), (2.62), (2.71), and (2.82) we get

Yo = 1+ (—1)brfbetba=m)/2 gratys—2a=2

(5) Let 72 + 2 < v3 < o« < 44 — 2. Then from (2.9), (2.31), (2.4), (2.5),
(2.51), (2.62), (2.71), and (2.83) we get

3
xo =1+ (_1)(b1+bz)/2 .92 Z o—(-1) 4
A=72+2
+ (71)(b1+b2+b37m)/2 . 272+~/372a72 _

=14 (=1)Or+b2)/2 9729772 _ 9=ty 4

3
(>~ be—m)/2
+ (71) k=1 . 2’*{2+’73*2a72.

(6) Let o +2<y3<a=9y—loryp+2<y <a=r7 <7. Then
from (2.9), (2.31), (2.4), (2.42), (2.51), (2.62), (2.71), and (2.82) we get
xo =1+ (_1)(171""52)/2 .92 (2—’)’2 _ 2—73-"-1).
(7) Let v4 + 1 < o < 3, but 73 > 72 + 2. Then from (2.9), (2.31), (2.4),
(2.51), (2.6), (2.61), (2.71), and (2.83) we get

3
X2 =1+ (_1)(b1+b2)/2 o2 Z o—(A-1) 4

A=vy2+2
() br)/2 "™ @ (D, br)/2 Y —3a
+ (—1) x=1 . k=2 Z 27301 _ (1) ;; ' .ka::z ' =
A=v4+2

=14 (=1)BrH02)/2 92 (9772 _ 9=ty 4

4 4
b2 Y w
+ (_1) k=1 . Q=2 (2*37473 _ 2—30)23 . 771 +
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4 4
(Z br)/2 E'yk—Sa
—(=1) #=1 - k=2 =
=1+ (—1)(b1+b2)/2 . 272*’Ys+1(273*7271 _ 1) +

4 4
(b2 S

+ (_1) k=1 . Qk=2 (2—30“"‘3(23(04—74—1) _ 1)7—1 . 2—304)_

(8) Let 74 +1 < a < 5, but v3 = 72 or v3 = 72 + 1. Then from (2.9),
(2.31), (2.42), (2.51), (2.6), (2.61), (2.71), and (2.82) we get

4 4 4 4

Qb2 > @ ) Oobk)/2 D wm—3a

Xo=1+4(=1)r=1 w202 = 273D _(Cyem Lok :
A=v4+2

(9) Letya=vs <a<ys—2o0rys+1=7 < a <y —2 but v3 =72 or
~v3 = 2 + 1. Then from (2.9), (2.31), (2.42), (2.51), (2.62), (2.7), and (2.85)
we get

(32 be—m)/2
xo =1+ (=1) #=2 QY da—d

(10) Let v4 =5 S a <y —2ormu+1l =9 <a<y%-—2 but
v3 > v2 + 2. Then from (2.9), (2.31), (2.4), (2.51), (2.62), (2.7), and (2.82)
we get

3
X2 =1+ (_1)(b1+b2)/2 .92 Z 9-(A-1)
A=72+2
(> b—m)/2
k=1

+(-1) Lgr—reda=d

=14+ (_1)(b1+b2)/2 . 2’72—’Y3+1(2’)’3—’Y2—1 — 1)+

(I Letyu=r<a=yp—-loru+l=9<a=7—lory =7 <
a=9s0ry4+1="r <a=n~g, but v3 > v + 2. Then from (2.9), (2.31),
(2.4), (2.51), (2.62), (2.71), and (2.83) we get

73
Xz =1+ (~1)0#)/2 g 57 9= o
A=7y2+2
=1+ (_1)(51+b2)/2 . 272—’734-1(273—72—1 —1).
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(12) Let 74 +2 <75 < a <75 —2, but y3 = 79 or 73 = 72 + 1. Then
from (2.9), (2.31), (2.42), (2.51), (2.6), (2.7), and (2.82) we get

4 4
Obe)/2 D> s
X2 = 1+ (71) k=1 . Q=2 Z 2*30‘*1) +
A=v1+2

(Y br—m)/2

+ (71) k—1 . 27*’76*404*4 —
4 4
(3 be)/2 ¥
=1+ (-1) kz::l o 2£ k(z—?’%—3 —27375)23 .7t 4

5
(> bp—m)/2
+ (71) k=1 .9v—ve—da—4

(13) Let 74 +2 < 75 < a < v — 2, but v3 > 72 + 2. Then from (2.9),
(2.31), (2.4), (2.51), (2.6), (2.7), and (2.83) we get

3
X2 =1+ (_1)(b1+bz)/2 .92 Z 9—(A-1) 4
A=v2+2

4 4
(D bk)/2 o Js
+ (=1) ; ) .ngz ’ E 9-3(A=1) |

A=v4+2

5
(p_ br—m)/2
r e BT e

=14+ (_1)(b1+b2)/2 . 2%—73-&-1(273—%—1 1)+

4 4
bz S w

+ (=1) »=1 SQ=2 (27374 _ 973wyl
5
(> b—m)/2
+ (—1) k=1 .Y Ye—da—4.

