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ON ESTIMATING INTEGRAL MODULI OF CONTINUITY
OF FUNCTIONS OF SEVERAL VARIABLES IN TERMS
OF FOURIER COEFFICIENTS

L. GOGOLADZE

ABSTRACT. Inequalities are derived which enable one to estimate in-
tegral moduli of continuity of functions of several variables in terms
of Fourier coefficients.

In the paper inequalities are derived which give estimates of integral
moduli of continuity in terms of Fourier coefficients. These inequalities
generalize S. A. Telyakovskil’s results [1] to the multi-dimansional case. For
simplicity and brevity we shall limit our discussion to the two-dimensional
case.

First we give some one-dimensional theorems for the series

% +;ai cos iz, (1)

> aisiniz. (2)
=1

Let
Aa; = a; — ait1,
[%] Aaifu - AaiJru
da;=» =2 i>2 fa; =0, i<2,
v=1
(im~1)P, 1<i<m,
Oéi,m(p) = 1; 1> m, (4)
0, i< 1.

In [1] and [2] the following theorems are proved.
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Theorem A;. Let

lim a; =0,
o0
Z (|Aa;| + |6ai]) < oco.
i=0

Then series (1) converges for all x # 0 and for its sum f(xz) we have

/\f iz =0 ( (13ai]+ 51 ).

=0

w(f ), —o(Zam |Aaz|+|6al|)> (5)

where wy, (f, %)L s an integral modulus of continuity of order p.

Theorem As. Let the conditions of Theorem A1 be fulfilled and
oo
>
, i
1=1

Then series (2) converges for all x € (—m,w| and for its sum g(z) we have
the estimates

/\g |dx2|‘“|+o(§; |Aaz|+|5al)>

=1

2u+1

(o) =5 25

as| +0<ZO‘”" |Aaz|+|5al)> (6)

Note that in formulas (5) and (6) the coefficients in the O-terms depend
only on p.

Now let a double sequence of numbers a; ;, ¢, = 0,1,..., be given and
set

Alai,j = Q4,5 — Qj+1,5, AQGi,j = Q45 — Q5 5+1,

Ar1Aza; ;= A1(Aza; ;) = Aa(Ara; ),

Ala;j = A1(Avaij), Adaij = As(Dsai ),
[3]

Ajai—y i — Diaivn; . ,
51&1‘)]‘ = E Gt » l+V’j, 1> 2; 61ai,j =0, 1<2,
v=1
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[3]
Aot — Ao -

UREDY 2don = SOOI G > 9 Gpap; =0, j<2,

pn=1
01 Ara;; = 61(Ara, ;) = Ai(d1a45) = Ard1a4 5,
01Aza; 5 = 61(Asa; ;) = Ag(d1a5) = Asdra; j,
52A1ai,j = 52(A1ai,j) = A1(52ai,j) = A15zai,j,
0201a; 5 = d2(d10; ) = 61(d2a; ) = 010204 ;.

=

Given a function f € L(T?), T = (—m, ], consider the expressions

AP (3 y) = - —D)" (P) flz+ (p—20)t,y),

y Z:o (u) (x+ (p—2p)t,y)

AP f(.9) = S0 () o+ 0 - 2005,
v=0

AP f(a,y) = AP (ALD f(2,)) = ALD (AP f(x,y)),

w(p,o)(h’ f) = sup / |A§p70)f(lf,y)}d$ dy?
[t|I<h
T2

WD (n, f) = sup /’Ago’q)f(%y)’dx dy,

<
[s|<n A

WD (h,n, f) = sup / ALY f ()| de dy.
<
s|<n T2

Consider the series
oo o0
E E Ai,jG;,5 COS 1T COS jy,
i=0 j=0
where Mg =%, Mo = \jo = 2
0,0 — 2> N0, — Ni,0 — -

Theorem 1. Let

. hm aiyj = 0,
i+j—00
Aij = |A1Aza; ] + (018205 5| + [A1d2a; ;] + [0162a4 41,

iiAi’j < 0.

i=0 j=0
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Then series (7) converges for all x # 0, y # 0 and for its sum f(x,y) we
have

