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A RADIAL DERIVATIVE WITH BOUNDARY VALUES OF
THE SPHERICAL POISSON INTEGRAL *

O. DZAGNIDZE

ABSTRACT. A formula of a radial derivative % Uy (1,0, ¢) is obtained
with the aid of derivatives with respect to 6 and to ¢ of the functions
closely connected with the spherical Poisson integral Uy (r, 8, ¢) and
the boundary values are determined for %L{f(r, 0,¢). The bound-
ary values are also found for partial derivatives with respect to the
Cartesian coordinates % Up, aiy Ur and % Up.

INTRODUCTION

0.1. Let the function F(X,Y,Z) be summable on the two-dimensional
unit sphere o with center at the origin. The Poisson integral corresponding
to this function F' will be denoted by Ur(x,y, z), where (z,y, z) is a point
in the open unit ball B bounded by o. This integral written in terms of
spherical ccordinates will be denoted by Uy (r, 0, ¢).

We shall represent the spehrical kernel of the Poisson integral P, by the
series (see, for instance, [2], pp. 335 and 143)

P.(0,6;0,¢) =1+ Z(Qn + 1)r" P, (cos 0) P, (cos ") +

n=1
S S (n _ m)‘ ’ ’
+2) (2n+41)r" ———= Ppm(cos0) Py (cos @) cosm(p — ¢'). (0.1)
; mz::l ()] 08 osm

0.2. In the case of the unit circle, the radial derivative of the Poisson
integral vy (r, ¢) for a function A € L(0, 27) and the derivative with respect
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to ¢ of the conjugate Poisson integral vy(r, ¢) are connected through the
equality

S o(.0) = ¢ L ().

As is well known, the above equality is based on the property of the func-
tion vy (r, @) + v, (r, ¢) to be analytic with respect to the complex variable
re®, 0<r<1,0< ¢ < 2m. The equality is immediately obtained from
the representations of vy (r, ¢) and U)(r, ¢) as the series

ua(r, @) = %O + Z r"™(a, cosnd + b, sinng),
n=1
oa(r, @) = Z r"(a, sinng — b, cosne)

n=1

since the exponent of r coincides with multiplicity of the polar angle ¢.
Moreover, if the conjugate function X is summable on (0,27), then the
equality vy (r,¢) = vs(r,¢) holds by virtue of Smirnov’s theorem ([3], p.
263; [4], p. 583). Therefore by the well-known Fatou’s theorem ([3], p. 100)
the radial derivative % vy (1, ¢) will have an angular limit at the point (1, ¢o)
if the conjugate function A with A(¢) € L(0,27) has the finite derivative
(M) (¢o) at the point gp.

It should be noted in the first place that there exists no analogue of the
theory of analytic functions of a complex variable in a three-dimensional
real space. In the second place, the exponent of r in series (0.2) differs
from the multiplicity of the polar angle ¢. Hence to obtain a formula for
% Uy (r, 0, ¢) we have to overcome some difficulties. That this is so is seen
from the fact that in the final result the products cos m¢ - Py, (cos ) and
sinmg - Py, (cos @) must remain unchanged after all transformations if we
want to remain in the class of harmonic functions; such an intention is
dictated by the problem itself. At the same time, the trigonometric sys-
tem (cosme,sinme¢) has some properties which the system (P, (cos(f))
does not possess. For instance, a derivative of the trigonometric system is
the same system to within a constant multiplier with respect to ¢. The
system (P, (cos(8)) does not possess the latter property! Furthermore,
the trigonometric system is bounded, while the system (P,;,,(cos(d)) is un-
bounded! These and other differences (for instance, the 2w-periodicity with
respect to ¢ and the non-m-periodicity with respect to ) between these two
systems make series (0.2) have different properties with respect to 6 and to
¢ (a similar observation is obviously true for series (0.3)). The same rea-
son accounts for different preconditions with respect to 6 and to ¢, which
are imposed on the boundary function f(6,¢) from equalities (0.2) and
(0.3). Nevertheless the system of spherical functions (P, (cos(),cosmde -
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Py (cos @), sinme - Py, (cosf)) is successfully used to solve many impor-
tant spatial problems of theoretical and mathematical physics as well as of
mechanics. Theoretical geodesics which studies the external gravitational
field of the Earth and other planets makes active use of the method of
Laplace series.

