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THE BASIC MIXED PROBLEM FOR AN ANISOTROPIC
ELASTIC BODY

M. BASHELEISHVILI AND SH. ZAZASHVILI

ABSTRACT. The mixed boundary value problem is considered for an
anisotropic elastic body under the condition that a boundary value
of the displacement vector is given on some part of the boundary and
a boundary value of the generalized stress vector on the remainder.
Using the potential method and the theory of singular integral equa-
tions with discontinuous coefficients, the existence of a solution of the
mixed boundary value problem is proved.

In [1,2], the basic plane mixed boundary value problem for isotropic elas-
tic body was studied by reducing it to a singular integral equation with
discontinuous coefficients that contains, together with an unknown func-
tion, a complex conjugate outside the characteristic part. This problem for
an anisotropic elastic body was solved in [3] by means of the problem of lin-
ear conjugation with displacements both for several unknown functions with
discontinuous coefficients and for systems of singular integral equations.

In [4, 5], the mixed problem for isotropic and anisotropic bodies was
treated by the method of the potential theory and a system of singular
integral equations. However this way of solving the problem is connected
with the construction of Green’s tensor.

In [6], again applying the method of the potential theory and systems
of singular integral equations, but without resorting to Green’s tensor, the
mixed problem was solved for an anisotropic body.

In the present work we solve the mixed boundary value problem in a
general statement for an anisotropic elastic body. Using the potential theory
and some transformations, we reduce the problem to a singular integral
equation similar to that constructed by D. I. Sherman in [1].
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§ 1. STATEMENT OF THE PROBLEM

Let an elastic anisotropic medium occupy a finite simply connected two-
dimensional domain D% in the plane z;0z2 bounded by a closed curve S of
Hoélder-continuous curvature.

By D~ we denote an infinite domain that complements Dt U S to the
whole plane. Assume that on the curve S we have the arcs S} = a;b;, j =
1,2,...,p, which have no common ends, whose positive directions coincide
with the positive direction of S, thus leaving the domain D% on the left,
and which are arranged one after another in that direction. The set of arcs
S; will be denoted by S’ and the set of arcs S;’ = bjaji1, (apy1 = a1) by
S". The direction of the outward normal with respect to Dt is chosen as
positive.

A system of equations of statics of an anisotropic elastic body free from
body forces is written in terms of displacement vector components as

+ A13%2;? + (A12 + A3z3) 62?;22 + Aas 882;%2 =0,
Alg?;? + (A + Agg)aijg: Ay %2%1 N (1.1)
+ A3388UQ + 2423 aang + 22%2;%2 =0,

x = (r1,29) € DT C R?,

where u = (uy,u2)7 is the displacement vector, T' denotes transposition and
Aq1, Aia, ..., A3z are the elastic constants satisfying the conditions

A11 >0, Az >0, Asz >0, A1 — A3, >0,
A11Ass — A3 >0, AggAsz — A35 >0,

A A Asgs
A=Ay Ay A >0,
Az Axz Asz

which are obtained from the positive definiteness of potential energy.
We introduce the matrix differential operator T'(0;,n) = [T, (0x, n)]2x2,
where

0 0 0 0
T11(0z,n) = ni(x) (Au + AlBa ) + na(x )(1413(9 + Azz— )

0x1 Oz
0 0 0 0
T12(0z,n) = ni(z )(A138 +A126 )+n2( )(A338 +A23a )
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0 0 0 0
T51(0z,n) = ni(x) (A137 + A337) + na(z) (A127 + A237),

O0x1 Oxg or1 0xa
0 0 0 0
T52(05,m) = na () (A336751 + A2387x2) + na () (Azaafxl + A228T:2)’

n1(z) and ny(z) are the components of some unit vector n at the point z.
Now T(0,n)u(x) will be the stress vector acting on an element of the arc
passing through z, with the normal n.

Denote by

T8, n)u(z) = T(s, n)u(z) + 5 { R } gz((g (1.2)

the generalized stress vector, where s¢ is an arbitrary real constant, a%@) =
nl(ar:)a%2 — ng (m)a%l is a derivative with respect to the tangent [8].

We can see from (1.2) that for s = 0 the generalized stress vector coin-
cides with the physical stress vector.

