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CHARACTERIZATION OF A TWO-WEIGHTED
VECTOR-VALUED INEQUALITY FOR FRACTIONAL
MAXIMAL OPERATORS

Y. RAKOTONDRATSIMBA

ABSTRACT. We give a characterization of the weights u(-) and v(-)
for which the fractional maximal operator Mg is bounded from the
weighted Lebesgue spaces LP(I", vdz) into LI(I", udx) whenever 0 <
s<mn,l<pr<oo,and 1< g < oco.

1. INTRODUCTION

The fractional maximal operator M, of order s, 0 < s < n, is defined by

(M. f)(x) = sup {Q

"_1/ |f(y)ldy; Q cube with an}.
Q

The cubes considered always have sides parallel to the coordinate axes. Here
M = M) is the well-known Hardy-Littlewood maximal operator.

Our main purpose is to characterize the weights u(:) and v(-) for which
there is C' > 0 such that

r

H ST(M, i) () )1 (1.1)

q scH(Zﬁ;(-))l
L k

for all sequences of nonnegative functions (fx(-))x, with 1 < p,r < oo and
1 < ¢ < oo. The quantity || f(-)|[z¢, is defined as ([, |f(x)[*w(z) dz)t. For
convenience, (1.1) will often be denoted by M, : LP(I") — LL(I").

Such vector-valued inequalities are very important in many areas of ana-
lysis. For instance, they can be used to get weighted inequalities for other
operators [1], and they are also involved in the study of some functional
spaces [2].

Fefferman-Stein’s well-known inequality states that M : LY (") — LY(I")
for 1 < p,r < co. The one-weighted inequality M : LP (I") — LP (I") was

Ly
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solved by Andersen and John [3], and also independently by Kokilashvili [4].
In [5], a characterization of the two-weighted inequality M : L2(I") — LE(I")
is obtained by applying the extrapolation theory of J. Garcia-Cuerva and
Rubio de Francia and by adapting Sawyer’s method for the two-weighted
scalar inequality. For s > 0 it seems that only the boundedness M, :
LY(I™) — L4(I"), with p < ¢, was characterized by F. Ruiz and J. L. Torrea
[6].

Our necessary and sufficient condition for M : LE(I") — LP(I") is com-
pletely different from the one given in [5], since the approach is not based
on the extrapolation theory. We will use the atomic decomposition of tent
spaces introduced by Coifman, Meyer, and Stein [7]. Such a technique has
been introduced by the author in [8] to deal with

MOl e < CUFOly forall f() >0 (1.2)

which is a scalar version and particular case of inequality (1.1). For 1 <
p < g < 00, Sawyer [9] proved that (1.2) holds if and only if for some S > 0

(M~ 77 10) (Y g()||,o < S||(v" 7T 1g)(),, for all cubes Q. (1.3)

Here 1o(-) denotes the characteristic function of the cube Q. In other words,
(1.2) is true if this inequality is satisfied only for all particular functions of
the form f(-) = viﬁ()]lQ(-). So it can be expected that M, : LE(I") —
Li(1") if and only if (1.1) is true for all sequences fi(-) = viﬁ(-)ﬂgk().
In this paper (see Theorem 1) we are able to derive such a boundedness if
(1.1) is true for all fx(-) = )\kv_ﬁ(-)]le() with Ax > 0.

Our results are presented in Section 2. The next Section 3 is devoted to
their proofs except Theorem 1 and Proposition 8 whose proofs are given in
Section 4. The proofs of the basic lemmas are given in Section 5.

2. MAIN RESULTS

In this paper it is always assumed that 0 < s < n, 1 < p,r < o0,
1<g<oowithl/p—1/q<s/nand u(:), v(-), o(-) = vifil(-) are weight
functions.

Our main result, which can be seen as a generalization of Sawyer’s the-

orem quoted above, is

Theorem 1. Suppose that for some constant S > 0

(3 uoso 110,)0)16,0)')
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< SH(; (o™ 7T10,)()]")
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for all A\ and all cubes Qy; then My : LP(I") — Li(I"). Conversely, this
boundedness implies condition (2.1).

