GEORGIAN MATHEMATICAL JOURNAL: Vol. 6, No. 1, 1999, 65-82

TWO-WEIGHTED INEQUALITIES FOR INTEGRAL
OPERATORS IN LORENTZ SPACES DEFINED ON
HOMOGENEOUS GROUPS

V. KOKILASHVILI AND A. MESKHI

ABSTRACT. The optimal sufficient conditions are found for weights,
which guarantee the validity of two-weighted inequalities for singular
integrals in the Lorentz spaces defined on homogeneous groups. In
some particular case the found conditions are necessary for the cor-
responding inequalities to be valid. Also, the necessary and sufficient
conditions are found for pairs of weights, which provide the validity
of two-weighted inequalities for the generalized Hardy operator in the
Lorentz spaces defined on homogeneous groups.

INTRODUCTION

In this paper, the optimal sufficient conditions are found for pairs of
weights, which provide the validity of two-weighted inequalities for singular
integrals in the Lorentz spaces defined on homogeneous groups. In [1-7],
analogous problems were studied in the Lebesgue spaces for the Hilbert
transform and singular integrals, while in [8] the sufficient conditions are
found for pairs of weights, which guarantee the fulfilment of two-weighted
inequalities for singular integrals in the Lorentz spaces defined on Euclidean
spaces. In this paper, the necessary and sufficient conditions are also found
for pairs of weights, which provide the boundedness of the generalized Hardy
operators in the weighted Lorentz spaces. Analogous problems were consi-
dered in the Lebesgue spaces in [9-14] and in the Lorentz spaces in [8], [15]
and [16] (see also [17]).

Finally, we would like to note that most of the results obtained in this
paper are new for the classical singular integrals as well.
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HOMOGENEOUS GROUPS AND THE SPACES OF FUNCTIONS DEFINED ON
THEM. SOME KNOWN RESULTS

In this section, we give the notion of homogeneous groups and define the
Lorentz spaces. Some known results on the Lorentz spaces and singular
integrals are also presented.

Definition 1 (see [18], p. 5). A homogeneous group is a connected,
simply connected nilpotent Lie group G on whose Lie algebra g a one-
parametric group of extensions §; = exp(Alnt), t > 0, is given, where A is
the diagonizable operator on g whose eigenvalues are positive.

For the homogeneous group G the mappings exp od; o exp™!, t > 0, are
the automorphisms on G which will again be denoted by d;.

The number @) = trA is called a homogeneous dimension of the group G.

Homogeneous groups can be exemplified by an n-dimensional Euclidean
space, Heisenberg groups and so on.

Onto the homogeneous group G we introduce a homogeneous norm, i.e.,
a continuous function r : G — [0, 00) which is smooth on G\ {e} and satisfies
the following conditions:

1. 7(z) = r(z~?) for any x € G;

2. r(0ix) = tr(x) for arbitrary « € G and t > 0;

3.r(z)=0sx=c¢

4. there exists a constant ¢o > 0 such that r(zy) < co(r(z) + r(y)) for
arbitrary x and y from G.

For z € G and p > 0 we set B(x,p) = {y € G : r(zy~1) < p}. Further,
let S(z,p) ={y € G : r(zy~"') = p}. Note that §,B(e, 1) = B(e, p).

Onto the group G we fixed the normed Haar measure in such a manner
that the measure of the unit ball B(e, 1) be equal to 1. The Haar measure
of any measurable set E C G will be denoted by |E|, and the integral on E
with respect to this measure by [ f(z)dz.

E

It readily follows that
16, E| =t9|E|, d(6z) = t%dz.
In particular, for arbitrary x € G and p > 0 we have |B(e, p)| = p@.

Definition 2. An almost everywhere positive, locally integrable function
w: G — R! will be called a weight.

In what follows, we shall denote by L2?(G) the Lorentz space with weight
w which is a class of all measurable functions f : G — R! for which

/]

o] a 1
L = (q / < / w(z) dx) ledx) <o
0 {zeGhlf(x)|>A}
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when 1 <p<o0,1<¢g< o0, and

Sl

I fllee=(a) = Sup)\( / w(z) dm) < o0
A>0
{z€G:|f(z)|>1}

when 1 < p < 0.
For p = ¢, LP(G) is the Lebesgue space which it is commonly accepted
to denote by L? (G).