/Ifwyldxdyf <ZZA,J) (10)

i=0 j=0
T/(jépi/Ago’q)f(m’y)dy)dx:O(;;io aj,n(q)Aiﬁj> —0(B,), (11)
T/(Itsgpl/m p,o)f (x y)Wa:)dyzO(éé ai7m(p)Ai)j) =0(Cy), (12)

sup /( sup /IA(”)f z y)ldy> =
CEE FAANEES

(Zzam p)ajn(q Ai,j)=0(Dm,n), (13)

=0 j=0

sup /( sup /|A(p’q x,y |dw>dy—O(Dm)n). (14)

Is|<Z [t1<

Note that the coefficient in the O-term depends only on ¢ in (11), only
on p in (12), and only on p and ¢ in (13) and (14).

Proof. (9) and (9') imply

oo oo

Z Z |A1A2ai7j| < Q. (15)

i=0 j=0

This and (8) give for each j >0

Z |Avai ;| = Z ‘ Z AsAva,

oo oo

<D > A A, <00 (16)

=0 v=j =0 v=j
and
lim Aia; | = 0. 16’
Jim B (16)

In a similar manner, for any ¢« > 0 we obtain

oo
Z |A2ai7j| < o0

=0
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and

lim Z |Asa; ;| = 0. (17)

71— 00

Further, applying the Hardy transformation, we have

m—1n—1
ZZA,]aUCObm‘COSJy— Z ZD y)A1Aqa;
1=0 j=0 =0 7=0
m—1 n—1
+ Z D,(x) cosnyAia; ., + Z D;(y) cosmaAatm, j + D () Dy (y)am n-
i=0 §=0

Now, using the property of Dirichlet kernels and (8), (15), (16"), (17),
one can easily verify that series (7) converges for all z # 0, y # 0. Moreover,
(8) and (16) imply that the series

a . oo
% + Zai!j cosiz = fj(x) (18)

i=1
converges for each j > 0 and all x # 0, y # 0.

As it is known (see, e.g., [3], p. 14) if a double series Z u;; is convergent
=0
. i,j=
to S and the series ) w;; is convergent for each j, then the double series is

i=0
repeatedly convergent to S, i.e.,

(oo} oo
S (L) -
i=0 N i=0

Therefore, series (7) will converge repeatedly and for its sum f(z,y) the

equality

flz,y) =

() cos jy (19)

will be fulfilled. Hence, in turn, it follows that for each x # 0
lim f; () = 0 (20)
J]—00

and for each fixed t € [— l, %] we have

AP0
AP fa,y) = B S AR paycosjy (o)

j=1
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for all (except the finite number of values of) x
From (18) we obtain

AQGOJ

Afi(z) = + Z Aga; j cos iz, (22)
i=1
Sfi(x) = 52(10,1 + Z doa; ; cos iz, (23)
i=1

while (9) and (9’) imply
Z (|A1A2ai,j| + |51A2ai7j| + |A152ai’j| + \5152ai’j|) < 0 (24)
=0

for each j > 0.
Moreover, for each j > 0 (8) yields

lim Asa;; =0, lim d2a;; = 0. (25)

71— 00

In view of the latter two relations Theorem A; being applied to (22) and
(23) results

/|Afj(ﬂf)|dﬂf = O(Z (1A1Az2a:,] + |51A2ai,j|)>, (26)
T =0
/|5fj($)|dx = O(Z (IA1d2a4 5] + 5152ai,j|)>7 (27)
T =0
/]Apo (Af(x))|dz = O (Zam V(A1 A2a; 5] +
=0
1
b)), 1< o (28)
[ 186N = 0 3 aim ) (Ardaass | +
T =0
1
+ |6162ai,j|))7 It] < oo (29)

By summing (26) and (27) we obtain

[ a5+ s@N)s = 0 33 (181aa+

i=0 j=0
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+[01Aza; ;| + |Ardaa; ;| + |§1§2ai,j|))-

Since the right-hand side of this inequality is finite by virtue of (9) and (9’),
we have

Z |Afj(@)| + |6 f;(x)]) < o0
7=0

for almost all € T. Thus for each fixed |t| < L we obtain

i(m AP fi(@))] + [5A f(@)]) < oo

Jj=0

for almost all x.
Using the latter two relations and (20), by virtue of Theorem A; we have
for series (19), (21)