0.3. In what follows we shall use the representation of the spherical Pois-
son integral as a series (see, e.g., [5], p. 444)

Us(r,0,9) = aoo + Z anor" Py, (cos ) +

n=1

+ Z " Z (anm cos mo + by, sin mgb) P (cosb), (0.2)

n=1 m=1

coinciding with the Abel-Poisson mean values (A-mean values) of the fol-
lowing Fourier—Laplace series S[f] for the function f(6,¢) € L(R) (see, e.g.,
[5], p. 444):

S[f] = ago + Z ano Py (cos ) +

n=1
+ Z Z (anm cos Mm@ + by, sin mqb) Py (cos@). (0.3)
n=1m=1

The Legendre polynomials P, (z) and associated Legendre functions
Pom(z) figuring in these equalities are defined on [—1,1] by the following
equalities:

P (z) = ! d—n(Q—l)" =0,1,2 (0.4)
(@) = o o (@ , n=0,1,2,..., .
Pop (@) = (1 —2%)2 ™ de()— (0.5)
_ (1_x2)%m dn+m 9 "
~ pl2n dgntm (@ =1 (06)

1<m<n, n=1,2,...,

where (1 — xz)% is a non-negative value of the square root. Note that we
have P(x) = P,(z) and Py, (z) =0 for m > n.

0.4. The formula for %L{f (r,0,¢) will contain the functions U} and Z]}‘
which are allied with U, and defined as follows (see [6], §1). To the spherical
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Poisson integral Us(r, 6, ¢), f € L(R), given in the form of series (0.2) there

correspond the following functions allied with respect to 8 and to (8, ¢):

Us(r,0,0) = Z anoAnor" Py (cos ) +

n=1

+ Z r" Z A, (anm oS Mm@ ~+ by, sin mgb) Py (cos @) (0.7)
and
a}k (r,0,0) = Z r" Z Anm (@nm SIN M@ — by cOSMP) Py (cos ), (0.8)

where the numbers A, are given by the equalities

1 1
Apm, = + for 0<m<mn, n=1,2,.... (0.9)
n+m n—-—m-+1

Analogously, to the spherical Poisson kernel P,.(6, ¢; ', ¢') there correspond
the following kernels allied with respect to 6 and (6, ¢) (see [6], §2):

0,0;0',¢") Z (2n + D)Apor™ Py (cos 0) Py (cos 0') +

n—m)!
+2Z (2n + 1)r Z)\anX

><P (cos@) Ppm(cos ) cosm(p — ¢'), (0.10)
Pr(0,¢:0",¢') =
|
Jrznz1 (2n+1)r anmm
X Py (€08 0) Py (cos 0') sinm(é — ¢). (0.11)

Finally, for each function f € L?(R) there are functions f*(0,¢) € L?(R)
and f*(0,¢) € L?(R) allied with respect to # and to (6, ¢) respectively, such
that (see [6], §4)

Ui (r,0,9) = Us(r,0,9), L{f(r 0,0) = (7" 0,0). (0.12)
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§ 1. A RADIAL DERIVATIVE OF THE SPHERICAL POISSON INTEGRAL
AND KERNEL

Our aim now is to derive a formula for the radial derivative % Us(r,0,9)
of the spherical Poisson integral U (r, 8, ¢) for f € L(R), and also a formula

for % P,. At the end of the paper a formula for 60722 Uy (r, 0, ¢) will be given
too.

1.1. For the derivative % Us we have

Theorem 1.1. For every function f(0,¢) € L(R) the equality

0
2r 7Uf(’f',0,¢) +Z/{f(7’,97¢) — app =

or
e U(r&qﬁ)—l—cot&gb{(r(‘)qﬁ)—i—co‘cz&a Ui (r,0,¢) —
392 f a0 f g2 f
0
(%uf(re ,®) (1.1)

holds, where the allied harmonic functions Ui and Zj}‘ in the ball B are
defined by equalities (0.7) and (0.8).