For the boundedness M : LP(I") — LP(I"), Theorem 1 is only interesting
when r < p. Indeed, by the interpolation theory for linearizable operators
[1], it is known that the vector-valued inequality M : LP(I") — LE(I")
becomes equivalent to the scalar inequality (1.2) (with p = ¢) when p < r
(see [5] for details).

Next we apply Theorem 1 to treat some particular cases for which p = gq.
These cases correspond to significant and critical (for s > 0) situations in
applications.

Corollary 2. Assume that w(-) is a weight function with w'=P(-) €
L}, (R",dx). Then M, : LY, ,(I") — L& (I") if and only if for some con-
stant C > 0

s

/ w(y)dy < C|QI*™ = for all cubes Q. (2.2)
Q

Corollary 3. Suppose that for some constant C > 0
NMw™FT)P() < Cv™ 7T (0);

u
then My : LE(I") — LP
M, : L2 (") — L e (7

(Mgwl—p")p

holds for any weight w(-) with w'~?'(-) € L} _(R™, dx).

loc

(
(

I"). In particular, the boundedness

Proposition 4. Let r < p and 1 < t < oo with 0 < s < min{Z%, 2}.

T pt
If for some constant C' > 0 (Msptut)%() < Cwv(:), then My : LP(I") —
Lr(I™). In particular, M : LZ(’M )l(lr) — LP(I") for any weight w(-)
sptwt t

with w'(-) € L}, (R",dx).

loc

The latter boundedness is a substitute for Fefferman—Stein’s well-known
inequality

/YMJﬂmmmmsc F (@) (Myw)(z)dz for all f() > 0.
n R
As proved in [5], it is possible to obtain a better estimate in the sense that
(Msptw)%() can be replaced by a smaller operator. But we do not go in
this direction.

In general, a condition like (2.1) is difficult to check for given weights w(-)
and v(+). So our purpose is now to examine this condition more thoroughly
for the case < p = ¢. A general condition which implies (2.1) can be
stated.
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Proposition 5. Letr < p and (2)' = E.. Then condition (2.1) is satis-

fied whenever, for a fized constant C' > 0 and for each g(-) € L(¥) (R", dx),
one can find G(-) € L) (R™, dx) such that

IGOM 2 g gy < 19O

and
/(MSUIIQ)T(x)u%(a:)g(x) deC/ ov (z)G(z)dz for all cubes Q. (2.3)
Q Q

As mentioned above, C. Pérez [5] has recently proved that M : LE(I") —
LE(I") is equivalent to (2.3). For s > 0 it is also expected that (2.3) is
equivalent to our condition (2.1), but this fact is not needed for the sequel.
Proposition 5 was inspired by the results of [5].

Obviously, (2.1) implies Sawyer’s condition (1.3). As for (2.3), it is
strictly contained in (1.3), since, by duality,

(/Q(MSUILQ)p(x)u(x) d;v); _ /Q(MSJHQ)T(IE)U;(QS)Q(QU) d

/QUZ(:E)G(;E) dr < (/Qa(x) dx>;

for some g(-) € L(7) (R™, dz) with the unit norm.

However, to get the boundedness M, : LP(I") — LE(I") it would be
desirable to have a sufficient condition whose form is closer to (1.3) rather
than to (2.3) and (2.1).

and

Proposition 6. Letr < p. Condition (2.3) or (2.1) is satisfied whenever
for somet >1 and C >0

1
=

(GIJI /Q (Myollo) (2)u () dw)tlp < c(é' /Q o () dx) (2.4)
for all cubes Q.