Definition 1. A vector u defined in the domain D™ is said to be regular
if:

(a) ue C(D")NC2(D+);

(b) the vector T(0,,n)u is continuously extendable to all points of the
boundary S except possibly the points a;,b;, j = 1,2,...,p, and in the
neighborhood of these points it has an integrable singularity.

Definition 2. A vector u defined in the domain D~ is said to be regular
if it satisfies conditions (a) and (b) of Definition 1 in the domain D~, and

for sufficiently large |z| = /2% + 23
u(z) = O(1), f“((%,n)u(x) = O(|z|7?). (1.3)

Now we shall consider the Basic Mized Problem: Find in the domain D™
a regular solution of system (1.1) by the boundary condition

(T(@,n)ut) " =F(t), tes (1.4)
[u@®} = f(t), te s, (L5)

where F' = (Fy, F5)T and f = (fi1, f2)7 are the given vectors; the symbol
{-}* ({-}7) denotes the boundary value on S from Dt (D~) of the vector
contained in the curly brackets.

Suppose: (1) f belongs to the Holder class H on S”; (2) f' and F belong
to the class H* at the nodes a;,b;, j =1,2,...,p (for the definition of the
classes H and H* see [9]).

Note that in stating the problem the parameter s is temporarily assumed
to be arbitrary. Below it will be specified under which values of s the
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problem is solvable. As mentioned above, for 3 = 0 this problem was
studied in [6] by means of the potential method and the existence of a
unique solution was proved.

§ 2. SOME AUXILIARY STATEMENTS

It is known [10] that the characteristic equation of system (1.1)
a11a4 — 2@13@3 + (2@12 + a33)a2 - 2@23& + a9 = 0, (21)
where

arn = A (AggAsy — A33), a1z = A (A3A0 — A1 Ass),
a1z = A7 (A1Asz — A13A20), age = AT (A1 As3 — Af),
azy = A7 (A19As3 — A1 Asz), asy = AT (A Agg — A3,

admits only the complex roots aj=a® +ib*) (bF) >0), @y, k=1,2.
The matrix of fundamental solutions of system (1.1) is of the form

2
_ A By
[(z,t) = Imkz_:l [ B, C’J In oy, (2.2)
where
2
A =— (Assa + 2Asza + Asz)dy,
ACLH
2
B, = ———(As3a? + (A A A
k Aan( oz, + (A12 + Ass)ay, + Aiz)dy, (2:3)
2
Cp=— (Aggozi + 2A1304 + All)dlm
Aayy

d;l = (*1)k(04k — 61)(a2 — al)(ozk 762)7 k= 1,2,

here z = x1 + ixzy and t = y; + iys are arbitrary points of the plane, and
Ok = 2k — tg, 2k = T1 + QT2, tpy = Y1 + apY2-

Note that in the sequel we shall use the notation ¥(z) for for the function
U(z1,x2) of the variables z7 and xs.

By equalities (2.3) the coefficients Ay, By and Cj satisfy the equation

ACy, — B =0, k=1,2, (2.4)

which differs from the characteristic equation (2.1) in a constant multiplier.

Note further that I'(z,t) is a one-valued matrix whose every column is a
solution of system (1.1) at every point of the plane except the point z = ¢
at which it has a logarithmic singularity.
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Introduce the notation [7]

2 2 2
C=2iYy dpy, A=2i) opdy, B=2i) ojdy. (2.5)
k=1 k=1 k=1

It can be easily verified that the real constants A, B, C satisfy the con-
ditions
B>0, C>0, BC—-A%>0. (2.6)
From (2.5) we find that

i )
dy = —5(08k — Ary), opdp = —§(Apk - Caqr),

) (2.7)
i
apde = *i(Bpk — Aq), Apr — Cqx = Asy — Bry,
where
—1)k 1k
rkzi( ) ; sk=7( Sfas09 D= gk, Qe = —agsg. (2.8)
a1 — Q2 ag(ar — az)
By virtue of (2.7) and (2.8) we readily obtain
peoaqr| _  2idy [ o} - | [C A (2.9)
Tk Sk BC — A% | —o 1(]|A B|’ ’
2
Pk qe| _ |1 0] _
Z: L"k SJ = [0 1] =E. (2.10)

k=1

After applying the operator T'(0¢,n) to the matrix I'(z,t) given by (2.2)
and taking into account (2.4), we have

[T(0n)T ()] =tm > [g’; g:j 3(;:(;’2 (2.11)

k=1

where

3 3B e e

Qr Sk L Ry By Cy 1 0
2
M, = *ai(andi —aizo + arz)dy, Np = —ap M,
11
2
Ry = — (auozi — ag30 + a22)dk'7 Ly = —apRy.
a110k

Each column of matrix (2.11) treated as a vector with respect to the
point z satisfies (1.1) everywhere except the point z = ¢, for any value of
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the parameter s¢. In the neighborhood of the point z = ¢ the terms of matrix
(2.11) possess singularities (of order not higher than one).