By introducing the operator

2
To,p = L 2 (sm@g) +cot208— =

S0 00 0 947
02 o, o
ﬁ"‘(}ota% + cot 9?7 (12)

equality (1.1) can be rewritten as
0
27‘@ Uf(’ﬁ 97 (Z)) + Z/{f(’/‘, 0, ¢) — Qoo =

9 Z/lf(r 0,0). (1.3)

= TG,(bu; (T, 9, ¢) 6¢

Proof. From equality (0.2) we obtain

3} =~ .
rm Up(r,0,0) = an anoPp(cos ) +

n=1
+ Z nr'’ Z Gy, COSMQ + by SiN m¢) P (cosb). (1.4)
m=1

Our next aim is to find convenient expressions for nP,(cosf) and
nPym(cosf). If in equality (0.5) we replace P,(x) by its value from the
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equality
2n+1)Py(x) = Py (2) = Py (2), Poa(x) =0

(see,for instance, [2], p. 33, equality (34), or [7], p. 228, equality (7.8.2)),

then we obtain the relations

m d™
2+ V)P (w) = (1 = 2%) % [Pl (2) = Phy (0] =
1 mal dm—i—l
= (1—372) 2 |:(1—.’172) dzm+1 n+1( )_
mal dm+1
_ (1 _ $2) Pl anfl(x)il =

= (1=2?) "2 [Pos1mi1 (€) = Pactmra ()]

Hence

2n+ 1)P,(x) =

= (1 - xQ)ié [Pn+1,m+1(x) - Pn—l,m-‘rl(x)]a -I<z <1

Further, the differentiation of equality (0.5) gives

d mx gym d™
%an(ﬁ) 1 2( —m)2dszn(x)+
(1 _ x2)m;1 dm+t
(1- xQ)% dgml n(z) =
mex 1
= - an 7an .
Thus
d 1 me
— = — P,
dx i (2) (1—22)2 nm+1(2) 1— a2 ()
from which we have
. omx a1 d

(1.5)

(1.7)

Using the latter equality to define successively Py, 41.m+1(2), Ph—1,m+1 and

substituting them into (1.5), we obtain the equality

d

el
mx
+ 13 [Prtim(@) = Paim(®)]

(2n + 1) Py (x) = Pot1m(z) — Pn—l,m(fﬂ)] +

(1.8)
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which for £ = cosf and 0 < € < 7 can be rewritten as

d

(27?, + 1)an(COS 0) sin 9 d@ [ n—1 7n(COb 0) n+1 m(COb 0)]

+m % [Pry1,m(cos0) — Py_q 1 (cos)]. (1.9)
sin” 6
Hence we find
NPy (cosf) = 1 d [P, (cosf) — P, (cos)] +
" 2sinf do U b L

m % [Pry1,m(cos0) — Py_q n(cos )] —

_ %an(cos 0). (1.10)

For m = 0 the latter equality implies the equality

1 d

nFu(cos) = g 75 [P

1
cos ) — Ppy1(cos)] — 2Pn((3059). (1.11)
By the substitution of the expressions we have found for nP,(cosf) and
nP,m(cosd) into (1.4) we obtain the following equality, using in doing so
the right of termwise differentiation of the sries (see the arguments from

[6]’ §1):

2r g Usp(r,0,9) =

or
_ 4 i " [Py—1(cos6) — (cos)] — i " P, (cosf) +
- sin@ dG o anoT n—1 n+1 o anoT n
+ 1 2 i r" z”: (anm cos me + by, sin mgb) X
sinf 06 —= =
X [Pn—l m(cos8) — Py y1 m(cos 0)] +
Z anm coS M@ + by, sin mqb) X
blIl = =
X [Pr1,m(cos0) — Py_1 m(cos)] —
Z Z Ay COSMP + by SID mgi)) am (cos ).
Hence

0
2r 5uf(7"a9a¢) +Up(r,0,0) — ago =
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e
+ ‘.1 9 Z rn Z (@nm cos Mm@ + by, sinme) x

X [Po—1,m(cos0) — Py iq,m(cos )] +

g Z r" Z (anm sinmg — by, cos m¢) X

n=1 m=1

+1,m (€08 8) — Py _1 ,(cos 0)] =

1 1 cos
= A B C. 1.12
sin 0 + sin @ + sin® 6 ( )

Now we are to find expressions for the differences contained within the
square brackets from equality (1.12).