Theorem A (see [18], p. 14). Let G be a homogeneous group, Sg =
{x € G : r(x) = 1}. There exists a unique countably additive measure o
defined on S such that the equality

/f(x) d$=7tQ_1</f(5t§) d0(5)>dt
G 0 Sa

holds for any f € L*(Q).

Let k : G — R! be a measurable function such that:

(1) |k(2)] < 7@ for an arbitrary element 2 # e;

(2) there exists a positive constant ¢; such that for arbitrary z,y € G
with the condition r(zy~') < $r(z) we have the inequality

r(zy~!
|k(z) — k(y)| < clw<(r(y$))> r(;)"?’

where w : [0,1] — R! is a nondecreasing function such that w(0) = 0,

1
w(2t) < cow(t) for any ¢ > 0 and [ # dt < oo.
0

It will be assumed that the kernel k together with the above-given con-
ditions satisfy the condition: the singular integral

7f(a) =pv. [y i@y b [ k) fw) dy
G G\B(z,e)

defines the bounded operator in the space L?(G).
The lemmas below are valid.

Lemma A ([19]). Let E C G be an arbitrary measurable set, w a weight
function on G and f, f1, fo measurable functions on G. Then we have:

) lxeOllzre = ( o dx)p;
E

@) Mz @) < ez @)
for fized p and g2 < ¢1;
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3)  lfifel

1 1 101 1 1
where = = — 4+ = = = —— 4 —.
P p1+pz’q q1+q2

i) < el fillprra ol fall przez (s

Lemma B. Let Ejy be measurable sets of the homogeneous group G such
that the inequality ZXEk < Xy, with constant c is fulfilled. Then:
k k

(1) for any f we have the inequality
>, O]
k

where the constant ¢1 does not depend on f and max(r,s) < X;
(2) for any f we have the inequality

|5 e, 0]
4 .

where the constant co does not depend on f and 0 <y < min(p, q).

A

L7s(Q) S Cl||f()X;lEk ()| 8

L73(G)’

~
LGy

: <c Z ||f()XEk ()|
k

w (G

Lemma B is proved as Lemma 2 from [8]. For the case ¢ = 1 analogous
result was obtained in [20], [15] (see also [16]).

Definition 3. A function v : G — Ri_ is called radial if there exists a
function 8 : R} — R! such that the equality v(z) = 8(r(z)) holds for any
x € G. In what follows, instead of 3 we shall use the notation v.

Definition 4. Let 1 < p < co. A weight function w belongs to A,(G) if

sup <|;|/w(x) da:) <|;|/wl_pl(x) dx)p_l < 0,

B B
where the least upper bound is taken with respect to all balls B, B C G.

Theorem B ([21]). Let 1 < p < oo, w € Ap(G). Then the operator T
is bounded in LP (QG).

Theorem C (see [22], p. 207). Let 1 < p,q < 0o. If w € A,(G),
then the operator T is bounded in LPY(G). If the Hilbert transform acts
continuously in LPI(R), then w € A,(R).

We shall need
Lemma C ([4], [7]). Let 1 <p < o0, p € Ap(G), 0 < ¢1 <ca <3<
c4 < 00. Then there exists a positive constant ¢ such that the inequality

/ plx)dr <c / p(x) dx

{zeG:icst<r(z)<cat} {zeG:icrt<r(z)<cat}

holds for any t, t > 0.
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1. TwWO-WEIGHTED INEQUALITIES FOR THE HARDY OPERATOR IN THE
LORENTZ SPACES DEFINED ON HOMOGENEOUS GROUPS

In this paragraph, the necessary and sufficient conditions are found for
the boundedness of the operators

wm=w>/ b(y) f(v)w(y) dy.
r(y)<r(zx)

H* f(z) = b(z) / a(y)f(y)w(y) dy
r(y)>r(x)

from L7?(G) into LPY(G), where a,b,w and v are measurable non-negative
functions on G.

