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LIMIT DISTRIBUTION OF THE MEAN SQUARE
DEVIATION OF THE GASSER-MULLER
NONPARAMETRIC ESTIMATE OF THE REGRESSION
FUNCTION

R. ABSAVA AND E. NADARAYA

ABSTRACT. Asymptotic distribution of the mean square deviation of
the Gasser—Miiller estimate of the regression curve is investigated.
The testing of hypotheses on regression function is considered. The
asymptotic behaviour of the power of the proposed criteria under
contiguous alternatives is studed.

Let {Y.x, k =1,...,n},>1 be a sequence of arrays of random variables
defined as follows:

k
Ynk:g(wnk>+znk7 mnkzgv k:L...,n, 7121,

where g(x),x € [0,1], is the unknown real-valued function to be estimated
by given observations Y,i; Znk, K = 1,...,n, is a sequence of arrays of
independent random variables identically distributed in each array such
that EZ,, =0, EZ2, =0 k=1,...,n,n> 1.

Let us consider the estimate of the function g(x) from [1]:

gn(x) = Z Wni(x)y;zh MRS [Oa 1]7
i=1

where

szb;l/ K(x_t)dt, A= [’_171]

A, bn no'n

Here K (x) is some kernel, b, is a sequence of positive numbers tending to 0.
Assume that the kernel K (z) has a compact support and satisfies the

conditions:
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1°. supp(K) C [-7,7], 0 <7 < o0, supl|K|< oo,
[K(u)du=1, K(—z)=K(z),

2°. [K(uww/du=0, 0<j<s, [K(uusdu#D0,

3°. K(z) has a bounded derivative in R = (—00, 00).

Denote by Fy the family of regression functions g(z), = € [0,1], hav-
ing derivatives of order up to s (s > 2), ¢(®(z) is continuous. Note that
Yoy Whi(z) = 1for z € Qu(7) = [7b,,, 1 —7b,] and Eg,,(z) = g(z)+O(b2)
if the kernel K (x) satisfies condition 1° and g(x) € F. On the other hand,
S Whi(z) # 1 for x € [0,7b,) U (1 — 7b,, 1] and it may happen that
Eg,(x) 4 g(x), for example, Eg,(0) — @ (or Egn(1) — @) If the es-
timate g, () is divided by Y ;" Wyi(x), then the proposed estimate g, (z)
becomes asymptotically unbiased and, moreover, Eg,(z) = g(z) + O(by)
for z € [0,7b,) U (1 — 7by,, 1]. Hence the asymptotic behaviour of the esti-
mate g, () near the boundary of the interval [0, 1] is worse than within the
interval 2, (7). A phenomenon of such kind is known in the literature as
the boundary effect of the estimator g,(x) (see, for examle, [2]). It would
be interesting to investigate the limit behaviour of the distribution of the
mean square deviation of g, (z) from g(x) on the interval ,(7) and this is
the aim of the present article.

The method of proving the statements given below is based on the func-
tional limit theorems for semimartingales from [3].

We will use the notation:

U, = nbn/ (gn(z) — Egn(x))Qdac, 02 = 404(nbn)2 Q?k(n),
Qn(T) )
Q= = [ @)Wy
Nike = ik (n) = 2nbpQik Zni Znioy '

k—1
Gk =Y Mty k=2,..,m, & =0, &u=0, k>n,
=1
.7:,5”) =0(W: Zn1,Zn2y s Znk)s

where ]_-lgn) is the o-algebra generated by the random variables Z,,1, Z,2, .. .,
Tk, & = (2,9).

Lemma 1 ([4], p. 179). The stochastic sequence (gnk,f,g"))kzl is a
martingale-difference.

Lemma 2. Suppose the kernel K(x) satisfies conditions 1° and 3°. If
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nb2 — oo, then

27
b lo? — 207 , KZ(u) du,

and
EU, =0 /K2 Ydu + O(b )+O(nb)

where Ko = K x K (the symbol x denotes the convolution).