The well-known equality ([2], p. 107, equality (41)! with replaced cosf =
x, cotd = z(1 — :EQ)*%; [7], p. 241, equality (7.12.9), or [8], p. 99, equality
(46") with the same replacement)

m+1 2(m + 1):17

(1" Pomsali) + (S P (0) +

+(=D)™(n—m)(n+m+1)Pyp(z) =0 (1.13)
implies, after reducing by (—1)™ and replacing m by (m — 1), the equality

2mx

Tt Pop(z) + (n+m)(n—m+1)P, ,_q(z). (1.14)

Pn,erl(f) =
By (1.7) and (1.14) we have the equality

d
(1—x?) o P (z) = max Py, (z) +
+n+m)(n—m+1)(1 - 952)%Pn,m,1(ac)7 -l<z<l1. (1.15)
Next, if in equality (1.5) m is replaced by (m — 1), then we obtain the
equality

Posim(®) = Po_im(z) = 2n+1)(1 = 2?)3P, _q(z),  (1.16)

1<m<n, -1<x<1.

IHere the Legendre functions are defined together with multipliers (—1)*. This fact is
taken into account in equality (1.13), i.e., in (1.13) P,k (z) are defined by equality (0.5).
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Now, by equalities (1.15) and (1.16) we find the product (1 712)%Pn7m_1(x)
and equate them to each other. This results in the equality

@2n+1)(1-2*) d
(n+m)(n—m+1) dx

Pn+1,m(x) - Pn—l,m(x) =

B m(2n+ 1)z
(n+m)(n—m-+1)

m(®) —

Pom(z), —1<z<1. (1.17)

Thus

(2n+1)sinéb d
(n+m)(n—m+1) do

P _1.m(cos0) — Pyy1m(cost) = P (cos ) +

m(2n + 1) cos
(n+m)(n—m+1)

Ppm(cosf), 0<6<m. (1.18)

For m = 0 equality (1.18) gives rise to the equality
(2n+1)sinf d

n(n+1) do
0<O<m.

P,_1(cos) — P,y1(cosb) = P,(cosf), (1.19)

Now, taking into account equalities (1.18) and (1.19) we define A, B and
C' appearing in (1.12). In doing so, we make use of the numbers A, from
equality (0.9).

A= diﬁ (sin0 diﬁ Z Anoanor" Py (cos 9)) =

= cos 9 — Z An0@nor" Pp(cos6) +

. d? n
4+ sin HW 7; An0@noT" Pp(cos 6). (1.20)

Further,

B= 9 [sm i A anm cos m@ + by, sin m¢) Py (cos 9)}

0
o 0 2" 2
82 [ i zn: "mm(anm €08 M + by, sin m(b) Py (cos 9)}

After performing the above-indicated differentiations and taking into ac-
count the equality

(anm sin me@ — by, cos m¢7),

9
09

m(anm cos M@ + by, sin mqb) =
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we have

B =

6 o0 . n
= cosf 2 HZ::I r mz::l A (anm cos Mm@ + by, sin m(b) Py (cos ) +
82 o0 n
+sinf o2 Z r" Z Anm (@nm €OS M@ + by SN M) Py (cOs 0) —

1
fsm&— E r’

Mﬁﬁ

)\nm anm sinme@ — by, cos m¢) Py (cosb) +
1
32 -
+cosf 2609 HZ::l rt 2 A (@ SINMG — by cOS M) Py (c0s 0). (1.21)

=1

3
Il

In a similar manner we obtain

. 92 oo B n
CZ_SIHQ@T@(JSZT Z)\nmx

X (anm SN M@ — b €08 M) Py (cos 6) +
2

0 n .
+ cos 6 @ ; r mzzzl Anm (anm cos M@ + by, Sin m¢) P (cosf). (1.22)

The substitution of the found values of A, B and C' into equality (1.12)
shows that the one-dimensional series with cot 6 d% and the double-series

with cot 8 % are summable. The situation for series with 88722 is similar.
In the obtained series we, have 0 < m < n. The sum of the series with

cot 608¢ and (—cotd aea¢) is equal to zero. Further, in the series with

cot295—22, where 1 < m < n, we add A,0an07r"™ Py (cosf) which does not
depend on ¢. This will not affect the result, since the derivative has been
taken with respect to ¢. Now m will vary from zero to n inclusive.