Theorem 1.1. Let r = s=1o0orr =5 =00 orr € (1,00) and s €
(L,oo),p=gq=1lorp=qg=o00 orpe (1,00) and q € (1,00); max(r,s) <
min(p, q). For the inequality

IH fC) ey < el f(4)]

where the constant ¢ does not depend on f, to be valid it is necessary and
sufficient that the condition

Lrs(G), (1.1)

w

iglg Ha(')x{r(ym}(')HLSQ(G) Hb(')x{r<y><t}(')| L' (G) < 0 (1.2)

(' = 25, 8 = £57) be fulfilled.

Proof. Sufficiency. Assume that condition (1.2) is fulfilled. We take f>0. If
[ f(@)b(x)w(x) dz < oo, then it belongs to the interval (2™, 2™+1] for some
G

integer m. By virtue of Theorem A we can choose a sequence {xj}7" _
such that

2k = / b(y) f(y)w(y) dy= /b(y)f(y)w(y) dy for k<m—1(1.3)
r(y)<zp 2 <r(y)<Tpt1

and

2" = /b(y)f(y)w(y)dy- (1.4)
r(y)<zm

Let G, ={y:zr <7(y) < ap41}, £ < m and 41 = 0o. Then the sets

G do not intersect pairwise and, since we can assume that lim zp =0,
k— —o0

we obtain

U Gr =G\ {e}. (15)

k<m
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If [b(y)f(y)w(y)dy = oo, then we choose a sequence {x;};{>°  such that
G

k=—o0

(1.3) is fulfilled for any integer k (in this case m = +00). By (1.3) and (1.4)
we have

Hf(z) <a(z) 2" for ze€ Gy, k<m. (1.6)

Choose a number o such that max(r,s) < ¢ < min(p,q). Using (1.5),
Lemma B, (1.6), Holder’s inequality, we obtain

IO = | S NN, O <
k<m LyU(G)
< NEHHOx6, ON2e(ey <
k<m
< 3 2, Ol =2 3 2V elxe, Ol <
k<m k<m
<o ([ b dn) T Ol <
k<m

zp—1<r(y)<z)
<47 I OXey O @) IO)X iy ey Ot () X
k<m
Xa()X iy O Zzaay < el F Oz )
where the constant ¢ does not depend on f.

Necessity. Let inequality (1.1) be fulfilled. If [|f|zrsc) < 1 and t €
(0,0), then we have
rrs@) = 1H fllzzaay 2 1H )X s O

> / b() F)w(®) dy lla()x e, Ol zzo(c)-
r(y)<t

¢>dlf]

Lpa) 2

Taking the least upper bound with respect to all such f and ¢, we obtain
condition (1.2). O

If we apply the dual arguments (see also [8]), then we easily obtain

Theorem 1.2. Let the numbers r,s,p,q satisfy the conditions of Theo-
rem 1.1. For the inequality

[H"f()l

where the constant ¢ does not depend on f, to be valid it is necessary and
sufficient that the condition

LPI(G) < CHf()HLZf(G)’

iglg ||b(')x{v-<y><t}(')HL%;Q(G) ||a(')x{r<y>>t}(')| Lre@) <
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be fulfilled.

Analogous results for the operator H f(x f b(t t)dt are

given in [16]. A certain analog in R™ was obtained in [ ]

Corollary 1.1. Let 1 < r,8,p,q < 0o, max(r,s) < min(p,q), v < —%,
B=r+Qr(L+ %) Then the inequality

/fdy
()

r(y)<r

<clfOllere @
Lri1(G)

holds, where the constant ¢ does not depend on f.

2. WEIGHTED INEQUALITIES FOR SINGULAR INTEGRALS IN THE
LORENTZ SPACES DEFINED ON HOMOGENEOUS GROUPS

In this paragraph, the sufficient conditions are found for pairs of weights,
which provide the boundedness of a singular integral operator in the wei-
ghted Lorentz spaces defined on homogeneous groups.

First we investigate the existence of T'f(x).

Lemma 1. Let 1 < s < p < 00, p € A,(G). If the weight functions w
and wy satisfy the conditions:

(1) there exists a positive increasing on (0,00) function o such that for
almost all © € G we have the inequality

o (r(z))p(z) < bw(z)wi(z),
where the positive constant b does not depend on x;

1
(2) ‘m X{r(y)<t}(‘)

then for arbitrary o with the condition [|p(-)wi1 ()| Lrs () < 00, Tp(x) ewists
almost everywhere on G.

