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A CONTACT PROBLEM OF THE INTERACTION OF
A SEMI-FINITE INCLUSION WITH A PLATE

N. SHAVLAKADZE

ABSTRACT. A piecewise-homogeneous plane made up of twodifferent
materials and reinforced by an elastic unclusion is considered on a
semi-finite section where the different materials join. Vertical and
horizontal forces are applied to the inclusion which haz a variable
thichness and a variable elasticity modulus.

Under certain conditions the problem is reduced to integrodiffer-
ential equations of third order. The solution is constructed effectively
by applying the methods of theory of analytic functions to a boundary
value problem of the Carleman type for a strip. Asymptotic estimates
of normal contact stress are obtained.

We shall consider an elastic composite plate by which we understand an
unbounded elastic medium composed of two half-planes y > 0 and y < 0
having different elastic constants (E4, u+ and E_,u_). It is assumed that
the plate is subjected to plane deformation and, on the semi-axis (0,00),
is strengthened by an inclusion of variable thickness hg(z), with elasticity
modulus Ey(x) and Poisson’s ratio vyg.

Contact problems of the interaction of an elastic body with thin elastic
elements in the form of stringers and inclusions as well as relevant biblio-
graphic references are given in the monographs [1-4].

The inclusion is assumed to be a thin plate subjected to the action of
vertical and horizontal forces of intensities po(x) and 79(x), respectively,
while the plate is assumed to be free from action (po(z), 7o(z) are the con-
tinuous functions on the semi-axis). The stress field undergoes discontinuity
when passing across the semi-axis, while the stress and displacement fields
do not become discontinuous when passing across the remaining part of the
Ozx-axis.
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The principal equilibrium equations (0, z)-part of the inclusion are

T
du1

Bi(o) T = [1r(0) = o),
; )

2 2y,
j? D (x) (jl? =p(x) —po(x), >0,
where
r(@)=7"(z) -1z, Ei(z)= Eofx_)f:fg(x)’
z)h3(z
) = (@) ), Dite) = o)

p*(x) and 7F () are respectively the unknown normal and tangential con-
tact stresses on the upper and the lower inclusion banks; u; and v; are
respectively the horizontal and vertical displacements of inclusion points
(r(z) =0, p(z) =0, for z < 0).

The inclusion equilibrium conditions

oo

[ir® - nlat=o. [t - po(e)de =o.
0 0 (2)

/mm—mww=o

are obtained assuming that the end cross-sections of the inclusion are free
from of external forces.

The deformation of the inclusion is assumed to be compatible with that
of the elastic composite plate with a defect on the semi-axis x > 0. By
virtue of the results of [3], [5], to construct discontinuous solutions of the
biharmonic equation we write horizontal and vertical deformations of the
Oz-axis as

BOOT
/ :_A -
W(2) = ~Ap(a +W/t

’ x>0, (3)

/ e p
v'(x) = )+ - =
0
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where
4o axb-(br +a)—a bi(b_+ay)
2c '
B— a+b,(b+ + af) + a7b+(b7 + a+)
2c ’
c=4lcr +e ) —[(e- —eq) = (d- —dy)P, ax =3cs —dx,
1—pi pat (14 pt)
by = d - P g _EECTPE)
+ =Ct +dx, Ct By + 7N

Using the conditions of contact between the inclusion and the plate
v (x) = uy (),
v'(z) = vy (z)

and substituting formulas (3) into (1), we obtain a system of integrodiffer-
ential equations

i)+ B[00 _ e hio)
0

()  Ei(z)’

(o B [0 Y@ fal)

Ae (”3)+?/ i—z  Dix) Di(z)’
0

x>0, (4)

where

©(0) =0, ¢(o0) =T,
$(0) =0, ¥ (o0) = Mo,
¥'(0) =0, ¢'(c0) = Py,

where Ty = [[% 70(t)dt, Py = [, po(t)dt, Mo = [, tpo(t)dt.
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If the plate is homogeneous A = 0, system (4) splits into two independent
equations

B [¢M)dt _ o(z)  hi)
7r0/ t—z  Ei(z) FEi(z) (5)

xz > 0.

B]"zzﬂ"(t)dt W) )

t—x o D1 (,T) D1 (SL‘), (6)

0

In the case po(x) = 0, i.e., when the inclusion undergoes only tension,
we obtain equation (5) considered in [6], while for 79(x) = 0, i.e., when
the inclusion is bent under the action of vertical forces po(z), we have one
integrodifferential equation (6).