Summarizing the above arguments, we obtain equality (1.1) with the
functions U5 (r, 0, ¢) and L~{;§(r, 0, ¢) from equalities (0.7) and (0.8). It should
be noted that formula (1.1) contains no mixed derivative % whose pres-
ence would make the situation much more difficult on the whole. [

1.2. By the method of proving Theorem 1.1 we can obtain a formula for
the radial derivative % P, of the Poisson kernel P,.

Theorem 1.2. The equalities

0

L P +P 1=
rar +
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0? 0 0? 0
— P — P 2 —P*——P* 1.2
502 +00t969 + cot 98(]52 96 (1.23)
0 0 ~
2r — P+ P.—1=Typ 4 PF — — Pr 1.24
rar 7‘+ T 0,047 8¢) T ( )

hold, where the allied harmonic kernels P} and ]3: in the ball B are defined
by equalities (0.10) and (0.11), and the operator Ty 4 by equality (1.2).

Proof. If we itroduce the values Agg =1, Ao = (2n+ 1)Py(cos '), Apm =

2(2n+1)§z+$§ P (cos0") cosme’, B =2(2n+1) EZ;:;:P,W (cos ') sinmg/,
and use the equality cosm(¢ — @) = cosme¢ cosm¢’ + sinme sinme’, then
series (0.1) will take the form of series (0.2) with the coefficients we have

just introduced. From the resulting series we can obtain equality (1.23). O

§ 2. BOUNDARY VALUES OF THE RADIAL DERIVATIVE £ Uy

The formula obtained in §1 for % Uy makes it possible to find the bound-
ary values of % Uy with the aid of the author’s previous results. By equality
(1.1) it is clear that the fact that % Uy has an angular limit (limit) imposes

restrictions of differential nature on the functions f* and f*.

2.1. The corresponding result for f € L%(R) consists in the following
statement:

Theorem 2.1. Let the function f € L?(R). If the function f is contin-
uous at the point (0y, dg) with 0 < Oy < , the function f* has a continuous
partial derivative at (0o, do), and the function f* is twice differentiable?
(twice continuously differentiable) at the point (6o, o), then the radial deri-
vative % Us(r,0, ¢) has an angular limit (has a limit) at the point (1,6, ¢o)
which is equal to the value of

2 * 8 *
% [aoo — f(0o, d0) + 80fQ (6o, ¢0) + cot by afg (6o, ¢0) +
82 * a *
cot? 6, 6(;{2 (6o, Po) — aj; (90,%)} (2.1)
or, which is the same,
% [aoo — (00, ¢0) + To,6f* (00, o) — aj; (6o, ¢0)] (2.2)

2The function \(z,y) is called twice differentiable at the point (o, yo) if in a neighbor-
hood of (zo, yo) there exist partial derivatives A, (z,v), )\; (z,y) and they are differentiable
at (xo,y0). Moreover, if X} (z,y) and A} (z,y) are continuously differentiable at the point
(z0,y0), then the function A(z,y) is called twice continuously differentiable at (xo, yo).
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Proof. The fact that the function f is continuous at the point (6y, ¢g) implies
that by the well known theorem (see, for instance, [9]. p. 209; [10], p. 243)
the Poisson integral Us(r,8,¢) has a limit at (6y, ¢o) (though instead of
the continuity it is sufficient that f have a finite limit at (6, ¢o)). Since
f € L?(R), the functions U; and LNI;? in equality (1.1) can be replaced by Uy~

and Z/l?*, respectively, in accordance with equalities (0.12). The continuity

of the partial derivative 3%) f* at the point (6o, ¢o) implies that 8%5 L{f~* (see
[11], Theorem 8.2) has a limit at the point (1, 6y, ¢g) which is equal to the
value of 80—]; (6o, ¢o). Further, since the function f* is twice differentiable
(twice continuously differentiable) at the point (6, ¢o), all second order
derivatives of Uy« have angular limits at the point (1,6, ¢o) (limits) which
are equal to the values of the corresponding derivatives of f* at (6, ¢o) (see
[12], Theorems 3.6 and 5.5). O