< oo forany t >0,

Ly (@)

Proof. Fix the number «a, o > 0, and let

Sa:{xEG:r(aj)>%}.

Take a function ¢ with the condition [[p(-)w(:)|[zrs(q) < 0o. We write ¢
as

o(r) = p1(z) + p2(2),
where ¢1(z) = p(z) - X5, (), p2(z) = p(z) — p1(2).
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For ¢; we obtain

[1ex@iroteyas = 235 ot do <
G Sa
! P b ) Pw? (z)w(x) do
<o S/ @0 () e < s [ Io@Pu o) de <
b b
<

I OmON @ < S I OmON 6y
We find by Theorem B that T'p; € Lb(G) and Tp;(x) exists almost every-
where on G.

Now we shall show that T2 () converges absolutely for r(z) > acg. Note

that when r(z) > acg and r(y) < §, we have r(z) < co(r(zy™) +r(y)) <

co(r(zy™) +9) < colr(ey™) + 52) and § < 52 < p(ay~).
We obtain

[ Tp2(x)] < 1 / T(;;(EJB)Q dy < O% / lp(y)| dy =

{yr(y)<s} {yr(y)<s}
Co 1
== —w w(y)dy <
0 ¢(y) P 1(y)w(y)dy <
{yr(y)<5}
(&) 1 ‘
< ZZloof- I 7o y—_ )
o) ||<P( )w1< )HLw (@) HX{y;T(y)<%}< ) wl()w() LZ,S/(G) < 0

Since we can take « arbitrarily small, T'p(z) exists almost everywhere on
G. O

The next lemma is proved in a similar manner.

Lemma 2. Let 1 < p,s < o0, s <p, p € Ay(G). If the weight functions
w and wy satisfy the conditions:

(1) there exists a positive decreasing on (0,00) function o such that for
almost all © € G we have the inequality

o (r(x))p(x) < bw(z)wi(z),

where the positive constant b does not depend on x;
()¢

2| )

( ) ’LU()U)l() X{r(y)>1,}( )

L7 (@) < oo forany t >0,

then for arbitrary o with the condition [|p(-)w:(+)||Lrs () < o0, T'p(x) ewists
almost everywhere on G.

Lemma 1 readily implies
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Lemma 3. Let 1 <p,s,< 00, s <p. If u and uy are positive increasing
functions on (0,00) and

eorcor g <

w(r(

for arbitraryt > 0, then for any ¢ with the condition ||p(-)u1(r(-))| s

u(r()) @)

< 00, Ty(x) exists almost everywhere on G.
Analogously, Lemma 2 implies

Lemma 4. Let 1 < p,s < oo, s <p. If u and uy are positive decreasing
functions on (0,00) and
T(.)_Q

HW X{r<y>>t}(')‘

pls!
Lu(r(~))(G)

for arbitrary t > 0, then for ¢ with the condition p(-)ui(r(-)) € L¥?

ar( (G)

< o0, Ty(x) exists almost everywhere on G.
Now we shall formulate and prove our basic theorems.

Theorem 2.1. Let 1 < s < p < ¢ < o0, 0 be a positive increasing
function on (0,00), the function p € Ap(G), w a weight function on G,
v(z) = o(r(z))p(z). Let the following conditions be fullfilled:

(1) there exists a positive constant b such that almost for all x € G

o (2cor(z)) p(z) < bw(x);

<c < oo.

— 1
@) 1O X Ol | 55 X020 Oy

Then there exists a positive constant ¢ such that the inequality

ITf(rzaay < el FOllezs e (2.1)

holds for any f € LY (Q).

Proof. Without loss of generality we can write the function o as
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where o(0) = }in(l) o(t) and ¢(7) > 0 on (0,00). We have

IT5Ollezrco <<70)\< /pmg(omx)‘q’dgﬁ

0 {z:|T f(2)|>A}
o] T(I) a 1
+cl(q/)\q1( / p(m)( / <p(t)dt>dx) d)\) =
0 {@:|Tf(x)|>A} 0
=1 + .

