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FIRST BOUNDARY VALUE PROBLEM OF
ELECTROELASTICITY FOR A TRANSVERSALLY
ISOTROPIC PLANE WITH CURVILINEAR CUTS

L. BITSADZE

ABSTRACT. The first boundary value problem of electroelasticity for
a transversally isotropic plane with curvilinear cuts is investigated.
The solvability of a system of singular integral equations is proved
by using the potential method and the theory of singular integral
equations.

In this paper the first boundary value problem of electroelasticity is in-
vestigated for a transversally isotropic plane with curvilinear cuts. The
second boundary value problem of electroelasticity for this kind medium
was solved in [1] using the theory of analytic functions and singular integral
equations. The boundary value problems of electroelasticity for transver-
sally isotropic media were studied in [2] (Ch. VI), while the boundary value
problems of elasticity for anisotropic media with cuts were considered in [3],
[4]. The uniqueness theorems for boundary value problems of electroelastic-
ity are given in [5], [6]. Here we shall be concerned with the plane problem
of electroelasticity (it is assumed that the second component of the three-
dimensional displacement vector is equal to zero, while the components w1,
uz and the electrostatic potential us depend only on the variables x; and

x3 [2]).
Let an electroelastic transversally isotropic plane be weakened by curvi-
linear cuts [; = a;b;, j =1,...,p. Assume that l;, j =1,...,p, are simple

nonintersecting open Lyapunov arcs. The direction from a; to b; is taken as
the positive one on /;. The normal to I; will be drawn to the right relative
to motion in the positive direction. Denote by D~ the infinite plane with

- . p . .
curvilinear cuts l;, j = 1,...,p, [ = 'U1lj' Suppose that D~ if filled with
‘7:

some material.
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We introduce the notation z = x1 + ix3, (x = y1 + arys, T = t1 + agts,
zZk =1 + apxs, T =t + itz and o = 2 — (k.

The basic homogeneous equations of the plane theory of electroelasticity
have the form [2]

where C(9;) = [|Cijll3x3,
2 82 82
Cn :cnaTU%JrcMaTC%7 0122(613+C44)M’
Ciz = (613+615)M’ Coy = 044873;% 4 63337333"
82 82 82 62
02326158796%+63387x§’ C’33=—611873%—6338—x§,

U= U(ul,u37u4),

u1, ug are the components of the displacement vector, w4 is the electrostatic
potential, c¢11, C44,... are the constants characterizing the medium under
consideration.

The first boundary value problem is formulated as follows: let the bound-
ary values of the displacement vector and electrostatic potential be given
on both edges of the arc [;. Further, assume that at infinity we have the
principal vector of external forces acting on [, stress, the electrostatic po-
tential and the induction vector. It is required to define the deformed state
of the plane.

If we denote by 4™ (u™) the limit of u on [ from the left (right), then the
boundary conditions of the problem will take the form

ut=f* u =17, (2)

where f+ and f~ are the known vector-functions on [ of the Holder class
H which have derivatives in the class H* (for the definitions of the classes
H and H* see [7]) and satisfying, at the ends a; and b; of [;, the conditions

fHa) = f(ag), (b)) = [~ (b))
It is obvious that displacement vector discontinuities along the cut I;
generate a singular stress field in the medium. Hence it is of interest for us

to study the solution behavior in the neighborhood of the cuts.
We seek for a solution of the problem in the form a double-layer potential

8], 9]

1. < o1 ,
Uz) = ;ImZE(k) / %[g(s) + ih(s)]ds +
k=1 /
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p
+) Vi(2) + A®Rez+ B®Imz + MP*H, (3)