Clearly, by the Holder inequality, (2.4) implies Sawyer’s condition (1.3).
Conditions like (2.4) or (1.3) are not useful for computations. Indeed, the
presence of the maximal operator M in the condition makes it difficult or
sometimes impossible to determine by computation whether M; : LP(I") —
L (I™) for given weights u(-) and v(-). Therefore it would be more preferable
to have a sufficient condition for this boundeness without using M. We shall
give an example.
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Proposition 7. Let r < p. Condition (2.3) or (2.1) is satisfied if for
someto >t > 1, and C >0

(i1 [t atonrar) ’ (g7 [0 ”%zso(ml2 / alwc)dac)i (25)

. 1_1 1
for all cubes Q; here 5 = T

By Proposition 7 the Muckenhoupt condition

(22' /Q u(z) d:c)

characterizes the boundedness M : LE(I") — L (I") whenever u(-), o ()€
RHy. Also, for o7 () € RHy we have M : LE(I") — LE(I") if for some
C>0andt>1

1 ' é i . i r
<|Q|/QU( )d) <Q|/Q (x)dx) < C for all cubes Q.

Recall that w(-) € RHy if sup,cq w(x) < Cﬁ fQ w(y) dy for a fixed con-
stant C' > 0 and all cubes Q. Other sufficient conditions for M, : LE(I") —
L3(I") which do not involve the maximal operator My can be found in [10]
(see also [5] for p = ¢ and s = 0). No more results in this direction are given
here, since our main purpose is to prove the characterization in Theorem 1.

We end with a necessary and sufficient condition for M, : LE(I") — L3 (I")
with special weights v(-). For this, recall that w(-) € RD,, p > 0, if for
some ¢ > 0

k-l

1 W
(/ o(x) dx) < C for all cubes Q
Ql Jo

//w(y) dy < c('%/||)p/Qw(y) dy for all cubes @', Q with Q' C Q.

Any doubling weight w(-) (and, in particular, any A., weight) satisfies the
reverse doubling condition RD,,.

Proposition 8. Suppose that for some constant A > 0

H<Xk: {)\MQki1</kv_pil(y)dy>ﬂcgk(-)y>i

1

§44H<2;[AavflﬂQJCﬂr)r

<
L3

for all cubes Qr, and A > 0. (2.6)

P
Ly

Then M, : LP(I") — L3(I") whenever v_ﬁ(-) € RD, with 1 — 2 < p.
Conversely, the boundedness My : LE(1") — Li(I") implies condition (2.6).
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Therefore for r < p and o(-) = viﬁ(-) € RD, with 1 — 2 < p we have
M, : LP(I") — L2 (1") whenever for somet >1 and A >0

(i o) (g o) <

1

Q

< A(é2| /Q o (y) dy> ' for all cubes Q. (2.7)

Theorem 1 can be seen as an extension of Sawyer’s result [9] for scalar
functions to vector functions. Note that, whenever s > 0 and 1 < p <
q < 00, for the scalar inequality (1.2) a better criterion than (1.3) has been
established by Wheeden for the Euclidean space [11] and by Gogatishvili and
Kokilashvili in a more general case, namely, for homogeneous type spaces
[12]. For this range of s, p, and ¢ it is interesting to find a criterion for
M : L2(I") — L2(I") which will replace condition (2.1).

3. PrROOFs OF COROLLARIES 2, 3, AND PROPOSITIONS 6, 7

To get M, : LP(I") — LP(I"), by Theorem 1 with p = g, it is sufficient to
estimate

1
=

o= H(Z De(Myolg,) (Vg ()]")

k

(3.1)

LP

by C||(Zk[)\k(o(-)]le)(-)]T)%||L5, for all sequences of nonnegative (Ag)g
and all sequences of cubes (Q)i. Here C' > 0 is a constant which depends
only on s, n, p, g, u(-), and v(+).

Proof of Corollary 2. Suppose that M : LE(I") — LP(I"). Take the sequence
of functions (fx(-))r defined as fo(-) = o(-)1g(-) and fr(-) = 0 for all
k # 0. Since v(+) = w'=P(-) and u(-) = o(-) = w(-), condition (2.2) follows
immediately.