If 6(0) = 0, then I} = 0, and if o(0) # 0, then by Theorem C and Lemma
A we obtain

Iy = 107 (O)|ITF () zpa(ay < 207 O FC)llzzaa <
< 207 O Ollzzecy < esllF Ollzze (o)

Now we shall estimate Ir. Let fi:(x) = f(z) - x {r(ar)> (x), for(z) =
f(z) — fit(x). We have

wenlo (ol >>>

{w:’r(l’)>t7 ‘Tf(x)‘>>‘}
1

<e <q a1 <7§0(t)< /X{x T fre(z)] > ;\}P(x)dx> dt) Zd)\> iy
0 0 {z:r(z)>1}
. (q 7)\41< Oocp(t)

&

/x{:v T far(z)] > ;}p(x)dw> dt) sz) : =

0 0 {z:r(z)>t}
= Iy + Igs.

Applying Minkowski’s inequality twice (% > 1, 2 >1) and Theorem C, we
obtain
oo

I < Cs,(/w(t)(/ooAq—l( / p(x) dm)gd)\)zdt)é <

0 {z:|T fre(@)[>A}

00 1 00

< CG(/SO M f1e() qu )dt)” < ce(/gp(t)||f1t(.)|igS(G)dt)p -

0 0
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<cg ( 7/\51 <7<p(t) < / p(x)x{r(y»ﬁ} (z) d:z:) dt) ;d)\> : =
0

0 {z:] f(z)|>A}
oo 2¢cor(x) s 1
= cg ( / As—1 ( / P(x) ( / (p(t) dt> dx) d/\) < C7||f||Lff(G)~
0 {z:]f(x)[>A} 0

Next, we shall estimate I52. Note that if r(z) > t and 7(y) < 5%, then
r(x) < 2cor(zy~1). By Theorem 1.1 we obtain

— O]"Aql(]‘;@( [ Hon@ra)ar) ) <

0 )@
{(2:205 [ fwdy>3}
{y:r(y)<r(=)}

o il
{r(y)<r()}

<collfOllg @) O
LY(G)

If we write the function o as

t—+o00

o(t) = o(+00) —l—/w(r)dT, where o(4+00) = lim o(t), ¢¥(r) >0,

on (0,00), again apply Theorem C, Lemma A and Theorem 1.2, then we
shall have

Theorem 2.2. Let 1 < s <p < g < o0, g be a positive decreasing func-
tion on (0,00), w a weight function on G, p € Ay(G), v(z) = o(r(z))p(z).
Let the following conditions be fulfilled:

(1) there exists a positive constant b such that the inequality

r(z)
P(ﬂf)0<ﬂ) < bw(x)
holds for almost all x € G;

ror < o0.
L%° (G)

T(')_Q
) 52 110020 Ol | g Xerwa O

Then inequality (2.1) is valid.

It is proved in [8] that if inequality (2.1) is fulfilled for the Hilbert trans-
form, then the inequality v(z) < byw(x) holds almost everywhere on R*.
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Corollary 2.1. Let1 < s <p < g < o0, g1 and g2 be positive increasing
functions on (0,50), p € 4,(G), v(z) = o (r())p(a), w(x) = o1 (r(x))p(a).
If the conditions

(1) there exists a positive constant b such that the inequality

0’2(200f) S bO’l (t)
holds for any t > 0;

1
-Q
(2) igg”r() X{r(y)»}(')”Lﬁ“(G)HmX{r<y><t}(')‘ <00

Ly (@)

are fulfilled, then inequality (2.1) is valid.

Corollary 2.2. Letl < s <p < q < o0, 01 and o2 be positive decreasing
functions on (0,00), p € A,(G), v(z) = o2(r(z))p(z), w(x) = o1(r(z))p(z).
If the conditions

t
)< .
(1) 02(200) < boy(t) for any t > 0;
-Q

()
(2) i‘ilg ”X{r(y)«} Ollzzee) H W Xir@w)>t) ()’ <0

Ly (@)

are fulfilled, then inequality (2.1) is valid.

