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APPLICATION OF ANALOGUES OF GENERAL
KOLOSOV-MUSKHELISHVILI REPRESENTATIONS IN
THE THEORY OF ELASTIC MIXTURES

M. BASHELEISHVILI

ABSTRACT. The existence and uniqueness of a solution of the first,
the second and the third plane boundary value problem are consid-
ered for the basic homogeneous equations of statics in the theory of
elastic mixtures. Applying the general Kolosov—Muskhelishvili rep-
resentations from [1], these problems can be splitted and reduced to
the first and the second boundary value problem for an elliptic equa-
tion which structurally coincides with the equation of statics of an
isotropic elastic body.

INTRODUCTION

Analogues of Kolosov—Muskhelishvili representation formulas were ob-
tained in [1] for equations of statics in the theory of elastic mixtures. These
formulas have various applications. In this paper they will be used to re-
duce the first, the second and the third boundary value problems of statics
in the theory of elastic mixtures [2] to the first and the second boundary
value problem for an elliptic equation which structurally coincides with an
equation of statics of an isotropic elastic body. It will be shown that the
theory and methods of solving the boundary value problems developed in
[3] can be extended to the plane boundary value problems of statics in the
theory of elastic mixtures.

8 1. FIRST BOUNDARY VALUE PROBLEM

As is known [2], the first boundary value problem is considered with a
displacement vector given on the boundary. To split this problem we have
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to use the general representations of displacement vector components [1]
having the form

= ) () R AR RE

s + s =ma1 (2) + mapa(2)+ 3 [1595(2) + 3 (2)] + a(2).

where u = (u1,uz2,us,u4) is a four-dimensional displacement vector; ¢1(2),
wa(2), ¥1(2), ¥a2(2) are arbitrary analytic functions, and

l l l
m1=€1+§4, m2=62+§5, m3:63+§67
L= %, Iy = —i’ I3 = ﬂ, dy = ajas — ¢* > 0,
d2 d2 d2 (12)
as + b c+d ay + by
1+ g 4 2+ 15 4 3+l 4

dy = (ay +b1)(ag +ba) — (c+d)* >0

the coefficients aq, b1, as, ba, ¢, d are contained in the basic homogeneous
equations of statics in the theory of elastic mixtures which are written as [1]:

a1 Au’ + by grad 0’ + cAv” + dgrad §”’ = 0,

1.3
cAu' + dgrad 0’ 4 as Au” 4 by grad " = 0, (13)

where v = (u1,usg), u”

mixture and

= (ug,u4) are partial displacements of an elastic

0 =diva/, 0" =divu”. (1.4)

To reduce the first boundary value problem of statics in the theory of
elastic mixtures to the first boundary value problem of statics of an isotropic
elastic body we rewrite (1.1) as

U1 —+ XU3 + i(UQ —+ XU4) = (m1 —+ Xmg)gol(z) + (mg + Xmg)gag(z) —+
2 [l + X)) + (s + XUo)h ()] + 61 () + X2 (), (15)

where X is an arbitrary real constant. We define the unknown X by the
equation

mo+ Xmg 5+ Xlg
m1+Xm2 - l4+Xl5

(1.6)
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Using the formulas [1,2]
2A0e1 = lsma — lyms, 20¢e3 = lama — lsma,
20pes = lgmo — lsms, 20geq = lymo — lgma, (1.7)
Ao =mymgz —m3 >0
and their equivalent formulas
Soe1 = 2(agby — cd) + biby — d?,  Soez = 2(day — cby),
Soez = 2(day — cby), Soeq = 2(ar1by — cd) + byby — d?, (1.8)
S0 = (2a1 + b1)(2az + by) — (2¢ + d)* = 4A¢d1ds > 0,
by (1.6) we obtain the quadratic equation with respect to X
£2X?% — (g4 —e1)X —e3=0. (1.9)
Note that €5 and €3 do not vanish simultaneously. Indeed, if the equality
g9 = €3 = 0 is satisfied, then by virtue of (1.8) we obtain

by d b
22 (1.10)

ai ¢ as
The constant A # 0, since for A = 0 equality (1.10) implies by =d =by =0
and (1.3) gives
i Au' +cAu’ =0, cAv + arAu” =0.
Hence, taking into account that do = ajas — ¢ > 0 [2], we have
Au' =0, Au’ =0.
Thus we have obtained a trivial case of an elastic mixture.
Now, substituting (1.10) into (1.3), we have
a1 (Au’ + Agrad0') + c(Au” + Agrad §”) = 0,
c(Au' + Agrad 0') + ax(Au” + Agrad §”) = 0.