=1
where s is the arc coordinate,

b
Egy = —[|A%) h 105
(k) || pq H3><3H qu3><3 Alhll

3
and Im > E(k)% In o, denotes a special fundamental matrix that reduces
k=1
the first boundary value problem to a Fredholm integral equation of sec-
3
ond order. It is assumed here that T' = Im ) HAI(,];)||3X3 In oy, is the basic
k=1

fundamental matrix for equation (1), I" is the symmetric matrix whose all
elements are one-valued functions on the entire plane and possess a loga-
rithmic singularity. It is easy to show that every element of the matrix I' is
a solution of equation (1) at any x # y. For the expression of the matrix T’
see [8]. The elements of the real symmetric matrix h are defined as follows:

1
hii =cicas——, o =1ivar, k=1,2,3,
/aiazas
hao = c11€44C — aB + caac33 A,
—haz = c11611C + Bleriess + caaer + (€13 + e15)?] + caaesz A,

has = c11€15C — Bleis(c13 + caa) + c13€15 — c11€33] + cases3 A,

b b

2 0 3

Q = Cj3 — C11€33 + 2c13c44, A1 = C—C’ + apB + CiA’
11 44

2 2
bo = ci11(caac11 +el5), b3 = caa(cszess +e33), hizg=hiz =0

(the values of A, B, C are given in [8]).
A and B are the preassigned column vectors whose components are:

o0 o0 o0 oo
Al = a11Ty] + @13733 + A1473,

1
A?’Q = 5([)117'530 + (b33 — Cl14)7'40f) + 600,

[e'e) 0o 0o

AL = (bss — a14) 715 — baaTyy s
0o 00 0o 00 e} =) 00
Bl = A3 — 2¢ s BS = a13T11 + a33T33 + 34Ty 3,

oo oo oo oo
B4 = Q14711 + A34T33 — A44Ty3 -
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Here 71,733, ..., 743 denote the components of the electromechanical stress
tensor (see [8]); @11, ..., a44 are the real constant values which are the com-
binations of the known piezoelastic, elastic and dielectric constants

2
b3 11033 — Cy3 _ C11€33 — C13€13
11 = —, 4= —————, A3y = ———————,
Cq4 A A
2
_ C11€33 €73 _ €ssCi13 t+e33€13 _ (33€13 — €33C13
Cl?agfiA ) a137——A e N
2
C11€33 — C13 1 2
A= —"—"2bg+ —(cz3e13 — e33c13)",
€33C44 €33
bi = C11€11 bas — C11C44 b _ Ciu1€15
11 = ) 44 = s 33 —A14 = —F 3
bo bo bo
ak, k=1,...,6, are the roots of the characteristic equation

b3046 + b2a4 + b1a2 + by = 0,

b1 = criap —e11(c13 + 044)2 + caa(ers + 615)2 -

b
— 2e15(e13 + e15)(c13 + caa) + 6440*07
11

b3
by = R + cagap — e33(c13 + cas)? + caz(ers + er5)? —
44
— 2e33(c13 + caa) (€13 + €15).

M, j=1,...,p+1, are the unknown real constant vectors to be defined
later on; g and h are the unknown real vectors from the Holder class that
have derivatives in the class H*.

We write

3 (k) (k) (k) (k)
1 (2 = b; ") In(zg — b;7")—(2k —a; ') In(zg —a; )
‘/}(Z):;Im E A(k) b(k) a(k) ]\4‘77
k=1 i

J
af) =Rea; +axIma;, b)) = Reb; + ay Tmb;.

The vector V;(z) satisfies the following conditions:
1. V; has the logarithmic singularity at infinity

3
1 ; _
Vj=—1Im k§ﬂjA(k)(f1n 2+ )M+ 0(zh).