To prove the converse statement, with the above values of u(-) and v(-),
condition (2.2) implies that (Mso)(-) € L>°(R", dz) and thus

: (since u(-)=o(+))

LP

SgC’H(;[Alek(,)]r)

()’

=CH(Z [Amc)an(-)}T)% (since o() =o(Jo()). O
k

P
Ly
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Proof of Corollary 3. To get the first part of the corollary, we write (3.1) as

S< H(E}; [/\kﬂQk(J]r)%

1 1
-

< CH(; . ])'| - CH@ o)1, 0)]")

The proof of the second part is trivial, since in that case v(-) = w(:) and
u() =o(-)(Msa)~?(-). O

Proof of Proposition 4. The second part of the proposition is an immediate
consequence of the first one if we take u(-) = w(-) and v(-) = (Msptut)%().

The first part is proved by assuming r < p, p = 2, 4/ = pfr and
again considering (3.1). By duality, there is a nonnegative function g(-) €
L* (R™, dx) with the unit norm such that

<

P
Lu(-)(Msa)p(-)

s/ [; No(Moo g, ) (@)1, (2)]u (2)g(2) da =

=Y N [ (Moo, @ (0)g(x) (3.2)
k Qk
The key to the proof is the existence of a constant C' > 0 for which

/(MSO'HQ)T(.’L‘)’Uj (2)g(z)dx < C’/JT(;E)(MSptut)ﬁ (z) (Mg”/)ﬁ (x) dz(3.3)
Q Q
for all cubes Q. Here M = M, is the Hardy-Littlewood maximal operator,
v =1t (>1), and v/ = -%5. By inequality (3.3) the rest of the estimate of
S" is
sT<Cy” AZ/Q 0" (@) (M) () (Mg” ) () dz = (by (3.3))
L k
= [ [E N0, @)]o" @0y @) (Mg")? ) da =
"k

~0 [ [t [roant o] oy o)<

<ccf [ [ENito. @]k @Mg")¥ (@) do <
k

(since  (Mgpruf)® () < Chu(-))

T 1
7

< CCE(/W {;AZﬂQk(x)}I:J(:c)dx>p(/n(Mg”,)’;',(x) da;)“ <
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1

gccfcg(/ [Z)\T]le ] ()dx)r</ngﬂ’(x)dm>‘”g

(by the maximal inequality theorem and since 1 < p//v/ or u<v)

T

(32 Dwemen0]") |

k

< CCP O,

LK (R™ 7d:v):1) :

(recall that |g|

To get (3.3) it is sufficient to use

(M g)() < (M) (-) (M g* )77 (-). (3-4)

Indeed, by Fefferman—Stein’s classical inequality and (3.4), we have

/(MSUHQ)T(JC)U (2)g(x) de < c/ Mot g) (@) do <
Q

A
T

<c /Q 0" (@) (M) () (Mg” )7 (x) dar.

Inequality (3.4) is an immediate consequence of the Holder inequality, since
1

|Q|/¢ dyS(Q 3 /Qdf(y)dy)i(a/Qw”’(y)dy)”

for ¢(-) = uE(-), Y() =g(), v =1t and v/ = -*5.

Proof of Proposition 5. Suppose condition (2.3) is satisfied. To get (2.1),
it is sufficient to estimate S” for r < p. Similarly to (3.2), consider a
nonnegative function g(-) € L* (R™, dx) with the unit norm. Then

STZA;/Q (Moolig, )" (z)ur (z)g(z)dz < (by (3.2))
k k

<C’Z)\T/ o7 (2)G(z)dz = (by condition (2.3))
e

[Zxkngk )| oF ()G () do <

.
< o(/R [Xk:x;an(@]io(@ dx);( 5 GH’@)dx)”l' <
< c(An[ZA;an(x)}fa(x)dx>;(/ngu’(x)dxy < (by (23))

r

(recall that [|g[|,. gn gy=1). O
Ly
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Proof of Proposition 6. Assume condition (2.4) is satisfied for some con-
stant C > 0. To get (2.3), let g(-) € L* (R",dz). The above notation
(w=2v=tE ... etc) is again used Let Cy > 0 be a constant asso-

ciated with the boundedness of M : L7 (IR{", dz) — Lv (R”,dz), and set

G()=Cy 7 (ng )7() Clearly, HG(')HL#'(R",dx) < ||g(')||LH’(R",dz) and
we obtain (2.3), since