Proof. Tt is not difficult to see that

2 _ 04 [ZZQ,” ZQ] n) + da(n).

=11=1

Here by the definition of Qg; we have

2
d ( = 204n2b_2z (/ / tl,tz dtldt2> s

U, (ty, 1s) = /QH(T) K(x ;1) K(x b_ntQ) dz.

Using the mean value theorem, we can rewrite d(n) as

di(n) = 20*(n 22\1/2 (0,02,

where

with 0 € A,, 6% € A,

503

Let P(z) be the uniform distribution function on [0, 1] and P (x) the
empirical distribution function of the “sample” 9%1), cee 97(5), 1 =1,2,1ie,
P’rg,l)(l') =n"' Y i I)(G( )) where T4(-) is the indicator of the set A.

Then d;(n) can be ertten as the integral

dy(n) = 20", 2/ / (z,1)dP Y (z)dP? (y). (4)
It is easy to check that
\1/2 (z,y)dP Y (2)dP? (y / / W2 (z,y)dP(x)dP(y )‘<11+12,

where

I TR ) () — dP(z
11—\ / / W2 (2, )dPP (1) [dPD () — dP ()],
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= [ wr@re o) - ol

Furthermore, the integration by parts of the internal integral in I yields
1 1
n<2 [ ar) [ (IR0 - Polw ol
0 0

x/Qn(T) K >(“I)HK< y)’dt)dz. (5

Since sup |P,(Li) — P(z)| < 2 and |9, (z,y)| < cby,, we have
0<z<1

~

I = O(by,/n).

Here and in what follows c is the positive constant varying from one formula
to another.
In the same manner we may show that

I, = O(b,/n).
Therefore
4;-2 e 2 1
= 20%b_ R o(—).
dq (Tl) o bn /0 /O n(th tg)dtldtg + (nbn> (6)

It is easy to show also that

n):204/ﬂn T)/Q T)(/:ilb1K(u)K<xb_ny—u)du>2dxdy+0(n1bn>.

Since [—7, 7] C [ s3] for all z € Q,(7), we have

*20 /Q”(T /Qn(r ™ )dxdy+0( bn>

But it is easy to see that

. 4 1 (17y)/bn77' 9 1
b-ldi(n) = 20 K2(u) du ) dy + O(by) + o(—).
0 T ’I’Lbn

—y/bn

Therefore
b tdi(n) — 20* / K2 (u) du. (7)

We can directly verify that

b= da(n) |<n2b3Z/ /// </Q<r

(55, ) (55,72
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“J
Qn (1)

Statement (1) immediately follows directly from (3), (7), and (8).
Let us now show that (2) holds. We have

K(y - t?’)K(y b_nt“) ‘dy)dtl dty dts dty < c%. 8)

b'fL n

o2 ! ofT —t
Dgn(x)—nb%/o K ( i )dPn(a:),
where

P, (z) :n‘lzl(,ooyx)(ek), 0L A, k=1,...,n.
k=1

Applying the same argument as in deriving (6), we find
2

Dgn(x):%/OlKQ(xb;t>dt+O((m;)2). (9)

Furthermore, taking into account that [—7,7] C [%=1, Z] for all 2 € Q,,(7)
by (9) we can write '

Dya(a) = / K2(u) du + O((nby)~2).

Thus

1
EU, — o2 /K?(u) dut 0(bn) +0(—-). O
Theorem 1. Suppose the kernel K(x) satisfies conditions 1° and 3°. If

sup EZ2, < oo and nb? — oo, then
n>1

b Y2(U, — 020,)0 205 —Soe,

where

6 = /K2(u) du, 63 = Q/Kg(u) du.