[ 15ty =0( 3 (851 + 5) ).

sup_ [ 18001,y =0 L i85+ 155 )

IsI<%
T

sup /{Ago’q)(ﬁip’o)f(x,y))ldy= ‘slup /!Af;(”f(x,y))!dx dy =
s S%

lsI<%
:o<zaj, )(1a@P? f@)] + [saf” f( ))|)).
§=0

Integrating these inequalities with respect to x and using (26)—(29), we
obtain the validity of (10), (11), and (13).
If instead of series (18) we consider the series

oo
a0 2 : .
2 + aivjcos.]ya
i=1

then by applying arguments similar to those above we shall obtain the
validity of (12), (14). O

Theorem 2. Let the conditions of Theorem 1 be fulfilled and

i - <|azjj| |A1aw|j+ |51aw| |Aza; | ;" |52aw|) oo.  (30)
i=1

=17
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Then the series

iia”smzxsm]y (31)

converges for all x € T? and for its sum g(x,y) the following estimates are
valid:

i o v A y 5 g
[ [ o= S5 oo Sy el
hFT ToFT i=1j=1 i=1 j=1 J
Km0 o oo
Asa; ;i Saa; ;
+O(ZZ| 2a7j|ﬂ 2a7]|>+O<ZZAz‘,j>7 (32)
=1j=1 ! i=1 j=1
a;,
/ (Sup /Ag07q)g(x7y)dy)dx—22| J|
- |S\S%T ==
|A1a2 |+|(51a2 |
RIPH I
i=1 j=n
Aai,' + 50,1
+O(Zzaj,n(Q)| 2 ]li |02 ,]l)—i—O(Bn):O(En’M)7 (33)
i=1 j=1
a;j
J (o f1a ooty =2 55 el
<L
-mTr i=m j=1

+O(l_zmjzl| 2aji|2a]>+
(Z Z |A1ai,j| + |51ai,j

i=1 j=1 J

) £O(C) =0, (30

,gl

IWLJn

3
S

o0
Aai' +5ai-
Zai,m@)' 10i4] + 11 ,J|>+

SRS |A a;, +|0: a;,
* O( Z Z O[jm(q)% +O(D7n,n) :O(an,n)7 (35)
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sup /( sup /IAiﬁq)g(I,y)ldx>dy=O(Cm,n). (36)
T

<t \l<

Note that the coefficient in the O-term depends only on ¢ in (33), only
on p in (34) and only on p and ¢ in (35) and (36).

Proof. The convergence of the series
o0
Za’?j sin ¢x
i=1
and series (31) is proved in the same manner as that of series (18) and

7). Denote their sums by ¢;(x) and g(x,y), respectively. The proof of the
j
equalities

gj(z) = Zam— sinix, (18"
i=1
g(z,y) =D _ g;(x)sinjy (19')
j=1

repeats that of equalities (18) and (19).
The validity of the equalities

lim g;(x) = 0, (20')
j—o0
= 1
0 0 o
APV g(a,y) = 3 APg;(@)singy, il < (21)
j=1
Agj(z) = Z Asa; jsinix, (22"
i=1
dg;(x) = Z doa; jsiniz, (23"
i=1

is obtained by using the same arguments as for equalities (20)—(23).
Inequality (30) implies that for each j > 1

— |Asai | o |02ai 4]
E ; < 00, ;:1 - < 0, (37)

=1

oo

Z |ai|
‘ )
=1

< o0, Z |A1ai’j| < o0, Z |51ai7j| < oQ. (38)

i=1 i=1
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Using (8), (24), (25), (37), and (38), by virtue of Theorem Ay we obtain
for series (18'), (22/), (23')

z @
|ai,;
[ las@las =y =
i=1

+O(Z(|A1am‘|+|51am'|)>’ (39)
=1

TRFT
[ | Asay -
/|A9j(ff)|dff=27-’+0 > (1A18%a; ] +[61A0a:5]) ), (40)
T i=1 v i=1
PITES]
[ = [02ai] =
/|59j($)|d95=2f’+0 > (1A102ai 5] +16102ai 51) ), (41)
T =1 i=1
2p+1