<a =1, but 3 =7

(I4) Let u+2< 3 <a=7—loryu+2<7;
(2.51), (2.6), (2.71), and

or 73 = 72 + 1. Then from (2.9), (2.31), (2.42),
(2.82) we get

4 4
Qobe)2 >

X2 = 1+ (_1) k=1 . k=2 (2*374 _ 2*3’Y5+3)771.



SUMMATION OF SINGULAR SERIES 377

(15) Let y+2 <y <a=v%—-loryu+2<95 < a=y
73 > 72 + 2. Then from (2.9), (2.31), (2.4), (2.51), (2.6), (2.71), and (2.82)
we get

ya=1+ (_1)(b1+b2)/2 . 272773“(273—%71 1)+

4

4
(b2 S w
k=

+ (—1) 1 . Q=2 (2*374 _ 2*375+3)771'

(16) Let @« > v5+1, but v3 = yo or y3 = v+ 1 and 5 = y4 or 75 = y4+1.
Then from (2.9), (2.31), (2.42), (2.51), (2.62), (2.71), (2.8)—(2.82) we get

6 6
(32 bi)/2 a (>~ bi)/2
o =1+ (=1) #=1 .7 Z 27501 _ (1) k= LY b
A=v6+2
6
(> bw)/2
=14 (=1) =2 S2Y(27P675 _ghey9h L g1t
6
(> be)/2
—(=1) &= LY —ha
6
(> be)/2
=1+ (-1)*= .27 (2—5<a—1) (250201 _1)31-1 — 2—504).

(17) Let o > 6 + 1, but 73 = v2 or v3 = 2 + 1 and 5 > 4 + 2. Then
from (2.9), (2.31), (2.42), (2.51), (2.6), (2.71), (2.8)~(2.8,) we get

4 4
(b2 S w

X2 =1+ (=1) #= . k=2 (2*374 _ 27375+3)771 +
6
(> bi)/2
F(-1) (7B g P g1 gEe ) o
4
(> be)/2 )
=1+ (71) k=1 . 9v—4y5 =6 +3 (23(7577471) N 1)771 +
6
(> bw)/2
+ (-1 (27 (g8 g1t geBe),

(18) Let o > 6 + 1, but v3 > v2 + 2 and 75 = y4 or 75 = 74 + 1. Then
from (29), (231), (24), (251), (262)7 (271), (28)*(282) we get

Yo =1+ (_1)(b1+b2)/2 ,272—73+1(273—72—1 1)+
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6
(> b)/2
k=1 .

+(-1) 27 (278D (%m0l _ 13171 9750,

(19) Let @ > v + 1, but 3 > 72 + 2 and 5 > 74 + 2. Then from (2.9),
(2.31), (2.4), (2.51), (2.6), (2.71), (2.8)—(2.82) we get

X2 =1+ (*1)(b1+b2)/2 . 2“/2*“/3+1(273*7271 ~1)+

4
(> bw)/2
+ (—1) #=1 L9745 —v6+3 (23(75—74—1) — 1)7—1 =+
6
(3 be)/2
+ (71) he1 .97 (275(a71) (25(0477571) o 1)3171 . 275a)'

From all that was said above the formulas for x, follow. [O

Lemma 6. Letp > 2, p? || n, p'* || ar (k=1,2,...,6). Let the values of
li taken in decreasing order be lg > 15 > 1y > 13> >0, =0,1 = 22:1 lg;
n(l2) =14f 2|1y and n(lz) =0 if 2{1s. Then

Xp:p_l(p—l)(ﬁ+1) for ls>pB+1, p=1 (mod 4),
=p p+1) for la>B+1, p=3 (mod4), 2|8,
=0 for l>0+1, p=3 (mod4), 210;

Xp =p P7H2) {pﬁ‘l"’“ (P+D+(p—-Dl) —(p+ 1)}
for 1o < B <l3, p=1 (mod 4),

=y D (P () - (-1)
for s < B <l3, p=3 (mod 4);