Let us consider equation (6) under the boundary conditions

$(0) =0, ¢(o0) = My,
P'(0) =0, ¢'(00) = Po.

After introducing the notation g(x) = ¥(x) — fa(x), equation (6) takes
the form

B 7 g”’(t)dt BD1 Oop6
——D 0, B>0, (7
g(m) s l(x)/ t—x / t— » £20, =Y ()
0 0

provided that g(0) = g(o0) =0, ¢’(0) = ¢’(c0) = 0.

Let the bending rigidity of the inclusion change according to the law
D;(x) = hoz™ (ho = const > 0, n > 0 is any real number). A solution
of equation (7) will be sought for in the class of functions whose second
derivative may have nonintegrable singularities at the integration interval
ends (i.e., in the class of functions of the type ¢”(z) = z~3/2gy(z), where
go(z) is a function satisfying the Holder condition on the semi-axis = >
0), while the corresponding integrals will be understood in the regularized
sense [7]. The latter circumstance is important for the problem posed to be
correct, since for this class the energy integral of the bent plate converges like
the nonproper one, which enables one to investigate the solution uniqueness
of the problem posed. Let us assume that the principal vector and the
principal moment of external forces acting on the inclusion be equal to zero
and that po(0) = 0, |po(z)| < =%, * — o0, § > 0.
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By change of the variables z = €%, t = ¢¢ in equation (7) we have

hoB ne 7 96" () — 395 (C) + 2g5(Q))e~*dC _

90(§) — — © 1 — o<
e =~
:%enf / ZM’ —OO<§<OO,
s es — ef

where go(&) = go(e*), po(€) = po(e®).
Rewrite this equation as

e hoB T lg8/(Q) — 365(C) + 20h(Q)]e ¥ Vg
go(§)e™ == / ; R =
Bho [ 7h(C)d
= 63570 / Z;%(E)eg’ —o0 < £ < o0, (8)

where k =n — 3, go(£o0) =0, g{(fo0) = 0.
If we consider the case with k as a positive integer, i.e., n > 3, and
perform the Fourier transform of both sides of equation (8), then we obtain

U(s 4+ ik) + Ascothms (is+ 1)(is+ 2)¥(s) = F(s), —oo < s < 00, (9)

Bho
V2’

seeking for, while F(s) is the Fourier transform of the right-hand side of
equation (8) whose representation implies that F(s) is analytically extend-
able in a strip —1 < Imz < 2 and, for sufficiently large |s|, has the form
F(s) = O(1/|s|3>*¢), where ¢ is an arbitrarily small positive integer.

In equation (8), for £ = ( the integral is understood in a sense of the
Cauchy principal value, while the Fourier transform means a generalized
transform.

The problem is posed as follows: find a function ¥(z) which is analytic in
a strip, continuously extendable on the strip boundary, vanishes at infinity
and satisfies condition (9).

The problem coefficient can be written as

where \ =

U(s) is the Fourier transform of the function go(§) we are

scothms (s —1)(s — 2i) =
2s — ik
2s + ik

ws sinh Z- (s +ik) s —1i 2s+ik
= —iscothmstanh — 24 44
iscothms tanh o = G s sv2izs—k © Y

The function Gy(s) = coth s tanh Z& 2=L Z5+ik g continuous on the en-
2k s+21 2s—ik

tire exis and Go(00) = Gp(—o00) = 1. It is easy to verify that Ind Go(s) =0
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and the branch of the function In Go(s) that vanishes at infinity is integrable
on the entire axis.
As shown in [8, 9], the function Gy(s) can be represented as

Gols) = Xo(s + k)

W, —00 < 8§ < 00, (10)
0
where
1 7 s
Xo(z) = exp {% / coth E(t —z) lnGo(t)dt}, 0<Imz<k.
The function s2 + 4 can be written as
x1(s)

where ya(z) = K ==t TU5)

W, and the number )\ as
A= Xals k) (12)
xz2(s)

where y2(2) = exp(—izIn V/X), 0 < ITm z < k.
If we substitute (10), (11) and (12) into condition (9) and introduce the
notation
Xo(2)x1(2)x2(2) sinh 37
xs(2) = . :
2(z —ik/2)

we obtain

Ustik) W(s)(k—is) __ Fls)
x3(s + ik) xa(s)  xa(s+ik)’ e "

The function k£ — is can be represented as

_ xa(s +ik)
x4(s)

where y(2) = K~/ (222), 0 < Imz < k.
If we introduce one more notation

k—1is

x(2) = x3(2)xa(2),
then condition (13) takes the form

x(s +ik)  x(s) - x(s +ik)’ oSS0 (14)
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The function x(z) is holomorphic in a strip 0 < Im z < k except for the
point z = ¢k/2 at which it has a pole of first order. Let us investigate its
behavir for large |z|.