Hence, again taking into account that ajas — ¢ > 0, we find
Au' + Agrad@ =0, Au’+ Agradf” =0, (1.11)

i.e., we have splitted the first boundary value problem. For «' and u”
the splitted problems are investigated by the same technique as the first
boundary value problem of statics of an isotropic elastic body. Since 1+ \ =
% = % > 0, equations (1.11) are elliptic.

Thus we have shown that 5 and €3 do not vanish simultaneously.

In what follows it will be assumed that 5 # 0. This assumption can be

made without loss of generality. Indeed, if €3 # 0 and e = 0, then equation
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(1.9) has only one root, which is not sufficient for our further investigation.
So we have to combine (1.1) and (1.5) as follows:

uz + Yuy + i(U4 + Yug).
By repeating the above arguments we obtain the quadratic equation
€3Y2 — (64 — 51)Y = 0,

which yields

€4 —&1
Y1=0, Yy, = .
€3

Thus we have derived two roots, which enables us to accomplish our task.
It is important that the roots of equation (1.9) be real values. The
discriminant of equation (1.9) can be written as

(54—51)2+4€2€3 = { [ag (da1 — Cb1)+(11 (dag — Cbg)]2+d2 (a1b2 — a2b1)2 }

5(2)0,1 ag
The latter expression vanishes only if conditions (1.10) are fulfilled. In what
follows this trivial case will be omitted.

Thus equation (1.9) has two different real roots:

e4 — €1+ /(64 — €1)% + 4eges
262 ’
€4 — €1 — \/(54 —e1)2 + deges
2&‘2 '

X1

(1.12)
Xy =

Rewriting condition (1.5) for X; and X, separately, we have
uy + Xyus + i(ug + X1ug) = (my + Xima)p1(2) +
+ (ma + X1m3)pa(z) — krz[(m1 + X1ma)ef (2) +

+ (ma2 + X1m3)ph(2)] + ¥1(z) + X1¢a(2),
uy + Xous + i(u2 + Xaug) = (m1 + Xoma)p1(2) +

+ (ma + Xamg)pa2(2) — kaz[(m1 + Xama)¢) (2) +
+ (M2 + Xama)eh(2)] + 1 (2) + Xota(2),

(1.13)

where we have introduced the notation

ls + Xl

k. — _ J =
J 2(m1 —|-ij2)

. =12 (1.14)

By virtue of (1.7) and (1.9) we readily obtain

kj=e1+ Xje0, j=1,2.
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Therefore k1 and ko have the form

2k1 = €1 +¢e4 + \/(64 — 81)2 + deqeg,

(1.15)
2ky = €1 + €4 — \/(54 — 61)2 + 4eqeg.
Introducing the notation
ur + Xjus :vgj), Uz + Xjuy —’U(j) (1.16)
(m1 + Xjma)p1(z) + (m2 + Xjms)pa(z) = ©;(2), (1.17)
Y1(z) + Xja(z) = ¥5(2), j7=1,2, '
we can rewrite (1.13) as
o v = j(2) — k2@ (2) + U5(2), j=1,2, (1.18)

where ®1(z2), P5(2), ¥1(z), Ua(z) are new analytic functions.
Note that structurally (1.18) coincides with the general Kolosov—Mus-
khelishvili representation for displacement vector components.
It is obvious by (1.16) that if uq, us, us, us are given, this will mean that
(J) (J)

véj), j= 1,2, are found, then

and vy, j = 1,2, are given, too. It is likewise obvious that if v%j ) and

" —ngil) + X1v§2) v —szél) + leéz)
1= ) 2 =
X —X X - X
P P (1.19)
o ,U§1) _ v§2) . Uél) - Uéz)
X - Xy X Xy