Xp = p*(2ﬂ*12*l3+3) {p2(5+1)—l2—13 ((p +1)+(p— 1)l2) +
+p2((p2(g_l3) -+~ —pm_l”) - 1}
for I3 <pB<ly, p=1 (mod4),
Xp = p~ PR {pw-lz—@“(p + Dn(lz) = (=1)p* x

X <p2([3—lz) + (p2(ﬁ—ls) _ (_1)B+l3)(p —1)(p? + 1)—1) + (_1),6’+l2+lz}

for I3 < B <ly, p=3 (mod 4);
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Xp =p~ B3PIl {p?’w“)‘lrl?"“ (p+1)+(p— 1) +
4 pB-tatD) ((p2(54—13) S )pr1)t - p2(14—13)> +
+p2 (PP D - D° - 1) - 1}
for Iy <pB<ls, p=1 (mod 4),
= Ot [yt g 1)) — (1))
% (p2(l4—l3) + ((_1)13—l4+1p2(l4—l3) _ 1)(p _ 1)(p2 n 1)_1) i
(1)t (p3(p3(5—z4) “)p-D)EE -1t - 1}
for 1y < B <l5, p=3 (mod 4);
Xp = p WD) {p“(ﬂ“)_l“6 (e+D)+@-Dhk)+
+p4(ﬁfl5+1) (p3(15—l4) ((pz(lrlg) “)p+ 1)t _p3z57213714) 4
+ P~ - D - 1)) +
+ () — 1t - Dt - 1) - 1}
for Is < B <ls, p=1 (mod 4),
Xp = p—(4,8—l+l6+5) {p4,8—l+l6+4(p 1)) — (_1)12p4(6+1)—3l4—15 %
x (0 4 (PO — () (- 1R+ 1)) +
+ (1)l ) (30 1) (p — 1)(p? — 1)+
(=) ()RR 1 (1)) (p - Dt (1) (—Dﬂ)}
for 5 <pB<lg, p=3 (mod 4);
Xp =p~ 7O {p“ﬁ“)‘l((p +1)+ (p— Dl2) +
4 PB4l =l <p3(15—z4) ((p2(14—13) ) (p+ 1)t _p2(l4—l3)) n
O - - D - 1)) +

+p°(p — 1)(1)5('[”6)(174”“5) ~ Dt +1)7t +
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+ (p5(5—l6) _ 1)(p5 _ 1)—1) _ 1} for 8>1lg, p=1 (mod 4),
xp =p T {W-“%p +1n(ly) - (~1)f2p? PO

% (pQ(l4—l3) + (pPUaB) — (—1)B ) (p— 1) (p® + 1)~ )+

+ (71)lz+ls+l4p5(,@+1)7415716 (p?»(lrlz;) ~-DHp-E* -1t

- (—1)lp5(p—1)(p5<5‘16)((— )l teptte=to) 1) (p* + 1)~

_ (p5(546) —1)(p° — 1)*1> — (_1)1} for B>1ls, p=3 (mod 4).

Proof. 1. In (1.4) put 2 1 ¢, ¢ = (q,ar)qx (kK = 1,2,...,6). Then from
Lemmas 1 and 2 we get

hmodgq k=1
6 / hn —1
=q¢ %> _7) H((Lak)(*)
hmodgq q k=1

Putting ¢ = p* and taking into account that (ay,...,as) = 1, it follows that

6
min(\,lx) min(\,lx)
P T (B R
hmodp* p
) >

_1 min(\,lx) min(\,lx)
C@EES o

p

From (2.10) amd Lemma 3 it follows that
(1) for A S ZQ

AP = (_?) 1—pY) if A\<f+1, (2.11)
= —(%) p*1 if A=p8+1,; (2.114)
( )fOI‘lQ<)\<13
A(pt) = (;1 PN ) i A< B4, (2.12)
— —(%)lzpb_ﬁ_Q if A=p+1; (2.12y)
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(3) for 13 < A§l4

A = (%)Zﬁlmplz“r”u oY) i A< B+, (2.13)
- ,(_?1)lz+l3’+ﬁ+1plz+l3*2ﬁ*3 if A=p+1; (2.13,)

(4) for ly < A <ls
A(pt) = (%)lmﬁl;l”l"’““”(l —p Y A< B+, (2.14)
- _(_?1)12+l3+l4p12+l3+l4—3ﬁ—4 if A=p8+1; (2.14;)

(5) for I < A <lg
AR = (%)lil““pl—lﬁ—ﬂu oY) i A< B41, (2.15)
- _(_?l)Hﬁﬁ“pl—lef‘lﬁf5 if A=p+1; (2.151)