By the symbol %, we denote the convergence in distribution, £ is a
random variable distributed according to the standard normal distribution.
Proof. Note that

U, — EU,
On

— Hr(ll) + ]:[7(12)7

where

n b, n
HY = ank, H® = Ion (Z2; — BEZ})Qii-
k=1

o
=1
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H,SQ) converges to zero in probability. Indeed,

\dz(n)\.

bu)? < bu)® -
D=0 S Pz Q<o £z MR S0k = s pz
i=1 n= i=1 "= "

2 iy —
n On

This and (8) yield DH” = O(1/(no2)) = O(1/(nb,)). Hence H 0.
(By the symbol P, we denote the convergence in probability).

Now let us prove the convergence Hﬁl)if . For this it is sufficient verify

the validity of Corollaries 2 and 6 of Theorem 2 from [3]. We will show
that the asymptotic normality conditions from the corresponding statement
are fulfilled by the sequence {gnk,}—én)}kzl which is a square-integrable
martingale-difference according to Lemma 1.

A direct calculation shows that Y ,_, E¢2, = 1. Now the asymptotic
normality will take place if for n — oo we have

ST BIE (€] > ©) FP1-50 (10)
k=1
and
PRSI (11)
k=1

But, as shown in [3], the validity of (11) together with the condition

sup |§nk\i>0 implies the statement (10) as well.
1<k<n
Since for € > 0

n
P{ sup |G| >} < EG,
1<k<n P

to prove Hfll)if we have to verify only (11), since relation (12) given

below is fulfiled.
Now we will establish >, _; fzkid. It is sufficient to verify that

n 2
B(Y & -1) =0
k=1
asn — oo, Le., due to > _, B¢, =1

B(Y &) =Y Beh+2 Y B&i, L
k=1 k=1

1<k1<k2<n
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First show that > ,_, B, — 0 as n — co. By virtue of the definitions of
&nr and 7;; we can write

ZE'ffm =1V + 1,
k=1

where

k—1
[é,l) = ZE szEanij’
j=1

n

n k—1

I = Z > EZLEZ}Q5.Q%.

" k=2 i#j

On the other hand, since sup EZ}; < oo, |Qi;| < ¢b,'n™2 and b,'02 —
n>1

0402, we have IV = O((nb,)~2), I? = O(1/(not)) = O(1/(nb2)). Hence
> E&, -0, n— oo (12)
k=1

Now let us establish that

2 Z E&, &, — 1

1<k1<ka<n

as n — 00. The definition of £,; yields

1 3 4
5’!27,]61 nkg = Bl(clLQ + B’E} 3{:2 + B’Eq;cg + B’ilzﬁ'g’

where
B, = 0a(k1)o2(ka), B, = 02(k1)ou (k).
B}, = o1(k1)oa(ka), B, = 01(k1)o (k2),
k—1
= niknir,  o2(k) =0
i#] i=1
Therefore
2 Z TLklgTLkg Z A
1<k <ka<n
where

AD=2 > EBY., i=1234
1<ki<ka<n
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Let us consider the term Aﬁf’). According to the definition of n;; we have
En?kgnsklmkl =0, s#t, ki <ko.
Thus
A =0. (13)

To estimate the term A'?| note that sup EZ4, < oo and |Qij| < cbyin=2.
n>1

So we obtain
b2 1
AP < CT; Z Z Qi < O(m) (14)

Now we will verify that ASP — 1 as n — oo. For this let us represent AS)
in the form

AP = DY+ D,

where
kl_l k}z—l
DM =2 3 ( 3 Enfkl) ( > Evﬁk2>7

1<k1<k2<n i=1 j=1

kl_l k2—1

1
DR — 2( S B, - Y ( > Enfk1> ( > Enf.kZ)).
k1<ko k1 <ka i=1 j=1

From the definition of a it follows that

D’Ell = i:(ZEmk> )

k=2
where
n k-1 2 n — 2 1 1
2 —
Z(ZEW) <e(22) Z(ZQ ) e =0(m)
k=2 \i=1 k=2 \i=
Therefore
DM —1 as n— oo. (15)

Next we will show that fo) — 0 as n — oo. It is easy to verify that

k-1 ki—1
D(2 =9 Z [ Z cov nzkl,nlkz )+ Z cov ( 7711@1,771@11@)]

ki1<kso =1 =1
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But .
2 2 non 2 N2 1
Enig, Mk, < C( o ) ik @ik, = cn4a;11‘
Similarly,
En?j =0(n"20,?).