@/Q(MSUHQ)T(w)U;(x)g(x) de <

(@ fpnoramerins) (3 o)
<cr(@| /Q o*<>[|| / /<y>dy}”l’dx)< (by (2.4))

gcT(@/Qa (2)(Mg"" )7 (z )d:c_C”’OT|Q|/ o7 (2)G(z)dz. O

Proof of Proposition 7. Assume condition (2.5) is satisfied for some constant
C > 0. To get (2.3), let g(-) € L* (R", dx) with pu = P, and take v =, £
with t; > 1. Choose G(-) as in the proof of Proposition 6. Here we use
the fact that M, : L*(R", |x|mdx) — LQ(R" da:) for all @ > 1. Let ta, §
with ¢; < t5 and % = % — —=. Then 1 = + pTQ + V,, and by the Holder
inequality we get the conclusmn since

ﬁ/(MSUlQ)T(x)ui(x)g(x) dz <

(o) o) (i )’
<o (@l / (lal*o ()7 dx) ” <@| /Q " (z) dx) (clz| (7 ) dy) "<

U=

B1s

4. PROOF OF THEOREM 1 AND PROPOSITION 8

Since My : LE(I") — L%(I") immediately implies condition (2.1), our
purpose in this section is to prove the converse. We shall state some basic
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lemmas and use them to derive the above boundedness.
As in the scalar case [9], the main problem is reduced to obtaining the

dyadic version of (1.1) denoted by M : LP(I") — L%(I") and having the

form

%

r

[(Zawro) 1 (a.1)

Lﬂ

= (Z0)

for all sequences of nonnegative functions (fx(-))x. Here C' = ¢S with ¢ > 0
depending only on s, n, p, and ¢;

(M ) () = sup {

3_1/Q|f(y)|dy; Q@ dyadic cube with @ 3 :1:}

To get M, : LP(I") — LI(I") we need three basic lemmas.

Lemma 4.1. Suppose that for some constant S > 0
H M (ME510,) ()1, ()] (3 P10,)0)))

LL k L2

u v

1 1
™ ™

s

for all sequences of nonnegative (A;)r and all sequences of dyadic cubes
(Qk)k, where o(-) = 5_;)%1(.), Then Mdve L%(lr) — L%(l’”) or, more
precisely,

1
T

(S ey )

k

<cS
2z

\(;ﬂ;(-))i

where ¢ > 0 is a constant which depends only on s, n, p, q, and r but not
on the weights v(-) and ().

LL

v

This leads to

Lemma 4.2. Condition (2.1) implies that
l

’(Z 7))
for all z € R™ and for all sequences of nonnegative functions (fx(+))r, where
(M f)(z) =
= Sup{|Q|fi1/ l[f(y)ldy; @3z and Q — 2z is a closed dyadic cubes}.

Q

<ecS

q

[(Semnro) (4.2)

P
Lv

The constant ¢ > 0 depends only on s, n, p, q, and r but not on the weights
v(-) and u(-). Here S is the constant appearing in condition (2.1).

This connection of this result with My : LE(I") — L4(I") is given by
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Lemma 4.3. For allr > 1 there is ¢ > 0 such that

1
G

S0 0] Sy [ [Demaro] e )

k [_2N+2)2N+2]n k

for all N € Z and all sequences of nonnegative functions (fi(-))x. Here the
truncated maximal operator ME, R > 0, is defined by

<M§f><x>=sup{|cz|i-1 /Q )l dy; Q> with |QF <R}.