(1.17) immediately implies that when ®;(z) and ¥,(z), j = 1, 2, are known,
we can define 1(z), a(2), ¥1(z), ¥2(2) uniquely and write them as

7(m2 + Xgmg)q)l(z) =+ (mg —+ leg)(I)Q(Z)

(pl(z) = (Xl — X2)AO 5
~(my + Xoma)®@1(2) — (m1 + X1ma)Pa(2)
p2(z) = X~ Xa)A ; (1.20)
—XoU; + X1V, Uy — Uy
P1(2) = XX, Ya(z) = X, — X,

Next, we shall show which equation is satisfied by the vector o) =
(v%j) (J)) j =1,2. Let this equation have the form

Av) 4 M, grad div v =0, j=1,2, (1.21)

and define M, depending on ;.
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By simple calculations we find from (1.18) that
dive?) =2(1 — kj) Re ®(2), Avl)=—4k;Re®”(2), Avy’ =4k; Im@"(2).
After substituting the latter expression into (1.21) we obtain

2k; )
M; = =k ji=12. (1.22)

Therefore we have proved that the vector vl/) = (v%j ),véj )) defined by
(1.18) satisfies equation (1.21) if M, is given by (1.22). It will be shown
below that |k;| < 1, 1+M; > 0, j = 1,2. The latter inequality is a sufficient
condition for system (1.21) to be elliptic.

Thus in the theory of elastic mixtures the first boundary value problem
for an equation of statics is splitted, in the general case, into two problems
for equation (1.21) which structurally coincides with an equation of statics
of an isotropic elastic body.

Similarly to the first boundary value problem for an equation of statics
of an isotropic elastic body [3] we can derive here an integral Fredholm
equation of second order for equation (1.21) using the boundary conditions

Indeed, if we define the functions ®;(z) and ¥;(z), j = 1,2, from (1.18) by
means of the potentials

®;(2) 1/ng(<)%d8’

~ omi

_ (1.24)
1 _ Olno k; 4 0 £
V;(z) = %/SQJ'(C)@@—%/Sgy(ﬁ)as(y)adsv
then ) 5 1
T =5 [ 5055075

and

Dy L [y O ok [ O o

vy +ivy’ =5 ng(g) 55(3) In Eds—l—Z;i/ng(C) 5(3) —ds. (1.25)

In (1.24) and (1.25) g;(¢) are the desired functions of the point { =
Y1 + 1y2, where y; and y, are the coordinates of the point y € s, 0 = 2 — (,
oc=2—C(, z=x1 + ixg, and

0 0 0
95(y) = n1(y)87y2 - ”Q(y)@’ (1.26)

where n = (n1(y),n2(y)) is the external (with respect to the finite domain
D) normal unit vector at the point y, while s is the Lyapunov curve.
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Passing to the limit as z — t € s, externally or internally, to define g; we
obtain the integral Fredholm equation of second kind

1 0
0,(0) + 5 /%(%s(y) s+
a s
+—/ e Cds Fy(0), (1.27)
where
Fi(t)=fi+X;fs+i(fo+X;fs), j=12, (1.28)

and fi(t) = (up)*, k=T1,4.

Equations (1.27) have a simple form and are very helpful both for theoret-
ical investigations and for an effective solution of the first boundary value
problem. These equations actually coincide with the Sherman—Lauricella
equation [3].

Let us investigate the parameters k; and ko in (1.27) which are defined
by (1.15).

Formula (1.15) gives rise to

ki +ky =61 +ea, kiky =e164 — 263, (1.29)
which implies

1—ki14+1—ky=2—¢1 — ¢y,

1.30
(1—]{:1)(1—]{52):1—51—€4+€1€4—€2€3. ( )
By easy calculations it follows from (1.8) that
(50(51 + 54) = 2(@1()2 + asby — 2¢d + b1by — d2),
(1.31)

50(6184 — 6253) = blbg — d2.