2. By V; is meant a branch which is uniquely defined on the plane cut
along [;.

3. Vj is continuously extendable on I; from the left and the right, the
end points a; and b; inclusive, i.e., we have the equalities

Vit(a;) = Vi (ay), ViH(by) =V (by),
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(k)

3
T — Q; .
+ - _ j L
Vi =V, —2Reg Ay ) @ M, j=1,...,p.
k=1 by —a,

To define the unknown density, we obtain, by virtue of (3)—(2), a system
of singular integral equations of the normal type

3
1 8ln(Tk - Ck) .
+ 7TImkg:1 E(k)/ P (g +ih)ds+

p
+ Y ViE+ A®Rer + B¥Im7+ MV = f+,
j=1

This formula implies
- p Tk — a .
( ) f —Re Z Z (k) M] (4)
a;

j=1k
/C Q/K — (), (5)

w

L~
x>

~

where
00 3 B 7-C
K(T,C)_288E+Rekz_:lE(k)asln<1+)\kT_<>,
_ 14y _ _ _1 4 -
Ak—l_mk, O = arg(T — (), Q(T)—Q(f +f7)

1 p
—§Z(V-++V) A®ReT — B®Im7 — MPT!' —

Thus we have defined the vector g on [. It is not difficult to verify that
g€ H, g € H*, g(aj) = g(bj) =0, Q € H, Q' € H*. Formula (5) is a
system of singular integral equations of the normal type with respect to the
vector h. The points a; and b; are nonsingular, while the total index of the
class hgy, is equal to —3p (for the definition of the class hg, see [7]).

A solution of system (5), if it exists, will be expressed by a vector of the
Holder class that vanishes at the end points a;, b;, and has derivatives in
the class H*.

Next we shall prove that the homogeneous system of equations corre-
sponding to (5) admits on a trivial solution in the class ho,. Let the con-
trary be true. Assume h(®) to be a nontrivial solution of the homogeneous
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system corresponding to (5) in the class hg, and construct the potential
= —RezE(k)/ n(z, — Gr) h°(¢)ds.

Clearly, Uj = U; = 0 and by the uniqueness theorem we have Up(z) = 0,
z€ D7. Then TUy =0, z € D~ and

b3 ono
ds

(TUo)™ = (TU0)™ = 2llhisll 45—

Therefore, since ho(a]—) = 0, we obtain h? = O, which completes the proof.
Thus the homogeneous system adjoint to (5) will have 3p linearly indepen-
dent solutions o;, j = 1,...,3p, in the adjoint class and the condition for
system (5) to be solvable will be written as

/Qajds:O, j=1,...,3p. (6)
!

Taking into account the latter condition and that

/ [(TU)" —(TU) ] ds = —22 M7, (7)

l

we obtain a system of 3p + 3 algebraic equations with the same number of
unknowns with respect to the components of the unknown vector M7.

We shall show that system (6)—(7) is solvable. Assume that the ho-
mogeneous system obtained from (6)—(7) has a nontrivial solution M} =

(MIOJ,M??],M0 ), 7=1,...,p+ 1, and construct the potential

fImZEk)/—ln Zk;_Ck; (90+Zh0 dS+ZVO+MP+1,

Jj=1
where
3 TE — al®
p 0
goZ_ReZA(k)WMZ() ), TElp,
k=1 by — ap
3 (k) (k) (k) (k)
© 1 (zk =0, )In(z — b;7) — (zx —a;  In(zx —a;”) ()
ViT= P Im ]; Ak pF) _ ) M;.
= j j

P
It is obvious that Uy” = U; = 0. Applying the formulas > M. jo =0 and
j=1

JUTU)* = (TU)")ds = —2M? = 0, j = 1,...,p, Up(co) = MF™ =0,
L
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we obtain MJQ = 0, which contradicts the assumption. Therefore system
(6)—(7) has a unique solution.

For Méj ) system (5) is solvable in the class hg,. The solution of the
problem posed is given by potential (3) constructed using the solution h of
system (5) and the vector g.

Let us consider a particular case with a rectilinear cut on the segment
ab of the real axis. Assuming that the principal vector of external forces,
displacement, electrostatic potential and induction vector vanish at infinity,
we obtain

/b ) ()

3
1
U(Z):gImZE(k) ——
k=1

1 5 / ut(t) —u= (¢
where X (z) = /(2 — a) (b — zi).
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