The functions xo(z) and x2(z) are bounded throughout the entire strip,
while for sufficiently large |z| the functions x1(z) and y4(2z) admit estimates
x1(2) = O([t*/*=1), xa(z) = O(|t|/*7/F)e= %t 2 =t +ir, 0 < 7 < k.
Hence it follows that for sufficiently large |z| the function x(z) admits an
estimate

x(2)| = O(|tf"/*=°%), 0 <7 <. (15)

Thus the function % is holomorphic in the strip and the solution of

problem (15) can be represented as

()= x(z) cosh T2 / F(t)dt
B 2ik X(t + ik) cosh Ttsinh I (t — 2)

— 0o

, 0<Imz<k. (16)

By virtue of formulas analogous to Sokhotskii-Plemelj ones, representa-
tion (16) yields

(1) X (to)F(to) X(tO)COSthO/X(t+Z.k) F(t)dt

7 o (o + ik) 2ik cosh Ttsinh = (t — to)’
Pt to+ik)cosh Ztg [ F(t)dt
U (tg+ik)=— (f) | x{fotik) cos ’“O/ . (ﬂ) — :
2 2ik x(t+ik) cosh Ttsinh T (t—tp)

Taking into account (15) and the behavior of F(t) for large |t|, by the
latter formulas we conclude that for 0 < Im z < k the function ¥(z) repre-
sented by (16) vanishes at infinity with order greater than three.

Condition (9) implies that for 0 < k < 2 the function ¥(z) is analytically
continuable in the strip 0 < Im z < 2.

For k > 2, using the formula ¢’ (z) = M and recalling the
nature of ¥(z), by the Cauchy formula and the inverse Fourier transform
we obtain

. k [e%S)
! Inz)= ! /t\IJ t e_i“nmdt:—ﬂ t—f—lk N\ t+2k e—itln:cdt7
gé’(lnx):i/ tij(t)e_ltlnwdt:xik /(t+zk)2qj(t+zk)e—ztlnmdt’
V2T Vor
> —0o0
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while the contact force we are seeking behaves in the neighborhood of the
point & = 0 in the manner as follows:

p(z) = po(x) = g"(2) = 2" ?g(x), k>2,

where g(z) is a continuous function on the semi-axis x > 0.

For 0 < k < 2, recalling that ¥(z) is analytically continuable in the strip
0 < Imz < 2, by the Cauchy formula we obtain as above ¢”(z) = O(1) in
the neighborhood of z = 0.

Now let us consider the case with k < 0, i.e., with 0 < n < 3. Condition
(9) takes the form

U(s —ip) + Ascothms (is + 1)(is +2)¥(s) = F(s), —oo < s < 00,(9)

where p = —k, p > 0.

The problem is formulated as follows: find a function which is analytic
in the strip —p < Im z < p except for a finite number of points lying in the
strip 0 < Im z < p at which this function may have poles, is continuously
extendable on the strip boundary, vanishes at infinity and satisfies (9').

Obviously, if we can find a function which is holomorphic in the strip
—p < Imz < 0, continuous on the strip boundary and satisfies condition
(9), then the function

U(z), —p<Imz <0,
Ui(z) = F(z) —¥(z —ip)
Azcothmz (iz +1)(iz + 2)’

0<Imz<p,

with poles at the points z = im/2, m = 1,3,..., will be a solution of the
problem under consideration.
After writing the coefficient of problem (9’) in the form

scothms(s —i)(s —2i) =

sinh w(s—1ip) —i 9 . 92 — i
— iscoth s tanh - g > Z. i j sz (52 +4) > Z.p,
2p sinh3>  s+2i2s5—ip 25 +ip

the function Go(s) = coth7s tanh 25 S=L 252 can be represented as
» s+2i 2s—ip

_ Xo(s —ip)

Go(s) =222 2 <5< o0, 10/
0( ) XO(S) ( )
where
Xo(z) = exp{ — i / In Gy (t) coth 7T(t_z)dt}, 0<Imz <p.
2pi P

— 00
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The function s? 4+ 4 has a representation
2aqo_al) (11)