Substituting the latter expression into (1.30) and performing some simple
transformations, we obtain

2
1—ki+1—ky= 5 {4A1—3/\5(M1+M2+2M3)+
0

1
T (bs — ) [
+d2(b1 = X5)(ba = X5) + (b1 = As) (b2 = As) — (d + A5)?)] }
ai(ba — As)

2(arb —2cd+byby—d?
(1= k)1 — ky) =1 — Haabatashs — Thiby=d) |
0

by — Xs) —c(d + X\3)]2 +

, (1.32)

biby —d?  4d
b —d”_ ddy
do do
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Since the potential energy of an elastic mixture is positive definite [2],
we have
Ay =pipo —p3 >0, A5 <0, p1+ ps+2u3 >0,
do = ajas — A= A — /\5(/11 + o + 2[1,3) > 0, (133)
a1 >0, by—X5>0, (b1 —Xs)(bs = As) — (d+ Xs)* > 0.
With (1.33) taken into account, (1.32) implies that the sum and the product
of two values 1 — k; and 1 — ko are greater than zero. Hence we conclude

that each value is positive.
Therefore

ki < 1, ko < 1. (134)
In quite a similar manner, with (1.15) taken into account, we obtain

1+ki+1+k =241 46y,

(14 k)1 +ke)=1+e1 +e4+e184 — €263.
Now using (1.31) and performing cumbersome calculations, we derive
2
do
+2[(b1 — As) (b2 — As) — (d+ As5)?] +

(311 — As) (b2 — As) — (Buz + As)(d + As)]* +

Lk +1+ ks = {4A1—>\5(m+,u2+2u3)+

1
31 — As) (b2 — As)
n [(b1 = As) (b2 — As) — (d 4 X5)?](Bp1 — As)(Bua — Xs) n
(3p1 — As) (b2 — As5)
+3(d + X5)?[BA1 — As(pa + p2 + 2u3)] }a

pa(be — As) + p3 y
by — As

(1 (b2 — As) — pa(d + As)}z}-

T

4
14+ k)Q+ ko) = m{(al +b1)A +

% [(br = 2s) (b2 = Xs) = (d+ Xa)?] + =

Hence, as above, we conclude that 1 + k; and 1 + k5 are greater than
zero, 1. e., which together with (1.34) leads to

—1<kj<1, j=12 (1.35)

It is interesting to note that for the parameter ki one can obtain a more
narrow change interval. Indeed, by virtue of (1.32) formula (1.22) for j =1
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can be rewritten as
2k1(1 — ke)do

4dy
By virtue of (1.15) and (1.31) the latter formula takes the form

Cleg -+ a2b1 — 2cd

M, = — 4
1 2, 4d2\/€4 €1)? + deges,

M,y =

which implies

1 a1(62 — )\5) + ag(bl — )\5) — 2C(d+ A5)A1

M, + - =
1ty 2ds
+6—O (€4 —€1)? +4e2e3 >0
1d, 4 1 2€3 .
Thus we have obtained
1
My > —3 (1.36)

Using now (1.22), it is easy to establish that k1 > —3 and thus we obtain
the interval

ky € ] - %1[ (1.37)

Note that though inequality (1.36) does not hold for Ms, we can rewrite
M, similarly to M; as follows:

albg + a2b1 — 2cd

My = — 4 .
2 2, 4d2\/€4 €1)? + 4ege3
Applying (1.35), we find from (1.22) that
1+k;
14 M, = fk >0, j=1,2.

Therefore equation (1.21) is elliptic.
Let us now rewrite (1.21) as

Av + M graddive = 0. (1.38)

where v = v, j =1,2, when M = M;.
For equation (1.38) we introduce the generalized stress vector [2]:

» ov 0 0
Tv—(l—l—%)a——i—(M %)ndlvv+%s<a—:j—a—2)
where n = (n1,n2) is an arbitrary unit vector, s = —(ng,n1), and > an

arbitrary constant.
For the generalized stress vector we choose a particular case with » =
M

M+2°
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Then % = N and the Green formula for the finite domain Dt and the
infinite domain D~ will respectively have the form

N(v,v)dy1dys = / vNw ds, (1.39)
D+ S

N(v,v)dy1dys = —/ vNwv ds, (1.40)
D- s

where

2
M+17/0v;  Oua\2  (dv;  Dug)\2
vl o) Ga) o

For equation (1.38) 14+ M > 0, which means that N(v,v) defined by
(1.41) is positive definite.