Applying Viet’s theorem to equation (2.1), we can represent the coeffi-
cients Ny, Lp, My, Ry as

Ny Li| _ |pe @ oo
|:Mk Rk]_|:rk o T2 ) (2.12)

where w = a12/a11 — Re(a1az) = a12/a11 + by — (V)2
By (2.7) we have

N, Li|  |pr q||1—iwA  —iwB (2.13)
M, Ri|  |re sk wC 1+ iwA |’ ’

or else by (2.9)

Nk Lk o Ozi —Q 0 1 % Cc A

l:Mk Rk]_Qdk{—ak 1 wl 1 o +7BC—A2 A BI( (2.14)
Since ay, is the root of equation (2.1), the following relationships are estab-
lished between the coefficients Ay, By, Cr and My, Ry:

ail 9 ail a11 2
Ay = 202 B, = MR, O = LLR2. 2.15
oo,k TR T g R R T g Tk (2.15)

By virtue of (2.14) and (2.12) relations (2.15) imply

Ak Bk o Nk Mk 0 1 ia11 c A
b A R R e F S
By (2.13) it follows from (2.16) that

2 )

Z Ak Bk _ m C A : (2.17)

—|Bx Ci] BC-A*|A B

where m = a11[1 — w?(BC — A?%)]. Note that w > 0 and m > 0 [7].
It is evident that for sc = 0 from (2.11) we obtain the matrix

(1@ )0z, 8)]” = [T m)D(z,8)] = Imk; Bf: JRM:] 881;(:)]6

whose every element by (2.13) and (2.10) will have a singularity of the type
|z —t|~% at the point z = t.
Matrix (2.11) for s = sy, where
w(BC — A?)

= 2.18
N m ) ( )
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takes the form either

(7@ m0(z. )] =[N @)z, 0)] " = mz[gz ] GRE, (2a9)

where N(9;,n) is the so-called pseudostress operator [7],

Ek Fk _Cli Nk Mk 1+iwA iwC (220)
Gk Hk - m Lk Rk wB 1—iwA ’
or
E. F.| _ i [A: By B -A
oom)wle a8 e e

We can see from (2.18) that sn > 0, since w > 0, m > 0, and it follows
from (2.6) that BC' — A% > 0.
By (2.13) or (2.17) it follows from (2.20) or (2.21) that

ZQ:Ek Fk_E
G H,|

k=1

Using the latter condition, we can show that when z and ¢ are points of
the Lyapunov curve, for z = ¢ the elements of matrix (2.19) contain only
singularities integrable in an ordinary sense.

We shall say that u = (ug,u2)? and v = (v1,v2)T are the conjugate
vectors or satisfy the generalized Cauchy—Riemann conditions [11] if the
following conditions are fulfilled:

8u1 8u2 8u1 8u2 8UQ o
Aot Angt 4 A+ 5 ) gt =
o 1 (‘31}1 81}2
= pre %72)
8U1 6’&2 311,1 6’&2 (3'11,1 _
Ay FAng s +A23(72 + 571) NG T
_ 1 ( 400 C%)
m\ 0x 0x1 (2.22)
ouy Aus Ou;  Ous Quy ’
Algall?l +A2367@+A33(8 X9 6:61) 87131 o
1 8’1)1 (91)2
(B P A5),
Ouq Oua Ou;  Oug Ouy
A Ay 2M2 44 ey 2
Boe B, T 33(8 o 8901) N 5
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By virtue of equalities (2.22) we can readily show that the vector u is a
solution of system (1.1).

By transforming equalities (2.22) it is proved in [11] that the equalities
obtained formally from (2.22) by replacing « by v and v by (—u) are also
valid. Hence the vector v is also a solution of system (1.1).