. —2iz4p F(M) .
where Y1(z) = P~ » W, and the number X is represented as
=

)\:ﬁ, —00 < § < 00, (12"
Xa(s —ip)
where Ya(2) = exp(—izIn ¥/A), —p < Imz < 0.
On substituting (10"), (11’) and (12’) into condition (9") and introducing

the notation
Xo(z) sinh 22

X Sh e —— z+1
Xs3(z) = Z%(Z)%(Z)( +ip/2),
we obtain
U(s—ip) U(s)(p+is)  F(s) e /
23(572‘]9) %3(5) - 23(5*119)7 < s < 00. (13)

The function p + is is represented as

X4(s —ip)

Xa(s)

where X4(z) = PiZ/PF(%fz), —p <Imz < 0. If we introduce the notation

p+is=

X(2) = X3(2)Xa(2),
then condition (13") can be rewritten as

U(s—iz)  U(s) _ F(s)
X(s—ip)  X(s)  X(s—ip)’

—00 < § < 00. (14"

The function ¥(z) is holomorphic in the strip —p < Im z < 0, the func-
tions Xo(z) and X2(z) are bounded throughout the strip, for sufficiently large
|2| the functions Y1(2) and Y4(z) admit the estimates X1 (z) = O([t|*7/P*1),
Xa(2) = O(|t|1/2*7/p)e_%‘t|, z =t +ir, and for large |z| the function X(2)
admits an estimate

X(2)l = O(jt|>7/7=4%), —p< 7 <0 (15')

The function g((z)) is holomorphic in the strip —p < Im z < 0 except for
X

z
the point z = —ip/2 at which it may have a pole of first order, and the
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solution of the boundary value problem (14) is given by the formula

X(z) cosh Xz y F(Hdt
\I/(z):() p/~ - (W) — +
2ip X(t — ip) cosh Tt sinh 7(t — 2)
—0o0
+Cj tanh %zf((z) +Cix(2), —p<Imz <0, (16")

where Cy and C7 are any constants.

Condition (9’) implies that the function ¥(z) is analytically continuable
in the strip —3 < Im z < 0. On choosing constants such that Cy = C; = 0,
the function ¥(z) given by (16') will be vanishable at infinity with order
greater than three. The unknown function W;(z) has poles at the points
z =1/2, 3i/2 and vanishes at infinity with its order unchanged.

Similarly to the above, using the Cauchy formula and the theorem of
residues in the neighborhood of the point £ = 0, we obtain the representa-
tion ¢"(x) = x~3/2§, (), where g () is continuous on the semi-axis = > 0.

The results obtained can be formulated as

Theorem 1. If the function po(x) is integrable and bounded on the semi-

azis x > 0 and, moreover, po(0)=0, po(x)=0(x=27°%) (x—00), [po(t)dt=
0

0, [tpo(t)dt =0, then in the neighborhood of the point x = 0 the normal
0

contact stress p(x) admits an estimate

2" p(z)  for n > 5,
p(x) = po(z) +{ O(1) for 3<mn <5,
x732p1(x)  for 0<n < 3,

where p(z) and p1(x) are continuous functions on the semi-axis x > 0.
Remark. For n = 3 condition (9) or (9') takes the form
U(s)[1+ Ascothms (is+1)(is +2)] = F(s), —co<s<oo. (97)
By considering the equation
1+ Ascothms (is+1)(is+2) =0 (10"

we can prove that it has no complex root sy = « + i3, where a > 0,
0<p<1/2.
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Indeed, after isolating the real and the imaginary part from equation
(10") we obtain the system of equations

A(Psin 278 — @ sinh 27a)
2(sin® 73 + sinh? 7av)
Q@ sin 278 + Psinh 27ra

1+ =0,

(117)

)

sin? 73 + sinh? 7o
where
P=pB(8-1)(8—2)+2a*(1-f),
Q = 6af — 303* — 2a + o’.

Let system (11”) have a solution (ag, 5p), where ag > 0, 0 < Gy
1/2. After finding from the second equation of system (11”) sinh 2mayg
Q sin 27y and substituting into the first equation, we obtain

- P
MP%+Q?)sin276y
2P(sin® 76y + sinh® rag)
Since P > 0 and sin 278y > 0 for 0 < By < 1/2, the latter equality does not

hold.
Thus we have proved

I IA

Theorem 2. In the conditions of Theorem 1 and for n = 3, the normal
contact stress admits, in the neighborhood of the point x = 0, a representa-
tion

p(w) = po(x) + O(a™3/>%),

where dg > 0.
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