Therefore

cov (1, Mi,) = O((non) ™). (16)
Furthermore, since Y7) . <, (k1 — 1) = O(n?), equation (16) implies

1 1
D@ — <7) - (7) 17
n =0 noi © nb? (17)

Thus, according to (15) and (17),
1
A<)—1+o( b2) (18)

Finally, we will show that Ag:1 ) . 0asn — oo. Again, by the definition of

7;; We can write

ki—1
AP =4 37> Enery ek, NskaMika | <
ki1<ko t<s
nb,\ 4
SC(;) ’ Z Q sty Qo Qi Qury | +
s,t,k1,ko
+ ‘ Z QisQit + ’ Z thQstQk}sts :| -
k,s,t k,s,t
_ oM ) ) 3)
=\ [|E |+ ED]+|ES ). (19)

By the same argument as in (4), it can be shown that

ED =025 57w, (000, 0)w,(00,0%))

stk
1
< [ 00w, 6 )P w.
0

Hence, integrating by parts and taking into account that sup |¥,,(¢1,t2)| <
cby, and sup |[K (D (u)| < oo, we obtain

EW =nTp 8 / S, (00,02)w,0),6017) x

s,t,k
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1
(00,0 (01, ) du = O ). (20)

In the same manner, we can rewrite (20) as

EM =p~4p, 8 / / // w(2, )W, (y, 1) X

x W, (y,t) dudt dydz + O(n *%n ).

It is easy to verify that

1 1 1l
n74b;8/ / / / |V, (2, u) ¥, (2, )V, (y, w) Uy (y, )| dudt dy dz <
o Jo Jo Jo

gcn*‘lb;z/ / Ky xiv)‘dmdv §cn*4b;1.
Qp (1) JQn (1) n
Thus
nby \4 1
2n (1) — =
( . ) BD = 0(bn) + O(nb,%)' (21)

Furthermore, it is not difficillt to show

1
4_—472(2) _
(nbp)*0, “E, O(nb%)
and
1
4_—47(3) _
Therefore (19), (21), and (22) imply
A 0 as n— oo (23)

Combining relations (12), (13), (14), (18), and (23), we obtain

n 2
E(Zﬁik—l> —0 as n— ooc.
k=1

Therefore
Un — EUn d
In T 2n 4
on
But, due to Lemma 2, we have EU, = o260 + O(b,) + O((nb,)~!) and

492 and hence we obtain

e (Sa) e

b;lai — 0



LIMIT DISTRIBUTION OF THE MEAN SQUARE DEVIATION 511
Let us denote by

Qn (1)

Theorem 2. Suppose g(x) € Fy, s > 2 and K(x) satisfies conditions
1° —3°. If, in addition, sup EZ2, < co,nb2 — oo and nb2* — 0, then
n>1
b Y2(T, — 020,)0 205 L €.

Proof. Note that
Ty = Up +d) +d),

where
4D = 2nb, /Q on(@) = Eou(a)] [Bga(@) — 9@l
d’EIQ) = nbn [Egn(m) - g(x)]QdJ;
Qn(T)

It is easy to verify that

Ega(z) - g(z) =b;1i/AlK(”“"b;t)dxg(;) ~ g(a) =

ot [ (5 a0 g0+

bt /01 K(xb; t) [g(t) — g(@)]dt, =€ Qn(r), (24)
with . - '
=301 a0, 2[5
But .