After multiplying the first equality from (2.22) by nj(x) and the third
equality by ns(z) and summing the obtained equations, we obtain

(N0, n)u(z)], = ~ (B

m

Ovy(x) _A(%Q(m))
ds(x) ds(x) /)’
Similarly, having multiplied the second equality from formula (2.22) by

na(z) and the fourth equality by n1(z) and summing the obtained equa-
tions, we have

o (x Ova (z
3@ = (a5l - o5t

2 m

The latter two formulas finally yield

1 B —A] dv(x)
N0z, n)u(x) = — { A C ] Ds(2)” (2.23)
The above arguments show that the equality
1 B —A] Ou(x)
N0y, n)v(z) = - [ A C ] I5(2) (2.24)

is also valid.
Thus the conjugate vectors u and v satisfy conditions (2.23) and (2.24).
We can easily show that if © and v are conjugate, then on account of
(2.23) and (2.24) we shall have

ity

If we introduce the notation w = u + iv, then (2.23) and (2.24) can be
rewritten as a single equality

Fonmute)= 1 | _

m

N (@ n)ule) = - |

— (2.26)

B —A] dw(x)
—A C’] ds(x)’

As is known, any solution v of system (1.1) of the class Cl(ﬁ+) NC?(D™)
can be written as [12, Ch. 1]

1

“om

v(z) / ([N(@t, n)T(z, 1] " {v(t)} T —T(z, t){N(at,n)v(t)}+>ds, 2 e D+,

S



ANISOTROPIC ELASTIC BODY. THE BASIC MIXED PROBLEM 241

which after integrating by parts the second summand under the integral
sign and taking into account (2.24) and (2.21), eventually gives

=g [ (w3 (6 7] o -

Re;[ k ll;;;] 881:(;7; {u(t)}+>ds, 2eD*, (2.27)

k

where u is the conjugate to the vector v of the class C1(D ") N C2(D™).

Analogously, if u is any solution of system (1.1) of the class C* (ﬁ+) N
C?(D™) and v is its conjugate vector of the same class, then

+Re Z [gk HJ Olno (t)}+>ds, » e D (2.28)

Thus from (2.27) and (2.28) we obtain

o /Z {Glz Hlj 81:(?;{ ()} Tds, z€ D", (229)

which is a generalization of the Cauchy integral formula.
Let us consider the potential

~ 1 T
W0):) = = [ [N @enr () 0, (230)
s
where the density g = (g1,92)7 is an arbitrary real vector. Obviously,

potential (2.30) is a solution of system (1.1) both in D' and in D~ for an
arbitrary integrable density g¢.

Theorem 1. If S€ C*** 0 <a <1, and 0 < B < a, then:
(a) w(g) € C’kH’(ﬁiL if g € C*B(S) for k =0,1,2, and for arbitrary
g€ CP(8) and ty € S, we have the equality

(@(@)to)} = £9(to) + 7 [ N@m)T(to,] 00 (231)

S
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(b) for arbitrary g € C*TA(S) the vector N(0.,n)w(g)(z) is continuously
extendable to S from DF, and for arbitrary ty € S we have the equality

- Olnoy Og(t
[N (@1, )(g) (o) Y = ——Istm / ’;;Et; ds, (2.32)
where
Qdk Ozi — 2Lk kaNk 2 Ck —Bk
€)= ay { —ay p | Ry — Ny —2Mj, TN B, Ap |’

Finally, let us quote Green’s formula. If u € C’l(ﬁJr) NC?(D%) is a
solution of system (1.1) in DT and s is an arbitrary constant, then the
formula

/ T(u,u)do = / (WY H{T(8y, n)u)tds (2.33)

D+ S

is valid [7], where

i =an(G2) + (32" 2 52 (5224 52) +

%(% . Ous Ouq Ous
8952 axl 8x1 8:v2

(e Gt an) 3G o)

) +2(A12 4+ 2) 57—

It is proved [12, Ch. 1] that the quadratic form T'(u, u) is positive definite
for 0 < »r < o™, where o is the least positive root of the equation

OLS + 2(A12 — A33)OZ2 + (A%Q — A11A22 + 4A13A33 — 4A12A33)C¥ + 2A = 0.

Note that >y < «*, and hence the quadratic form T'(u,w) is positive
definite for s = 0 and » = »y.