Formulae (1.39) and (1.40) hold when v is a regular vector [2]. Moreover,
for the infinite domain D~ the vector v satisfies the conditions

Ov 9
v =0(1), T O(R™), k=12,

where R? =y} + y3.

The operator N plays an important role in the investigation of the first
boundary value problem.

Our further discussion and effective solution of the first boundary value
problem proceed exactly in the same way as for an equation of statics of an
isotropic elastic body.

§ 2. SECOND BOUNDARY VALUE PROBLEM

The second boundary value problem is investigated with the vector Tu
given on the boundary. The projections of this vector are defined as fol-
lows [1]:

(T = i(Tun = 55 { (A1 = D)+ Aan() +
+ z[B1¢) (2) + Bagh(2)] + 2um ¢ (2) + 2,1131?2(2)}7 21)
(T = i(Tu)s = 5 { Avor () + (s = 2a(e) +

+ 2[Boii () + Bigh ()] + 241301 (=) + 2p22(2) |
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where ¢ (z) and ¥ (z) ( = 1,2) are arbitrary analytic functions; the con-
stants A and By (k = 1,4) have the values:
as +c¢
Ay =2(pamy + pzmg) = 2+ By + 2X5 2d2 , B1 = pily + psls,
a1 +c¢
Ag = 2(p1mag + p3ms) = By — 2)5 1d B2 = pls + psls,
o er . (2.2)
Az = 2(u3my + pama) = Bz — 2X5 & Bs = pgly + pals,
ay +c
Ag =2(usma + poms) = 2+ By + 2X5 A By = psls + pals,

the operator a%(m) is defined by (1.26).
Representations (2.1) can be rewritten equivalently as

Fy —iF1 4+ c1 = (A1 — 2)p1(2) + Azpa(2) +

+2[B1¢}(2) + Bawh(2)] + 2p1t1(2) + 2312 (2), (2.3)
Fy —iF3 +cy = Azp1(2) + (A4 — 2)p2(2) +
+ 2 (B3¢l (2) + Bawh(2)] + 2p311(2) + 2u22(2),
where ¢y and ¢y are arbitrary constants and
S(z) o
Fy, = /o (Tu)rds, k=1,4. (2.4)

Now we combine (2.3) as follows:
B+ XFy—i(Fi+XF3)+ce1+Xeo= (A1 —2+ XA3)p1(2) +
+[As + X (As — 2)]ipa(2) + 2[(B1 + X B3) ¢ (2) +
+(Bs + XB)@h(2)] + 20 + Xpia) b1 (2) + 2(us + Xpia)ha(z), (2.5)

where X is the unknown constant value.
Define X by the equation
By + X By As + X(Ay —2)

= . 2.
B, + XBs A -2+ XA, (2:6)

Using the notation [2]

Hy = B1(2— Ay) + BoAs, Hy = B1As+ B2(2 - Ay),

2.7
Hs 233(2—A4)+B4A3, H4:BgA2+B4(2—A1), ( )

we can rewrite (2.6) as

H3X? — (Hy — H,)X — Hy = 0. (2.8)
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By substituting the coefficients from (2.2) and (1.2) into (2.7) we obtain,
for Hy (k =1,4), the new expressions

Hy =—-Ax+ s [(a1 + ¢)As + (a2 + ¢)(As — 2)],

do
Hy — 225 (a1 +¢)(2 — A1) — (a2 + )4y,
2/\25 (2.9)
Hy = 2 [(az + )2 = A1) = (a1 + )43,
Hy=—Ay — 27/\25 [(a1 +¢)(2 = A1) — (a2 + ¢)As],
where
AQ = (2 - Al)(2 - A4) - A2A3> (210)

H1 + H3 = —AQ, Hg + H4 = —Ag.

We shall show that the condition As # 0 is fulfilled. To this end, using
(2.2), we rewrite Ag as

A= (Bi+ 2A5a2dj Y (Bi+2x aldj %) -
(B 225" jc) (Bs - 22 Qde )=

2
:BlB4—Bng—|— d725 [(al +C)(Bl +B3)+(CL2 +C)<BQ+B4)] . (211)

Note that, by virtue of (1.2), from (2.2) we readily obtain
biby — d?