Now let us see how these lemmas imply M, : L2(I") — Li(I"). Tt is
sufficient to get ME : LP(I") — L4(I") uniformly for all R > 0, since the
conclusion appears after using the monotone convergence theorem. Thus
let R > 0 such that 2V~1 < R < 2N for some integer N. Then

(| <l aro)
LY
< g [Zfok)()de <y (43)
[—2N+3 2N +2]n L
<o | H CMp Q)| e

[ 2N+2 2N+2

(by the Minkowski inequality)
1
(S #0)
k

The latter inequality is obtained after using (4.2) for which the constant
¢S does not depend on z. So the proof of M : LP(I") — Li(I") will be
completed after proving these basic lemmas, which will be done in the next
section.

<dS (by inequality (4.2)).

Proof of Proposition 8. The first part of this result follows from Theorem 1,
since under the assumption on o(-)

(M.010)()10() < e @1F ([ o)) |10

for all cubes @ and for a fixed constant ¢ > 0. The proof of this inequality
can be found in [8] (Proposition 2, p.93).

The second part is a consequence of Proposition 6 and the above inequ-
ality. O
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5. PROOFS OF Basic LEMMAS 4.1, 4.2, 4.3

Proof of Lemma 4.3. Inequality (4.3) is based on

C
<gmry [ CMg))ds forall )20, ()

[—2N+2 aN+2]n

(M2"g)(-)

where ¢ > 0 does not depend on N and g¢(-). This inequality was proved in
[9] (Lemma 2, p. 8). Consider a sequence of nonnegative scalars (ax); with

7y 1 N 1 N
(Xpap)” = 1 and such that (3,(MZ" fi)" (@) = S, (MZ" fi)(@)au.
Then inequality (4.3) appears after using (5.1), since

(Z(MSQka)r(x)); < Q"Tcﬂ%) / {Z(ZMsfk)(x)ak} dz <
k [—2N+2 aN+2]n k
< (2ak)” e / [ > CM ) @) dz =
k [72N+212N+2]n k
s [Zemare] e o
[—2N+2 oN+2]n k

Proof of Lemma 4.2. The key to deriving inequality (4.2) is that for some
constant ¢ > 0

1
T

[(Z gy @)’
k

<cS
Li(u(z—z)dz)

(5.2)
Lr(v(z—z)dx)

](ggum)f

for all z € R™ and all sequences of nonnegative functions (gx(-))r. Indeed,
with fx . (y) = fx(y — z) we have that

H(EijMsfk)T(:c)) Lq(u(x)dx):H(;<Mfwfk,z>r<x+z>)

- H(;uw;mfk,z>"<ac>)i
\(;f,:,xac)f
‘(;f,:u—z)f

1 1
T T

La(u(x)dx)

<
Li(u(z—z)dz)

= (by (52))
Lr(v(z—z)dx)

‘@fﬁ:(m))i

<cS

=cS =cS

Lr(v(z—z)dx)

Lr(v(x)dx)
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Now to get (5.2), by Lemma 4.1 with u(-) = u(- — z) and ¥(-) = v(- — 2), it
is sufficient to check that
1

(X utarea g, 010, @)))

k

< sH (X Pl @)]")

k

<
Li(u(z—z)dz)

1
r

(5.3)
Lr(v(z—=z)dx)

1

and all dyadic cubes (Qg)g; here o.(y) = o(y —2) = v 7 1(y — z). To
obtain this test condition, observe that

1
T

H (zk: (o-lg,)(@)]")
H(VIL; (ol (@)]")

Lr(v(z—z)dx)

1
p

Lr(v(x)dx)

and

1
T

La(u(z—z)dz)

(X noreo.10,) 1, )]")
k

1

T

<
La(u(z)dx)

— | (oo o) + 910 @))
k

1
T

S ‘

(X Mo, ) (@)1, (@)]")

k

L (u(z)dz)