The equation %(u,u) = 0 admits, for > = 0, a solution u(z) = (e; —
e3Ta,ea + e3x1)’, and for 0 < s < a*, a solution u(z) = (e1,ez)”, where
e1, €2, €3 are arbitrary real constants.

For the domain D~, formula (2.33) (with the minus before the integral
sign on the right-hand side) also holds if the vector u satisfies additionally
conditions (1.3) at infinity.

Theorem 2. The homogeneous basic mixzed problem (F =0, f =0) in
the class of regular vector functions (in the sense of Definition 1) has, for
0 < 3 < a*, only a trivial solution.
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Proof. Note first that formula (2.33) can also be applied to the regular so-
lution u of system (1.1) in D*. Indeed, denote by D the domain which is
obtained from DT by removing infinitesimal circumferences of infinitesimal
radii with centers at the points a;,b;, j =1,2,...,p, of the contour S. Ob-

viously, u € Cl(br) and therefore we can apply (2.33) to the domain D}
and then pass to the limit as the radii of the above-mentioned circumfer-
ences tend to zero. Taking into account that the vector u is continuously

extendable at all points of the contour S, and %(&mn)u is continuously
extendable at all points of the contour S, except possibly the points a;, b;,
7 = 1,2,...,p, in whose neighborhood we have singularities less tthan 1,
we find that the integrals on the right side extended to the arcs of these
circumferences contained in Dt will tend to zero, and formula (2.33) will
appear to be valid for a regular solution of system (1.1) in D*.

Let now ug be a regular solution of the homogeneous basic mixed problem
(F =0, f =0). In that case, if we apply (2.33) to the vector ug, then
the integral on the right-hand side will be equal to zero, and, since the

2

quadratic form T'(ug, ug) is positive definite, for 0 < 3¢ < o* we shall have

T'(ug,up) = 0. These arguments and the condition that on some part of S”
the boundary value of the vector ug is equal to zero imply that ug(z) = 0,
z € DY, which was to be proved. O

§ 3. REDUCTING THE BaAsic MIXED PROBLEM TO INTEGRAL
EQUATIONS

A solution of the problem is sought in the form u(z) = Rew(z), where
w(z) is represented in terms of a potential of type (2.29),

2
1 Ek Fk Oln (%
= — ———g(t)d 3.1
we =5[> {Gk HJ as(r) 4% (3.1)
5 k=1
whose density g = (g1, g2)7 is an unknown Hélder class real vector.

Then on the basis of (2.25) and (2.26) the generalized stress vector will
be of the form
s 1 B —A] dv(?)
T(@z,n)u(z)— m |: _A C ]

0 1} ou(z) (3.2)

0s(z) (=) [ -1 0] 9s(2)’

where this time

1 [[Bx Fi) 0o
v(z) =Imw(z) = Im.s/]; [Gi Hﬂ B50) g(t)ds. (3.3)

By (3.2), the generalized principal stress vector acting from the side of
the positive normal on an arbitrary arc ! confined within DT, connecting
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the points zg and z of DT (to within arbitrary constants of additive vectors)
has the form

(8 e $ 3]

z

:/ﬁ@mm@m+mmn (3.4)

20

By equalities (3.1), (3.3), (3.4), (2.31) and Theorem 1 the boundary
conditions of problem (1.4) and (1.5) give, for the unknown vector g, a
system of singular integral equations with discontinuous coefficients of the
form

T t—to T
s s
= Q(to) + D(to), to €S, (3.5)
where
0 /
, th€S
Alto) = (e = ) { -1 O} ’
E, to € S
Ll B -4
—— toe S
Blto) = m[—A C]’ 0 <
0, to € S
1 B -A 0 1
Ko =+ | 4 A Qo+t | ] 4] B,
toe S, tes,

K(tg,t) = R(to,t), toc S, tes,

£l 0 i—1
t k In(1 —
Qto, 1) = [ G Hk] ds(t) n( +l/kt—to>’
F] @ I—%
= E Im — —In(1
R(to,t) = + Z[ H;j ds(t) n( +th—t0>’
_ 1+zozk B _
l/k—il_iak, G—arg(to t),
to
F(t)ds, tye S, DU ¢ !
Q) = a{ (Bds, toeS5. {0 ; eo;,s
f(tO)v tOGS“ 0
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DU) = (D%j ), Déj ))T is an arbitrary real constant vector.
Multiplying the first equation of system (3.5) by an arbitrary constant
M for ty € S” and adding the obtained equaion to (3.5) we obtain