Theorem 2.3. Let 1 < p < q < o0, 01 and oy be positive increasing
functions on (0,00), p € A,(G), v(z) = o2(r(z))p(z), w(x) = o1(r(z))p(zx).
If v and w satisfy the condition

1
: -Q i .
?;118 HT() Xir(y)> e} (')”Lf,q(G) H U)() X{r(y)<t}( )‘ 7 (@) <0

then the inequality
1Tz < el fOllee e
holds, where the positive constant ¢ does not depend on f.
Proof. By Corollary 2.1. it is sufficient to show that the inequality
o2(2¢ot) < boy(t)

holds for any ¢ > 0.
Using Holder’s inequality and Lemma C (p'~? € Ay (G)), we obtain

02(2(Cc;t)
g1 t
< M tQP( / p(z) dI> ( / plfpl () dx> p—1 .

o1 (t)
{z:2cot<r(z)<4cot} {z:2cot<r(z)<4cot}
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p—1
< ¢y M tQp( / () da:) < / plfp’(z) dx) <
o1(t)
{z:2cot<r(xz)<4cot} {z:r(x)<t}

< cthp< / v() dx)( / w7 () dx)p_l =

{x:2cot<r(x)<4cot} {z:r(z)<t}
o) |

( ) X{r(y)<f}( ) !

= CQt_Qp||X{z:2c0t<r(z)<4cot}( )HLP‘I(G) LZ’(G) =~
P

o <oo. O
L% (G)

<ecsllr()” X{7(y)>t)( )HLM G)H X{T(y)<t}( )’

Theorem 2.4. Let 1 < s < p < g < 00; 01, 02, uy and us be weight
functions on G, p € A,(G), v = gap, w = o1p. Let the following three
conditions be fulfilled:

(1) there exists a positive constant b such that for any t > 0 we have the
inequality

1 1
sup o2 (x) sup ug(x) < binf of () inf ug(z),
F, F, Fy Fy

where Fy = {x € G : é <r(x) < 8cpt};

1
2) s 2@ Ol O o <0
( ) ig‘lg ||’LL2( )’I“( ) X{r(y)>t}( )HLU (@) ul(')w(.)X{r(th}( ) e o0

Vot < 00.
L3 (G)

1
7(.)7‘()7(‘?)({7@)»}(-)’

(3) ?gg ||u2(')X{r(y)<t} (.)HLﬁq(G) H u1(~)w

Then the inequality

lua ()T (g < ellua () F Ollzes (2.2)

is valid, where the positive constant ¢ does not depend on f.

Proof. Let Ey, = {JL‘ E G:2F<r(x) <2}, G ={zeqG: 7)< %},

Gio = {l‘ eG: ( ) < Co2k+2} Grs = {I eG: ( ) > 002k+2}.
We estimate the left-hand side of inequality (2.2) as follows:
P
a2 (VT oy = || D TFua(-)xs, () <
kEZ L3U(G)
P
ZUQ .f Xckl)(')XEk () +
kez LyH(G)
P
Zu2 f Xckz)(')XEk(') +
keZ LYN(G)
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78

p
= c1(S7 + S5 + 5%).

1| 3w (IT(F - Xy )X, ()

kEZ

L3NG)

Next, we shall estimate ST. Note that for z € Fy and y € G we have
r(y) < 21201 = % < TQ(:O) < r(z). Moreover, r(zy~') > TQ(—:O) and we obtain

T(f - xo, )] = \ [ Ky 6, ) dy\ <
G

Lf W)X, (W) 1
SQ/WCZZJSCBT(I)Q / |f(y)] dy

for any = € Ej. By Theorem 1.1 we find that

wort?( [ f(y)dy>p

{r(y)<r(=)

< callur () f() ||1£fj(c)'

ST <¢
LYN(G)
Let us estimate S%. As is easy to verify, for x € Ej, and y € Gj3 we have

r(y) > r(z) and r(xy~1) > % For = € E}, we obtain

|f ()l
|T(f . Xckg)(x” <cs r(y)Q d
{r(y)>r(=)}
By Theorem 1.2 we find that
fo) 1
gt | ay| <ol ()OI
3 5 r(y)Q LP(c) LY (G)