() — 9(@)] < 9(2) - @)
su z) —g(z max su —) —g(x)| =
OSIIS)I n g o 13i§”z€£i N5 g
1 , 1)
— Z_ N=—o0f= AL
1réliagxnxs€u£i - $’|g ()| O(n , Ti €4

Therefore the second term in (24) is O(1). Since g(z) € F, and K(z)
satisfies conditions 1°-3°, we have

/o1 K<xb; t) [9(2) _g(ff)}dt‘ _

sup
2€Q, (1)
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/ / V¥ g (& + tuby, )us K (u)du

Thus from (24) and (25) it follows that

= sup < cb;. (25)

(S ! €N, (T)

1
sup_|Bga(x) — glo)| < (53 + ). (26)
z€Q, (T) n
Therefore
b 2dP) < e(nb2* /by + b5 4 07 by). (27)

On the other hand, (9) and (26) yield

B S Pl = Bt

1/2
<[ B - g<x>>2dx} < ev/Ab'. (28)
Qn("')
Finally, the statement of Theorem 2 follows directly from Theorem 1, (27)
and (28). O

Using Theorem 2, it is easy to solve the problem of testing the hypothesis
about g(x). Given o2, it is required to verify the hypothesis

Hy:g(x) = go(z), =€ Qu(7).

The critical region is defined approximately by the inequality

0 = b, / (n() — go(x))2dz > gu (@), (29)

where

Qn(a) = 02 (91 + )\a V bn92)a 01 = /K2(U)du7 9% = 2/Kg(u)du

and A, is the quantile of level 1 — « of the standard normal distribution,
ie.,
2

5>dx.

(Aa) =1-a, O(u)=(2n)""/? /Oo exp (-
1/2

Suppose now that o2 is unknown. We will use the b,/ “-consistent estimate

of variance o2 (see, for example, [5]):

Yoi.

S = T Z:: i1~ Y,
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Indeed,
n—1 .
i—1 i\12
ES; = 2 9(5) 9G]
" (n— 1 Z + P g
where €¢; = Z;41 — Z;, Z; = Z,;. Moreover, since Ee? = 202, we can write
2 _ 2 (1) _ 2 -2
ESn—o—l— n—l nQZ =0"4+0(Mn"").

i=1

To calculate the variance, it is sufficient to note that

n—1
1 1
E(S2? — 52)2— E -2 2 _ E2Ee =
(Sh =) 4(n—12; € +0(n )~ U+4(n—1)2; e
_ 4\ 2)(n —3) 2\2 4 —1y _
= n_12ZE oy 20—t 0 =

:74(;1 QZEE +0m™).

i=1
Since sup EZ}, < oo, this yields E(S% — 02)? = O(n™!). Therefore

n>1
bo1/2(82 — 02) Lo,
Corollary. Under the conditions of Theorem 2
bo1/2 (5%5291) e
This corollary enables us to construct a test for verifying
Hy : g(x) = go().

The critical region is defined approximately by the inequality T > g, (),
where g, () is obtained from g, () by using S2 instead of o2.

Consider now the asymptotic properties of test (29) (i.e., the asymptotic
behaviour of the power function as n — o). First, let us study the question
whether the corresponding test is consistent.

Theorem 3. Under the conditions of Theorem 2

Hn(gl) = PHl (Tn = (Ol)) - 15 n— oo,

e., the test defined by (29) is consistent under any alternatives

Hy : g(z) = 01(x) # go(z), A= /91 (2))2dz > 0.
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Proof. Denote
Zn(g1) = b, '/? <nbn/ (gn(@) — g1(2))da — 0291>U‘2921~
Qn (1)

It is easy to show that
Lo (91) = Pry { Zu(91) = —nby/? (65 072 A + 0,(1)) }.