1 / (A=MB)g:(t)+(AM —C)gs(t)

(3¢ = 2en)(91(to) —Mga(to)) + — - dt+
™ 0

S

—l%/{[Ku(to,t)M+K21(t0,t)]gl(t)-i-[MKlg(to,t)-‘erg(to,t)]gg(t)}dsz

S
to

= /(Fg(t) + MF(t))ds + DY) + MDY, t, € S, (3.6)
where K,4(to,t), r = 1,2, ¢ = 1,2, are the components of the matrix
K(to, t).

Choose M by the condition that C' — AM = M (A — M B). This implies
that

Let M = (A +ivVBC — A2)B~! and substitute it into (3.6). Then we
obtain

\/BC’ A2
(%7 %N)w(to) / 7 7 /Kl t(), dS -+
— o
1 ?
+= /Kg (to, hw(t)ds = /(Fg(t) + MFy(t))ds + DY) + MDY (3.7
S a;

where w(t) = g1(t) — Mga(t),

1 _
Ki(to,t) = ﬂ{M[Kgl(to,t) + MKy (to, )] +

+ MEKis(to,t) + Kgg(to,t)}, (3.8)
1

M-M

+ MKa(to,t) + Kgg(to,t)}, toes', tes.

K (t07 t)

{M[Kgl(to,t) + MK (to, )] +

If now we multiply the second equation of system (3.5) by M for tg € S”
and add the obtained equation to (3.5), we obtain

/K1 to, d8+ /K2 to, ) (t)dS:fl(tO)—MfQ(t0>7 (39)
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where
Ky (to,t) = — {MK (to, 1) — M Ko1 (to,
1(to == 11(to 21(to, )] +
K (tht) MKQQ(tO7 )}7
oy (3.10)
Ko (to, t) {M Ki1(to,t) — M Ko (to,t)] +

+ Klg(to,t) MKQQ(tO,t)}7 to € SN7 tesS.

It is obvious that by combining equations (3.7) and (3.9) we shall have
a singular integral equation with discontinuous coefficients that contains,
along with the unknown function, its conjugate lying outside the character-
istic part and is of the form

b(t
a(to)w(to) + ( O)/ /Kl to, d5—|—
T t— lfo
/ Kallo, w(t)ds = o(to) + Do(to), to€ S, (311)
where
n—xn, o ES/, mil\/BC—AQ, to ESI7
a(ty) = 1 b(to) = 1
1, t() (S S s 0, tO S S )
to
f(Fg(t) + MFi(t))ds, tge€ S;»,
o(to) = a;
J1(to) — M fa(to), to € 5",
DY)+ MDY, tye s,
Dy(to) = ]
0, tg € SN,

the functions K (to,t) and Ks(to,t) are defined by equalities (3.8) and
(3.10), respectively.

The characteristic homogeneous equation corresponding to equation
(3.11) is

alto)u(te) + 10 / wtydt _

i t—to
S

The homogeneous problem of conjugation corresponding to the above
equation is written as

H(t) = GH)D (1), te S, (3.12)
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where
= 08
S
L) = b(t)  [Ge—b)e+8), to €S
“O= a0 e {1, toe s,

dp and & are the positive numbers [8]

VBC — A? 5 VBC — A?
a11(1 — wyVBC — A2)’ ' a11(1 +wVBC — A2)

0o =

Since o < dg [12, Ch. 1], for 0 < 3¢ < a* < §p we have (3 — dg) (3¢ +
§1)7' < 0. By the general theory [9], all nodes aj,b;, j = 1,2,...,p,
are nonsingular, and the canonical solution X (z) of the class of functions
bounded at all nodes, i.e., of the class hg,, of the problem of conjugation
(3.12) is given by the formula

il (50—%

. 3.13
2 n§1 + ( )

p
X(2)=[[(z= a7z —b;)2 7, =
j=1

Under X(z) is meant a branch which is holomorphic on the plane cut
along S’ and satisfying the condition lim, ., 27X (z) = 1.

It follows from (3.13) that the index of the class hg, of the problem of
conjugation and hence of equation (3.11) is equal to —p, since the order
X (z) is equal to p at infinity.