/\AglhO)gj Z |az]| +O<Zazm \Alau| +
T

1
- |61ai,j|)), <t 2)
(»,0) ) _ ‘A2az J|
/|At (Agj(x))|d:c— - Z Zam (1A1Aza; 4] +
T i=m
+ |61A2ai.j|))7 It < l, (43)
' m
/ ’A(IL 593 |d1‘ _ Z |52CL1,]| (2:04Z m |A152at ]| +
T
+ |5152a¢,j|)), It| < l (44)
m

After multiplying (39) by 1/j, passing to the limit in (39)—(41) as p — oo,
and then summing them with respect to the index j, we obtain

/<Z<ij|+A%( )| + 10g;(x) ))dx_z |az,g|

=1 i=1 j=1
o [Agai | + 020 |Avai ;| + (014 ]
s s O sJ 5]
vy el o5 s )

+ O(ZZ (lAIAQQi,jl + |6162ai’j| + |A162ai’j| + |5152ai’j|)).

i=1 j=1
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Since by virtue of (9), (9'), and (30) the right-hand side of this inequality
is finite, we have

> (4 1agy @1+ 130,0)]) <

Jj=1

for almost all z € T. Hence for each fixed [¢| < L we have

|A - A A(PO ) 5 6(?»0) )
Z ] +’ ))"’“ @ g](x))’ <
j=1
for almost all x.
By virtue of Theorem A, the latter two relations and (20’) imply for
series (19’) and (21’) that

/ngyldy—ZL% +O<i (IAg)(x |+|5gj|)>

Jj=1
TFT
ls‘up /|Ago,q)g(x y)|dy = Z |gJ +O<Za]n (|Ag;| + |5gj|))
s|< i
=n

sup /|Atpsq)g (z,y |dy— sup /’AgO’Q)(AEP’O)g(x,y))’dy:

Is|<w Is|<%

(p,0)
Z'A +0(Zagn (ABE g, ()] +

s |6<A§P’°>gj<x>|))-

After integrating these inequalities with respect to « and using (39)—(44),
we obtain the validity of (32), (33), (35).
If instead of series (18") we consider the series

DD asgsingy,
i=1j=1
then by a similar reasoning we shall obtain the validity of (34) and (36). O
Corollary 1. Let the conditions of Theorem 1 be fulfilled. Then

WO (L) =0(Cn), w®(2,f) = 0(By),
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Corollary 2. Let the conditions of Theorem 2 be fulfilled. Then

w(p,o><%,g> = O(F,), wqu)(%,f) = O(En),

where
E,= lm E,,, F,= lim F,,.

pH— 00 v—00

It is easy to verify that for each function ¢ € L(T?)

S (L) - o( / (‘j‘i‘i / yAgP’°>¢<x,y)|dx)dy), (45)
T -mT
w(O,q)(%’w) O(/ sup /|A ’q)ga (x,y |dy>dz> (46)
T S%
1 1
WP (m) E7¢) = O(lts|1<1p1 / ls‘lipT1 /|A :C,y)‘dy)dx). (47)

These equalities and (11)—(13) imply the validity of Corollary 1. Corol-
lary 2 is proved by a similar reasoning, but first we must pass to the limit
in (33) as p — oo and in (34) as v — oc.

Corollary 3. Let equality (8) be fulfilled and

DS (4 1) + 1IATASa; ] < oo

i=0 j=0

Then

/If(ﬂs,y)ldfv dy = 0(
D2 i=0 j=0

/(lsup /IAﬁo’q)f(wyy)ldy)dw=
s|l<i
T

oo oo

i+ 1)+ 1)A%A%ai,j>, (48)

-
= o( »3 (i+1)(7 + 1)aj7n(q)|A§A§ai,j|) — O(H,), (49)
=0 5=0
/( sup /| tp’O)f(x,yﬂdx)dy:
g Nsl< S
B O( (i D0+ Deaim (p)A7 A2aw|> O(K.,) (50)
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/ AED f(a, y>|dy)dx _

1+ 18

0 (+ 1)+ 1>az-7m<p>aj,n<q>|A%A%ai,j|) = O(Lunn), (51)
i=0 j=0
sup / ( sup / A% f(x, y>|dx) dy = O(Lun.n)- (52)
[s|]<Li [t]<-L
T T

As one can easily verify, to prove Corollary 3 it suffices to estimate the
right-hand sides of relations (10)—(14) by the right-hand sides of (48)—(52),
respectively.