{r(y)=r(=)}

Now we shall estimate S%. By Lemma B (second part) we obtain

Sp = Z |U2 f XGkQ)()XEk ”qu(G ZS
keZ
Introducing the notation wep = sup us(x), oo = sup oz(z), up =
€ By,

zeFEy,
inf wy(z), o1 = inf o1(x), by Lemma A and Theorem C we obtain

1 1
Skz < w0 | T(f - Xap, ) Ol zra(ay < crusosg || f()Xe,, llzae) <

1 i
< cruakog | f()Xa,, Oz @) < esurko (il f()Xa,, Oz @) <

s

<c9[§j:2j5< / u’fkalkp(w)dx> } <

Gran{|f1>27}
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s 1
<o T2 ( [ wwd) | <elnOron, Ol e
J Gran{ur f>u127}

By Lemma B (first part) we have
S < enlls (Vg ey O

In [8] (see also [1], [4]) it is shown that for the Hilbert transform conditions
(2) and (3) of Theorem 2.4 are necessary for inequality (2.2) to be fulfilled.

Remark 1. One can easily verify that Theorem 2.4 remains in force when
condition (1) is replaced by the condition
(1) sup (o2(y)ub(y)) < bioy(z)ul(x) for a.a. z € G.
28 <r(y)<deor(x)
Now let us consider the case with radial weight functions.

Corollary 2.3. Let 1 < s < p < g < 00; uj, ug and v be positive
increasing functions on (0,00) which satisfy the condition

Lr's' (@)

1
()@ M s pa - .
iglg ”UQ( )T( ) X{r(y)>t}( )HLU(T(,))(G)” ul(r()) X{r('y)<t}( )’

= sup B(t) < oo.
>0

Then the inequality
[T (- )ua(r(-))l e

'u('r(.))(G) < C”f(')ul(r('))HLPS(G) (23)

holds, where the positive constant ¢ does not depend on f.

Proof. First we shall show that the inequality
t
UQ(SCOt)U%(SCOt> < buy (—)
Co
holds, where the positive constant b does not depend on ¢. Indeed, using
Lemma A and Theorem A, we obtain

B(t) 2 w2 (r()r () sy Oz, () %
2t

> Cth’UQ(t)</v(T)TQ1dT>; X

Le's"(G) —

1
wr (r() XMW@}

d

t

1 ‘ t |y 1 1
_ ir < —5 > cous(t)vr (t .
ey (7 < g} 2 el ) ey

Moreover,

Bu(t) = [[u2rO)X oy Olleze, )
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1
-Q
X . <
H w (r() () Xty LG =
< cqun(t) (O1F — o Ir() @ Ol
= Cc3uz(t)vr P —7||IT" X . sl .
1(%) {r<y>>%} Lr's(G)

It is easy to verify that
_ _Q
I(-) QX{r(y»g%z}(')HLp's'(G) Setor,
0

where ¢4 does not depend on ¢ > 0. We have sup Bi(t) < c¢5. Using
>0

Theorem 2.4, we obtain inequality (2.3). O

An analogous reasoning is used to prove

Corollary 2.4. Let 1 < s < p < q < o0; uy, uz and v be positive
decreasing functions on (0,00) and

< 00.
Lr's' (@)

1
. N L e .
up ()X <0 Oz, ) | gy 70 e O
Then inequality (2.3) holds.

Now we shall give examples illustrating pairs of weights.

Example 1. Let 1 < p < ¢ < oo, v(t) ="~ w(t) = "1 In” 2X, where
p—1l<~vy<pand~y= % +p—1. Then the pair (v, w) satisfies the condition

< 0

’

_ 1
S0 [ 1™ Ny Ollzzs | X0 O]

O<ten v<~>Hw,i( o Ly

and therefore the inequality

1l e

v(l-D

<cllfC)llee

w(l-1

holds, where fis the conjugate function and the constant ¢ does not depend

on f.

Example 2. Let 1 < s <p<oo, & §7<p7‘9:p+11977 (v=2L%+1).
Then the inequality

17O e < e 0115 w3 2]

holds, where the positive constant ¢ does not depend on f.

Lps
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Example 3. et 1 < s < p <gq < oo,’y:p(%Jrlf%). Then the
inequality
- 2
FOIIT mi =
holds, where the constant ¢ > 0 does not depend on f. Inequality (2.4)
remains in force for v > p(% +1-1) too.

F O 157 (e < c

. (2.4)
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