A solution w(t) of equation (3.11) will be sought in the class hap.

Note that equation (3.11) does not actually differ from the equation ob-
tained for the basec mixed problem in the isotropic case. Therefore if we
take into account the restrictions imposed on the contour S and the bound-
ary values f and F, then on the entire contour S, arguing as in [2], we can
show that w(t) belongs to the Holder class, while the derivative w’(t) to the
class H*.

Since the index of the class hop of equation (3.11) is equal to —p, by the
general theorem [2] we have v — v’ = —2p, where v is the number of linearly
independent solutions of the class hg, of the homogeneous equation corre-
sponding to (3.11), and v/ is the number of linearly independent solutions
of the class hj, of the adjoint homogeneous equation adjoint to hgp.

Let us prove that ¥ = 0 and hence v/ = 2p. Indeed, let the homogeneous
equation corresponding to equation (3.11) have a nontrivial solution wp(#)
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in the class hop,. We construct the

i / 22: [gi Hk] aligkgo(t)ds, (3.14)

where

g (t) _ (Mwo(t) - MWO(t) wo(t) - wo(t)>T
’ M-M  M-M
Then ug(z) = Rewp(z) will satisfy the homogeneous boundary conditions

{ug(t)}* = 0 for tg € 8” and {T(9:,n)uo(t)}™ = 0 for tg € S, except
possibly the points a;,b;, j = 1,2,...,p, at which the the generalized stress
vector may have only an integrable singularity.

Assume that 0 < s < «a*. Then by Theorem 2 we conclude that
uo(2) = 0, z € DT. Therefore N (9., n)ug(z) = 0, and by equality (2.32) and
Theorem 1 we have {N (9, n)uo(t)}" = {N(d,n)uo(t)}, which holds at
all points of the contour S, except possibly the points a;,b;, 7 =1,2,...,p
Thus ug(z) satisfies system (1.1) in the domain D~ the boundary condition
{N (O, n)up(t)}~ = 0 on S and the decreasing conditions (1.3) at infinity.
Since »ny < a*, we can easily show by formula (2.33) that wug(z) = 0,
z € D™. Finally, from the equality {uo(t)}* — {uo(t)}~ = 2go(t) it follows
that go(t) = 0, t € S, which contradicts our assumption.

Thus the homogeneous equation corresponding to (3.11) has only a trivial
solution in the class hg, and hence, as mentioned above, v/ = 2p. By the
general theory [2], the condition of solvability of equation (3.11) in the class
hap has the form

Re/(<p(t) + Do(t)o; (H)dt =0, j=1,2,...,2p, (3.15)
s
where o, 7 = 1,2,...,2p, is a complete system of linearly independent

solutions of the class hj, of the adjoint homogeneous equation. Conditions
(3.15) can be rewritten as

p

S (DY) +6;,D8) = my, G=1,2,...,2p, (3.16)
r=1
where
Vir = ReM/aj(t)dt, djr :Re/aj(t)dt7 n; = —Re/gp(t)aj(t)dt.
Sy S!. S

Let us prove that with respect to the unknowns DY) and Dér) the de-
terminant of the system of algebraic equations (3.16) is different from zero.
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Indeed, let ¢ = 0. Then in system (3.16) all n; = 0 and it becomes the
homogeneous system. If the determinant of the system is equal to zero,
then the homogeneous system admits a solution different from zero. Let
D%) and Dég), r = 1,2,...,p, be such a solution. Then equation (3.11)
will be solvable in the class hg, for ¢ = 0 and Dy(t) = D%) + J\JD%)7
teS,r=12,...,p,and Dy(t) =0, t € S”. Let wp(t) be a solution of
(3.11). Again constructing potential (3.14) and repeating the above argu-
ments, we obtain go(t) = 0, and hence D%) = Dgg) =0,r=1,2,...,p,
which contradicts our assumption.

Consequently, the determinant of system (3.16) is different from zero,
system (3.16) is always uniquely solvable in the class hg, and its solution
leads to the solution of the considered problem.

Thus the following theorem is valid.

Theorem 3. Under conditions (1) and (2), the basic mized problem
(1.4), (1.5) has, for 0 < 3 < a*, a unique solution which is representable
in the form u(z) = Rew(z), where w(z) is given by formula (3.1), and the
vector g is defined uniquely by a solution of the class hap, of equation (3.11).
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