§ 3. BOUNDARY VALUES OF DERIVATIVES WITH RESPECT TO CARTESIAN
DERIVATIVES OF THE POISSON INTEGRAL

Applying the well known rules, derivatives with respect to the Cartesian
coordinates of Up(z,,y, z) can be expressed by derivatives with respect to
spherical coordinates (for —1 < 2 < 1,0 < 8 <7, 0 < r < 1) as follows
(see, for instance, [13], p.107):

9 : ) 1 B
— Up :SIHQCOS(bEUf + ; Cosgcosqb%uf _

D
_%%a%uf’ (3.1)
a% Up = sin@sind)%uf + % COSGSin(b%uf +
g a5t )
%UF:coseguff%smo%uf. (3.3)

The derivatives figuring in the right-hand sides of equalities (3.1)—(3.3)
have angular limits (limits) at the point (1, 6y, ¢g) with 0 < 6y < 7, if f(6, ¢)
is differentiable (continuously differentiable) at the point (6, ¢o) (see [11],
Theorems 6.1 and 8.3). On the other hand, for %Z/{f to have an angular
limit (limit), we had to impose certain restrictions on f* and ]7* Hence the
following statements are valid.
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Theorem 3.1. Let the function f € L?(R) be differentiable (continu-
ously dzﬁerentzable) at the pomt (90,¢>0) with 0 < Oy < w. If the func-
tion f has a partial derivative a¢ f* continuous at (0g, o) and the func-
tion f* is twice differentiable (twice continuously differentiable) at the point
(00, ¢0), then the derivatives of (3.1)—(3.3) have angular limits (have limits)
at (1,00, ¢o) which are calculated by equalities (3. 1) —(3.3), m whose right-
hand sides (0, @) is replaced by (90,¢0), 59 Us and Uf by 2 5 (907(150) and

6d> (907 b)), respectively, and, finally 2 ar Uy is replaced by value (2.1) or (2.2).

Theorem 3.2. Let for the function f € L(R) there exist summable allied
functions f* and f* on R such that Uy = Us- and L{f = U~ If the
function f is differentiable (continuously differentiable) at the pomt (6o, d0)
with 0 < Oy < 7, the function f* has a partial derivative a f* continuous
at (8o, do) and the function f* is twice differentiable (thce continuously
differentiable) at the point (0, do), then the derivatives of (3.1)—(3.3) have
angular limits (have limits) at the point (1,00, ¢o) which are calculated by
equalities (3.1)-(3.3) in whose right-hand sides (8, @) is replaced by (0o, ¢o),
a% Uy and (%Uf by % (6o, Po) and % (0o, Po) respectively and, finally % Uy
is replaced by value (2.1) or (2.2).

Remark 3.1. Since the spherical Poisson integral is a harmonic function
in the open unit ball, it satisfies the Laplace equation

2 2
Py Uy Uy L DU

or? 062 a0 sm29 ologd

2r or tr

=0. (3.4)

If the first term here is replaced by its value from formula (1.3), then for

U
r? 53 we shall have

o’U "
72 737“2]0 = —agg + Uf — T97¢Z/{f +
0 ~ 82Uf Uy 1 32Uf
— U - —cot ) — — . .
+8¢uf 502~ <0t —>p 70 097 (3.5)

2
To find the boundary values for 66% it is sufficient to use in an appropriate

manner the same facts as we used in finding the boundary values for 88%.

In a similar manner we obtain the formula

0%P, oPr %P,
2L =1+ P Ty P+ - — —— —
" o M PR

oP, 1 P,
09  sin?0 0¢%
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