With these observations, condition (2.1) (for all cubes) clearly implies the
test condition (5.3) (for all dyadic cubes). O

Proof of Lemma 4.1. 1t is sufficient to find a constant ¢ > 0 such that

\(;f;c)f

for all R > 0 and all nonnegative functions (fx(:)). Here (M&Ff)(z) =
sup{|Q|+ 1 fQ |f(y)|dy; @ is a dyadic cube with z € @ C]0,R["}. In-
equality (5.4) is based on

(5.4)

LP

H(Zk:(Mfy”’Rka(.))in]O,R[n(.)HLZ <8

Lemma 5.1. There is a constant ¢ > 0 such that for all (fi(-))k € LE(I")
one can find nonegative scalars (A\jk). ;, and dyadic cubes (Qjk)k,; satisfying

(MR i) (o, gpe () < Z A}%\ijl;% (MPolg,,) (g, () (5.5)
J
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for allr >0 and

1

(S5 210, (S0
k g

It is for the proof of such results that the atomic decomposition of tent
spaces is useful. Assuming Lemma 5.1 to be true, inequality (5.4) can be
derived as follows:

(S ey O 0)°
k

(5.6)

<ec
Ly

Ly

T

| DRCIEEAROTITC]
u k

aq
v
Lu

< || XD NIQule T (010, ) (Vg ()| 2 < (by (5:5)
E g

(ZZ/\§k|ij|;£0(')]lek(')>
kE J

(X el F10,0) |
ko J

< (since oP()v(-) =0o("))
LF
(X 70)
k

Here ¢ > 0 does not depend on R.

We are going to introduce the notions of tent spaces needed for our pur-
pose as in [8]. Our definitions will be slightly different from those introduced
in Coifman, Meyer, and Stein in [7], since we use the dyadic versions of the
spaces they defined. _

Let X =]0,00"—{(27';);} ((k;); € N"), and X = X x 2%. For each
couple (z,w) € X there is a unique (open) dyadic cube @ = @, containing
y and having the side length w = 27!, Let

q
T
Ly

1r
i

<sr = (by condition (2.1))

LP

1
=

:ST

1
=

< cS"

' (by (5.6)).
L

(y,w) € T'(x) if and only if z € Qyu- (5.7)
Also define
0= (U{T@); zea}) (5.8)
for each measurable set  C]0, co[™. Thus
(y,w) € Q if and only if Qyw C Q. (5.9)

Finally, define the functional A, acting on each measurable function fon
X by

(Asef) (@) = sup {| fy,w)l; (y,w) € T(x)}. (5.10)
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The following atomic decomposition Lemma was proved in [8] (Lemma 2,
p. 96).

Lemma 5.2. Let 0 < p < oo. There is C' > 0 such that for all functions

Gy, w = 27Y) with a support contained in m] and [|(Asg) ()|l Lz < oo,
one can find scalars A\; > 0, dyadic cubes Q;, and functions a;(y,w) which
satisfy the following conditions:

S
suppa; are disjoint and |a;(y,w)| < |Qjls p]la(y,w); (5.11)
J

) = SNy, w) aes (5.12)
J
SONIQlr 1o, () < CT(Ax@) () forall r>0.  (5.13)
J

Here Q[0, R] denotes the cube 0, R[", R > 0. Contrary to \;, Q;, and
a;j(y,w)’s, the constant C' > 0 does not depend on R > 0 and the function

9(y, w).
A fundamental observation is that

(M) () =
—sup{1Quul 7 [ 1500 Q30 and @€ (0.R)" | =
= sup{@(y, w)g(y, w); Quuw >z and Qu, C (]0, R))"},

T HQyuwlo = |Quuw|™ 1 o, () dz and

where &(y, w) = |Qyuw

- 2)o(z)dz i w) € O0.R
§(y,w)={(|)Qy§S|2 lo,., 9(z)o(2)dz if (y,w) € Q[0, R]

and g(-) = o7(*) f(-). Moreover,
(Axg) () < (Nog)() (5.14)

with (Nyg)(z) = sup{|QI;" [, l9(¥)lo(y) dy; Q dyadic with @ > z}. Con-
sequently, for 1 < p < oo,