Since Z,(g1) is asymptoticaly normally distributed with parameters (0, 1)

under hypothesis Hj, nbt/? = oo and A > 0, we have IT,(¢g1) — 1 as
n— o0o. [

Thus under any fixed alternative the power of test (29) tends to 1 as n —
oo. Nevertheless, if the alternative hypothesis varies with n and becomes
“closer” to the null hypothesis Hy, the power of the test may not converge
to 1 depending on the rate at which the alternative approaches the null
hypothesis. In our case the sequence of “close” alternatives has the form

Hy, 2 gn(2) = go(x) + 1 0(x) + o(7n). (30)

Theorem 4. Suppose go(x) and ¢(x) are from Fs, but K(x) satisfies

coditions 1°-3° and sup EZ%, < co. If b, = n~°, , = n~1/2+9/4 1/25 <
n>1
§ < 1/2, then under alternatives H, the statistic

b V2TO - 6,0°)0 726, "
has the limiting normal distribution with parameters (0%92 fol 0 (x)dz, 1).

Proof. Let us represent T as the sum

79 = nb, () = Gn(2))2dz + nb, Tn(2) = go(x))?dz
= [ (@) = Ga@) e b [ Gle) = o)+
+2nb,, / (gn () = Gu(@))(Gn (@) — go(x))da = T, + Ar(n) + As(n).
Qp (1)
It is easy to check that
b=1/2 A (n) = / 22 (u)du + O(n=?). (31)
0

Let us introduce the random variable

%exﬁx%m—a%mwwm.
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Here F; denotes the mathematical expectation under the hypothesis H,,.
We can derive the inequality

bV 2| Ag(n)| < bl [E|dn| s 1B - 5@l dx} -

= nbY/ %y, E|d,| + O(ny,bs1/?).

n(T)

But
n R 24 1/2
< -1 _ < en~ V2.
E|d,| < O'{Z <bn /Q " (/AK( B )dt))gp(x)da:) } <cn
=1 n i
Therefore

2—(4541)8
1

by 2B As(n)| < c(n™* +n ) — 0. (32)
Referring to the proof of Theorem 2 it is easy to verify that b, 1/2 (TY —
02601)0205 " is asymptotically normally distributed with parameters (0,1).
Hence, from (31) and (32) we conclude that the theorem is valid. [

Remark 1. It follows from Theorem 4 that more closer alternatives of
form (30) (i.e., under ~,n'/279/4 — 0) are not distinguished from Hy by
this test (i.e., Py, (T° > qn(a)) — «), and for more remote alternatives (i.e.,
under ~v,n'/2-%/4 00) the corresponding test preserves the consistency
property (i.e., Py, (TO > g,(a)) — 1).

Thus the local behaviour of the power Py, (T > q,(«)) is

Pit, (T > gu(a) — 1 @(Aa - = / () du). (33)

Since fol ©%(u)du > 0 and is equal to zero if and only if p(u) = 0, it follows
from (33) that the test for testing the hypothesis Hy : g(x) = go(x) against
the alternative of form (30) is asymptotically strictly unbiased.

Remark 2. Theorem 4 is analogous to Theorem 6.1 from the book by
J. D. Hart [6] with the only difference that [6] deals with the statistic based
on the Priestley—Chao estimate [7].

Remark 3. If in the interval [0, 1] we choose points z,) in a more general
manner, i.e.,

Tnk
/ pu)du=Fk/n, k=1,...,n,
0

where p(x) > 0, z € [0,1], is the probability density satisfying certain
conditions of smoothness, then Theorems 1-4 remain valid provided that
the parameters 6; and 0, are changed appropriately.
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Remark 4. If instead of K (x) we consider its modification K ,(x) from
[2], then we can give the hypothesis Hy on the entire interval [0, 1]. For the
corresponding estimate we have g’ (z) = g, (), € Qy,, while the relation

1
nbi”(/ (95 — 9)%dx — /Q (gn — g)zdfﬂ) L0
0

n

will be proved in our forthcoming paper.

Remark 5. If in Theorem 4 we set § = QSQﬁ, then v, = n~%F. By
Yu. Ingster’s results [8] the test 7, is minimax consistent with respect to
alternatives of form (30).
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