In [1] it is shown that

Zalm )| Aa;| = O (2@—1—10@7,1 A2a1|> (53)
Zavm e = 0 3+ Do (6% ) (54)

i=0
are valid. In a similar manner one can prove

Z|Aai| =O<Z(i+1)|A2ai|>, (55)
=0

=0

iwai :O(i(i+1)|A2ai|). (56)

=0

Applying (53) and (55) successively, we obtain

Zzam )AL Asa; ;| = (

i=0 j=0 i=0 j=0

= 0(( XS+ 1+ D@ ATA30 ).

i=0 j=0

(o olNe o}

(4 + 1)04j,n(Q)|A1A§ai,j|> =

By a similar technique we derive the estimates

>3 @l dansl = 0 X3+ 16 + Daga(0]aiatan ).

i= Oj 0 1=0 j=0

ZZ% )|A1dza; 4| = O <Zzz+1 (J + Dajalg >|A%A3ai,j|)7

1=0 j=0 1=0 j=0
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S5y (@)lédan, | = O ( <z’+1><j+1>aj,n<q>|A%A§ai,j|>.

1=0 j5=0 i=0 j=0

The latter four relations enable us to estimate (see (9)) the right-hand side
of (11) by the right-hand side of (49). In the same manner one can prove
the validity of relations (48), (50)—(52).

Let
(im=1)P,  1<i<m,
Bim() =1+t i>m,
0, i<1.

Corollary 4. Let (8) be fulfilled and

Z ZZJ In(i 4 1) In(j + 1)|A%A§ai,j| < 0.
i=1j=1
Then
/|9 (z,y)|dx dy = (ZZZ]IH i+ 1)In(y + 1)|A2 2a”|)

i=1 j=1

/ sup /|A(0 @) g(x, y)\dy)dx—
S Nsl<

- O(Z > iiini + 1>ﬁj,n<q>|A%A§%|) _ o),

i=1 j=1

=0 < Z Z ijIn(i + l)ﬂi,m(p”A%A%ai,ﬂ) = O0(Nn),

i=1 j=1

/ sup /\A(p’Q)g z,y \dy)d:c =
ls|<+

=nmp

= 0 80 1538301 ) = O,

i=1 j=1

/ sup /\A(p q)g (x,y) \dx) = O(Rm.n)-

tI<o
T
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We have
oo
IS LD DI WISHED 359 SICHE
i=m i=m n=iv=p i V=1 =1
oo v oo v v
< ZZ%A%A =2 ) A%l
i=m v=i v=mi=m

%, ). (57)

The proof of Corollary 4 is obtained from Theorem 2 and (53)—(57) by
the reasoning similar to the proof of Corollary 3 by means of Theorem 1
and (53)—(56), but first one must pass to the limit in (33) as ¢ — oo and in
(34) as v — oo.

Corollary 5. Let the conditions of Corollary 3 be fulfilled. Then

w(Pﬁ)(%,f) = O(Kyn), w““”(%,f) = O(Hy),

W q)( 1 1) = O(Lmn).

m’'n
Corollary 6. Let the conditions of Corollary 4 be fulfilled. Then

(p 0)( g) O(]Wm)7 w(O,q)(%)g) = O(Nn)7

w(”"’)(%, %79) — O(Rm,n)-

Corollaries 5 and 6 follow from Corollaries 3 and 4, respectively, if we use
(45), (46), (47). Concerning these corollaries, see [4], pp. 6-86.
One can also consider the series

oo oo oo o0
E E Ai,j COSix sin Jy, g E Ai,j sinix cos jy.
i=0 j=1 i=1 j=0

The interested reader will readily know how to formulate and simulta-
neously prove the corresponding theorems for these series by the repeated
application of Theorems A; and As.
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