(A Ollez < [(Neg) Mz < el p)lo™ () FOlley =
= c(n,p)[[f()llzz- (5.15)
The latter inequality can be obtained by interpolation, that is, by prov-
ing with the aid of the classical arguments that N, : L'(R", o(x)dz) —

LY (R", o (z)dx) and N, : L°(R", o(z)dz) — L= (R", o(z)dz).
Now we are ready to give
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Proof of Lemma 5.1. This result is essentially based on Lemma 5.2. Indeed,
if (fx(-))# is a sequence of nonnegative functions with ||(3°, fr(-))* | e < o0,
then, in particular, fi(-) € LP for each k. So by (5.15) the associated
function g (y, w) defined as above satisfies ||(Ascgr)(-)| Lz < co. Hence by
Lemma 5.2 one can find scalars A;, > 0, dyadic cubes @Q;x, and functions
ajx(y,w = 27!) satisfying the following conditions:

-

supp a; are disjoint and |a;x(y, w)| < \ng|a "1 _k(y,w); (5.16)

G (y, w Z%k%k y,w) ae.; (5.17)

ZA;k|ij\;p]lek(-) < C"(Asogr)"(-) forall #>0. 0O (5.18)
J

Let us check inequality (5.5). Since
for all (y, w) with « € Qy C Q[0, R] we have

W' (y, w)gp.(y, w Z&klagk (y, w)| < (suppa; are disjoint)

<ZM|QM|U |czyw|r1\c2yw|a 5, w)]" <
(by the definition of &(y,w) and (5.16))
<ZAJk|Q]k\a [1Qul NQirlelg (yw)]" =
(since by (5.9): Quuw C Qi)

= ZA Kl Qjklo” {(IQW 5*1/ o(2)llg,,(2) dz)iajk(%w)y <

yw

< Z )\gk|ij\;E(ngaaﬂij)T(x)llek(x) recall that 2 € Qyuw C Qjr.

In checking inequality (5.6) the main key is

ng )

where ¢ > 0 does not depend on the sequence (gx(-))i. Indeed, using (5.18),

1

, (5.19)

L
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(5.14), and the above inequality, we obtain
(0@t 10,0)7 | = Keuk 10,0,
kg o kg
S Awdi) ), (3 (A ()
k k

(ggm)

T

IN

2
T
o

1
s

<cr

2 =0C"
=

<

»
Ls
1T
P

<cr

Ly

(;wggw(-))iulg <(cCy
(T 50)
k

since g() = o' (-) fu() and o P(-) = v(-).

The boundedness (5.19) can be obtained by using the same classical
arguments [1] as for My : LY(I") — L{(I"). Indeed the main points are
(5.15) and Fefferman—Stein’s inequality

= (cC)’

)

p
L’U

/ (N, ) (z)g(x)o(x)dx<c | fT(z)(Nyg)(x)o(z)dz, 1<r < oo, (5.20)
n ]Rn

where ¢ > 0 is a constant which does not depend on the nonnegative func-
tions f(-), g(-). Similarly to (5.15), inequality (5.20) can be obtained by
interpolation, since N, : L®[R"™, (N,g)(z)o(z)dz] — L*®[R", g(x)o(x)dx]
and N, : LYR", (Nyg)(x)o(x)dx] — L'*®[R" g(x)o(z)dz]. In this last
boundedness no doubling condition () is needed, since we work with
dyadic cubes. By (5.15) it is clear that N, : L2(I?) — LE(I?). And since
N, : LE(I°) — LE(I*°), by interpolation [1] we get inequality (5.19) for
p < r < oco. The corresponding result for 1 < r < p can be obtained by
duality using inequality (5.20) (see also [1] for details with the nonweighted
case My : LY(I") — LY(I")).
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