(6) for A > Ig

AP = (%)lpl*m(l —p7Y) i A< B+ (2.16)
_ 7(%>lpl75’876 if A=pg+1. (2.161)

In all the above-mentioned cases
AP =0 if A>B+1. (2.17)
II. According to (1.5) we have

Is ls ly
Xp=14+> AP+ > AN+ Y ApM)+
A=1

A=lo+1 A=l3+1
ls ls )
+ Y APH+ DAY+ > AR, (2.18)
A=lys+1 A=l5+1 A=lg+1

Also it is obvious that

l
e 1 it 21y
1+(1—pt 1) = ’ 2.19
+(1-p );:1( ) {p1 i 240 (2.19)

Consider the following cases:
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(1) Let I3 > B+ 1. Then from (2.18), (2.11), (2.11;), and (2.17) we get

Xp=1+(1—-p") i (%)A - (%)Mlp*l.

A=1

(2) Let Iy < 8 < l3. Then from (2.18), (2.11), (2.12), (2.121), and (2.17)
we get

xp=1+(1—p*1)i (;1)A+

a1 P
N o Io—A —1\% lo—B—2
P 3 e () e
p A=lo+1 p

(3) Let I3 < 3 < Iy. Then from (2.18), (2.11), (2.12), (2.13), (2.13), and
(2.17) we get

I3

xp=1+(1—p‘1)2(_?1)A+(1— ( 1)l2 DR

A=1 A=la+1
1 —1\[2 B — 1\ A s Lo la—2X
N G A
_ (i)l2+ls+ﬁ+1plz+ls—2ﬁ—3.
p

(4) Let Iy < 8 < Ls. Then from (2.18), (2.11), (2.12), (2.13), (2.14),
(2.144), and (2.17) we get

lo

w1 0-r )Y () ()3 s

A=1 A=ls+1
lg
lo+l13
+(1=p” ( SHEDS ( ) PR (1 p ) x
A=l3+1
- B 3
y (i)l2+l3+l4 plz+la+l4—3)\ B (i)l2+ld+l4pl2+l3+l4_3ﬁ_4'
p A=ls+1 P

(5) Let Is < 8 < lg. Then from (2.18), (2.11)—(2.15), (2.151), and (2.17)
we get

e &

Xp:1+(1—p71)z(;1>A+(1_p—1)(;) St

A=la+1
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1 1\t & —INA o

oy (S S (LY

p P 4

lo+l3+14 ls —1\!=le
—|—(1—p—1)< ) Z platlatla=3A (g p‘l)(—) %
A=ls+1 p
—1N\l—letpt1
% Z ( ) I—lg—4X (7) plle—48-5,
A=l5+1 p

(6) Let 3>1g. Then from (2.18), (2.11)—(2.16), (2.161), and (2.17) we get

From the above

PG 3 A

A=la+1

ls

E pl2+l3+l4—3)\ +
Amlat1

-1

<7

A
) Pl 4
p

(2.20)

expressions for x one can get the corresponding for-

mulas stated in the lemma in the cases where p = 1 (mod 4) and p = 3

(mod 4). O

Theorem. Let n = 2%m

p(n; f) =

=20uv,u= [[ p?,v= T[] p° Then
pln,pt2A pln
p|A,p>2
25a+3 5 o
NVIRE o[ —p% " osw.
plA  plA
p>2 p>2

Proof. Let p > 2, p? || n, pt A (i.e., I = 0). Then in (2.20), putting I = 0,

we get

&
Xp=1+0-p)) p™
A=1

P96 —
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B

B
— 1+ Zp—s,\ _pS Zp—s(,\—n _p 366 —
A=1 A=1

g g
=Y 0P =p Y p = -pT) )y d (221)
A=0 A=0 d|pP

For pt An, i.e., for § =0, from (2.21) we get

xp=1-p° (2.22)
Thus from Lemma 4, (2.21), and (2.22) it follows that
YA@=x ] [Iw=xI]xI]xw Il w=
q=1 plA  plA plA  pln  ptAn
p>2  p>2 p>2  pf2A p>2
—e[lo Il (a-r9Ya®) [Ta-p°=
plA  pln d|p® ptAn
p>2 pf2A p>2
=2 [[w][[a-pO][a-p1> d? =
p|A p>2 p|A d|u
p>2 p>2
26.3.5 v 1
=% e[ ][[a-p° 1505(% (2.23)
plA  plA
p>2 p>2

as it is well known that

[Ta-p=@-27%"1¢"6) =

p>2

26.3.5

76

Thus the theorem follows from (1.3) and (2.23). O
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