Bi1By — BsB3; = A 2.12
14 2D3 1 d1d2 ) ( )
1
B1+ B3 = —j(blbg —d? + asby — cd + das — Cbz),
! (2.13)

1
BQ + B4 = _Il(ble — d2 + a162 — Cd+ da1 - Cbl).

Using the identity
(a14c) (a2b1 —cd+das—cby)+(az+c) (a1b2 —cd+day —cby) = da(by+b2+2d),

which is easy to prove, and taking into account (2.12) and (2.13), expression
(2.11) can be rewritten as

Aodidy = [Al — 2)\5(CL1 + a2 + 26)] (blbg — d2) — 2)\5d2(b1 + by + 2d) =
= [Al — 2)\5(&1 +as + 20)] [(bl - )\5)(1)2 — )\5) - (d + )\5)2] —
—)\5(1)1 + by + Qd)Al. (2.14)
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Since dy > 0, da > 0, A5 < 0, a1 +az +2¢c = p1 + po + 2u3 > 0,
(b1—>\5)(b2—>\5)—(d+)\5)2 > 0 and by +bo+2d = blf)\5+b27)\5+2(d+)\5) >
0, we have Ay > 0.

Now we shall show that Hy and H3 do not vanish simultaneously. Indeed,
if it is assumed that Hs and Hj vanish simultaneously, then for A5 # 0 and
dy # 0 (2.9) will imply (a1 +¢)(2— A1) — (a2 +¢)A2 =0, (a2 +¢)(2— A4) —
(a1 + C)Ag = O, i. e.,

a2+c_2—A1 Az

a1 +c¢ AQ - 2 — A4 '
Hence we conclude that As; = 0, which is impossible.
Without loss of generality we can take H3 % 0. This can be shown in the
same manner as a similar statement in §1.
By solving equation (2.8) we obtain

H,

Xi=1, Xp=-3F = Ho (2.15)
Rewriting now (2.5) for X; and X» separately, we have
Pyt Fy—i(Fy+F3)4c1+ca=®(2)+29 (2)+9(2), (2.16)
FodHoFy—i(Fy+ HoFs)+c¢1 4+ Hoco = o (2) +ko2®) (2) + U (2), (2.17)
where
ko = ﬁ;—%, (2.18)
and the functions ®(z), U(z), ®o(z), ¥o(z) are defined as
®(z) = (B1 + B3)e1(2) + (B2 + Ba)pa(2),
@(2) = (A1 -2+ Hods)or () + (Ao + HAs—2H)pa(2), )
W(2) = 2(u1 + p3)¥1(2) + 2(ps + p2)b2(2), (2.20)

Wo(2) = 2(pu1 + Hopa)1(2) + 2(ps + Hopz)ba(2).
We next substitute the value of Hy from (2.15) and the values of Hy and

Hj from (2.7) into (2.18). After performing some simple transformations
we obtain
Aq(b1by — d?)
kg = ————.
Agdldg
Let us show that the value of kg lies in the interval | — 1, 1[. Indeed, using
(2.14), from (2.21) we have

(2.21)

1 — ko — Agdldg — Al(blbz — d2) N
0= Aodydy -
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(b1 +ba+2d) A1+ (a1 +az+2¢)[(b1 —As) (b2 —A5) — (d+X5)?]

5 Aodyds ”
Hence kg < 1. (2.21) now readily implies
2
14+ky= —-+ [(bl —X5)(ba — X5) — (d+ /\5)2].
Agdy
Thus we have found that
—1<ky<1. (2.22)

Note that Hy # 1. Indeed, if Hy = 1, then (2.18) implies ky = 1, which
is impossible because (2.22) holds.

After ®(z), Po(z), ¥(z) and ¥o(z) are found, using (2.19) and (2.20) we
define i (z) and ¥(z), k = 1,2, uniquely, since the determinants of the
respective transformations are equal to (Hp — 1)Aq and (Hg — 1)A;.

Applying arguments similar to those used for representation (1.18), the
desired functions ®(z), ¥(z), ®o(z) and ¥o(z) from (2.16) and (2.17) must
be sought for in the form

5(:) = 5 [ OG5
V) = 5 [ 0055+ g [ Q)5 Sas

2mi 0s(y)
B0 = 57 [ (O 5

1 dlno ko 0 Z
Uo(z) = 5 l/go(C)as(y)dSer SQO(C) ;ds-

In that case (2.16) and (2.17) can be rewritten as

1 0 o
Fo+Fy—i(F1+ F3)4+c1+c= o Z/Q(C)mln:ds—
1 — 0 o
_ 7 Z4s,
i /Sg(oas(y)E y (2.23)

FQ + HOF4 — ’L(Fl + H()Fg) +c + H()CQ =

~ 5 [ O 3% [ @5

Now passing to the limit in (2.23) as z — ¢ € s, internally or externally,
to define g and gy we obtain the integral Fredholm equations of second

order:
1 0  t—¢
+g(t) + 57 /SQ(C) D5(y) In ﬁds -




GENERAL KOLOSOV-MUSKHELISHVILI REPRESENTATIONS 15

ds = f(t), (2.24)

1 d —¢
_Lg 90(C) 0 t_gds:F(tL (2.25)

where

. +
ft) = [Fo+ Fy—i(FL 4+ F3)] " +c1 + e,
F(t) = [Fo + HoFy —i(Fy + 15’01[73)]i +c¢1 + Hyes.

One can investigate equations (2.24) and (2.25) in the same manner as
the equation of the basic biharmonic problem and the first boundary value
problem of statics of an isotropic elastic body [3].

Thus the second boundary value problem of statics in the theory of elas-
tic mixtures is reduced to the second and the first plane boundary value
problem of statics of an isotropic elastic body.

§ 3. THIRD BOUNDARY VALUE PROBLEM

As is known [2], the third boundary value problem is considered with the
values ug — u1, ug — u2, Fy + F5+ c1, F1 + F4 + co, given on the boundary,
where ¢; and ¢y are arbitrary constants; uy, ug, us, uq are the projections
of the four-dimensional vector u, and Fj(x) (k = 1,4) is defined by (2.4).

By virtue of (1.1), (2.2) and (2.3) the conditions of the third boundary
value problem can be written as follows:

ug — uy +i(ug — uz) = (M2 —ma)p1(z) + (m3 — mz)wz(z) +
+ 2 (s = 1)L + (s — 15)h ()] + 0a(2) — i (2),

Fy+Fy—i(F1+ F3)+c1 4+ ca = (B + B3)pi(z) + (3.1)

+ (By + Ba)ga(2) + 2[(B1 + B3)¢h (2) +

+ (Bz + Ba)gh(2)] + 2(pu1 + pa3) i (2) + 2(pa + pa)ha(2)-

Introducing the notattion

(M2 —ma)p1(2) + (m3 — m2)pa(2) = P3(2),
Va(z) — P (z) = ¥s(2),

(B1 + Bs)pi(2) + (B2 + Ba)pa(z) = @(2),
2(p1 + p3)bn(2) + 2(p2 + p3)ha(2) = ¥(2),

(3.2)
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we obtain
Bs + B,)® — P
v1(2) :( 2+ B BA—:(mQ ms) )
—(B1 + B3)®3 + (mg —mq)®
pa(e) = LB £ Z )2, (33
o + i3 1 1+ s 1
= — R — 0 = R — U
¥1(2) 3 3+25 , Ya(2) 3 3+2ﬁ ;
where
mi + ms — 2me
Ag =20¢(a—B), a=—"———" [B=p1+p2+2us (3.4

Ao

and Ay > 0 is given by (1.7)

Since Ag > 0 and A = pype —p3 > 0, the constants a and 3 are greater
than zero. We shall show that Az > 0. For this it is sufficient to prove that
a— (> 0. By virtue of (3.4) and (1.2) we have

a1 +as+2c ay+as+2c+by+by+2d
2A0d2 2AOdl

a—pf= — (a1 +a2+2¢) =

1
= (57 [2(&1 + as + 20)(d1 + dz) + 2(b1 + bQ + 2d)d2 - (5(&1 + ag + 26)]7
0

where 0y is defined by formula (1.8) which can be rewritten as
0o = di + da + az(ay + b1) + a1 (az + ba) — 2¢(c + d).
Substituting this value of d§y into the preceding formula, we obtain
1
a—fB= 5 [2([)1 + by + Qd)dg + (a1 + az + 26)(b1b2 - d2)] .
0

Hence, after some simple transformations, we readily have

a—p3= %{(al + az 4 2¢)[(by — As) (b2 — As) — (d + Xs)?] +
—|— (bl —|— b2 —|— 2d) [2A1 — )\5((11 —|— ag —|— 20)] }

Thus we have shown that Az > 0.
Now, using (3.3), (1.7) and (2.2), we obtain
(s — 1a)#1(2) + (Is — Is)p5(2) = —2ksP3(2) —
2A¢ —

—A—g(al +eg— e —eq)P(2), (3.5)

where

B(b1bo —d2).

ks = 903, ds

(3.6)
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Let us show that the parameter ks changes in the interval | —1, 1[. Taking
into account the fact that the inequality As > 0 holds, performing some
obvious transformations and applying the formulae

bi+by+2d  (by +d)* + (b1 = As)(ba — As) — (d 4 Xs)?

1—ks= = >0,
3 Agdl (bl - )\5)A3d1
Lt kg = Bl(br — As) (b2 — As) = (d+ A5)?] + (b1 + by 4 2d) A, >0,
Agzdyids

we conclude that —1 < k3 < 1.
Taking into account (3.5) and substituting (3.2) into (3.1) we obtain

uz — u1 + i(ug — ug) = P3(z) — k3z®4(2) + ¥s(z) —

A
— e +e3 — ey — £4)2®/(2), (3.7)
As

Fy+Fy—i(F1+ F3)+c1+c=®(2) + 20/ (2) + U(2).

Applying the arguments of the preceding paragraphs, we must seek for
the desired functions having the form

1 Olno
®(z) = %/Sg(g)md57

_ 1 [ogdlmo, L 0 Cu
W) =55 /Sg(oas(y)d T i /59(088@) %

1 01
®3(2) = 5 [ (OG5 s (33
- 1 ——0lno kg 0 Z
V3(2) = Gy /893(0(9S(y)dS+ Gy SQS(C)&S( )Edsv
A o ¢
+ 27Ti0A3 (e1+e3—e2—¢e4) /S g(¢) 25(3) gds.

After substituting (3.8) into (3.7) and performing some simple transforma-
tions we obtain

. 1 0 o ks —— 0 o
U3z — Uy +'L(U4UQ)—ngg(C)%(wlngd$+2m/ggg(c)a9w)ads+

AO — 0 o
+ 2’/TiA3(€1 +€3_52—€4)/Sg(c)887(y)gd8,

. 1 0 o
F2+F4—Z(F1—|—F3)+cl+02—%/Sg(g)wlnids—

1 — 0 o
- /S o) gy 2
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Passing to the limit in this formula as z — ¢ € s, internally or externally,
to define g3 and g we obtain the integral Fredholm equations of second order

1 o t—¢ ks [—— O t—C
jZgz(lf)Jr2m./393(<)88(y>hlt_CdSJr2 /gS(C)a(y)t_gder
Ag — 0 t—(
s e —aa) [ 05 La= 0. 69
£+ 5 [ 0(0) 5t n—2ds -
1 [— 8 t—¢
_Qm‘/sg(oas(y)tgds F(t), (3.10)

where
F#)=[us—us+ius — u)] ", F(t)=[Fat Fy—i(Fy+F3)] " +c1+co.

Equation (3.10) is the integral Fredholm equation of the basic biharmonic
problem. By solving this equation and substituting the found value of g
into (3.9) we obtain the integral Fredholm equation with respect to the
desired function gz. This equation is investigated as the equation of the
first boundary value problem of statics of an isotropic elastic body.

Thus in the theory of elastic mixtures the third boundary value problem
of statics is splitted into two boundary value problems, of which one is the
basic biharmonic problem and the other is the first boundary value problem
of statics of an isotropic elastic body.
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