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MULTIPLE SOLUTIONS OF GENERALIZED MULTIPOINT
CONJUGATE BOUNDARY VALUE PROBLEMS

PATRICIA J. Y. WONG AND RAVI P. AGARWAL

ABSTRACT. We consider the boundary value problem
y"(t) = P(t,y), te(0,1)
yD(t)=0, j=0,...,n;—1, i=1,...,m

where r > 2, n; > 1fori=1,...,r, Zzzlnl =nand 0 =t <

ta < --- < t, = 1. Criteria are offered for the existence of double
and triple ‘positive’ (in some sense) solutions of the boundary value
problem. Further investigation on the upper and lower bounds for
the norms of these solutions is carried out for special cases. We also
include several examples to illustrate the importance of the results
obtained.

1. INTRODUCTION

Let 0 =t <te < --- <t. =1Dber (> 2) fixed points and let n; (>
1), @ = 1,...,r, be integers with Y ;_,n; = n. In this paper we shall
consider the multipoint conjugate boundary value problem

y™M(t) = P(t,y), te(0,1),

. M
y I (t)=0, j=0,....,ny—1, i=1,...,m (M)

where P is continuous at least in the interior of the domain of definition.

We shall define a positive solution y of (M) as follows: y € C(™(0,1)
is a nontrivial function that fulfills (M) and for each 1 < i < r — 1,
(—1)ni+1tFne g ig nonnegative on [t;, t;41]. Our first task is to develop
criteria for the existence of double positive solutions of (M). Next, we shall
consider two special cases of (M), namely,

y@ @) =a) [y + @], t€(0,1), y(0)=y(e)=y(1)=0 (M1)
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and

y@ () = at)e O, e (0,1), y(0) = y(e) = y(1) =0, (M2)

where 0 < ¢ < 1,0 < a<1<f, v>0and qis continuous at least in
the interior of the domain of definition. It is noted that the importance of
(M1) is well illustrated in [1, 2] and that of (M2) is related to the analysis
of diffusion of heat generated by positive temperature-dependent sources
[3]. In addition to providing conditions for the existence of double positive
solutions of (M1) and (M2), we also derive upper and lower bounds for the
norms of these solutions. Finally, we shall examine the existence of triple
positive solutions of a ‘separable’ case of (M), namely,

Y™ () =b(t)f(y), te(01),

. (M3)
y () =0, j=0,....,ns—1, i=1,...,r

where b and f are continuous at least in the interior of the domain of
definition. The criterion established will also provide estimates on the norms
of these positive solutions.

The present work is motivated by the fact that a multipoint boundary
value problem of the type (M) models various dynamical systems with n
degrees of freedom in which n states are observed at n times, see Meyer [4].
In particular, when n = r = 2 the boundary value problem (M) describes a
vast spectrum of nonlinear phenomena which include gas diffusion through
porous media, nonlinear diffusion generated by nonlinear sources, thermal
self ignition of a chemically active mixture of gases in a vessel, catalysis
theory, chemically reacting systems, adiabatic tubular reactor processes, as
well as concentration in chemical or biological problems, e.g., see [5-11]. It
is important to note that in most of these models, only positive solutions are
meaningful. Recently, special cases of (M), namely, second order problem
(n = r = 2) and two-point problem (r = 2), have been tackled by several
authors [12-15]. Further, related investigations on other boundary value
problems such as Sturm—Liouville type, focal type, Lidstone type as well as
(n,p) type are documented in the monographs [3, 16-18, 1]. Our results,
besides complement and extend the literature to multipoint problem, also
improve the work of Eloe and Henderson [19].

The paper is organized as follows. In Section 2, we shall state the fixed
point theorems required, and provide some properties of certain Green’s
functions which are needed later. By defining an appropriate Banach space
and cone, in Section 3 we shall establish existence criteria for double positive
solutions of (M). The cases (M1) and (M2) are respectively treated in
Sections 4 and 5. Finally, in Section 6 we shall discuss the existence of
triple positive solutions of (M3).
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2. PRELIMINARIES

Let B be a Banach space equipped with the norm || - ||.

Definition 2.1. Let C(C B) be a nonempty closed convex set. We say
that C is a cone provided the following conditions are satisfied:

(a) If y € C and ¢ > 0, then fy € C;

(b) If y € C and —y € C, then y = 0.

Definition 2.2. Let C(C B) be a cone. A map 1 is a nonnegative
continuous concave functional on C' if the following conditions are satisfied:

(a) ¥ : C — [0, 00) is continuous;

(b) Y(lx+ (1 —0)y) > t(x) + (1 — O)ep(y) for all z,y € C and 0 < £ < 1.

With C and 1 defined as above, we shall introduce the following nota-
tions. For k, ¢, m > 0, we shall denote

Ck) ={y € C |yl <k} and C(¢p,£,m) = {y € C | ¢(y) = ¢, [[y| < m}.
The following fixed point theorems are needed later.

Theorem 2.1 ([20]). Let C(C B) be a cone. Assume 1,Qy are open
subsets of B with 0 € Q1, Q1 C Qs, and let

SICﬁ(QQ\Ql) —C

be a completely continuous operator such that either
(a) [Syll < llyll, y € CNOQ, and ||Sy[| = |lyll, y € C N Oy, or
() ISyl = [lyll, y € CNIQ, and ||Syll < [lyll, y € C N Q.
Then S has a fized point in C N (Q2\Q1).

Theorem 2.2 ([2, 21]). Let C(C B) be a cone and let v > 0 be given.
Assume that 1 is a nonnegative continuous concave functional on C such
that ¥(y) < ||ly|| for all y € C(v), and let S : C(v) — C(v) be a completely
continuous operator. Suppose that there exist numbers k,f, m, where 0 <
k<t <m<v, such that

(a) {yeC(W,t,m) [ ¥(y) > €} #2, and P(Sy)>L for all ye C (4, L, m);

(b) 1Syl < & for all y € C(k);

(c) ¥(Sy) > € for ally € C(, L, v) with ||Sy|| > m.

Then S has (at least) three fized points yi, yo and yz in C(v). Further
we have

y1 € Ck), y2€{yeCW,Lv)ly) >t}
ys € C_'(V)\(C(w,é, v)U C_'(k:))

To obtain a solution for (M), we require a mapping whose kernel G(t, )
is the Green’s function of the boundary value problem

(2.1)

y ™M) =0, te[0,1] yI(t)=0, j=0,...,n,—1, i=1,.... (2.2)
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We shall use the following notation. For each 1 < ¢ < r — 1, we shall
denote o; = Z;:Hl n; and I; = [(Sti +tip1)/4, (6 + 3ti+1)/4]. Further,
for each s € (0,1), we define

|G(-,8)|l = sup |G(t,s)]. (2.3)
tefo,1]

It is well known [3, 22-24] that
(=1)*G(t,s) >0, (t,8) € (tiytiy1) x (0,1), i =1,...,7 = 1. (2.4)

In view of (2.3) we readily obtain
(—1)“G(t,8) <||G(-, s)|l, (t,s)€[tistit1] x[0,1], i=1,...,r—=1. (2.5)

Moreover, we have the following lemma which improves the result of Eloe
and Henderson [23].

Lemma 2.1 ([24]). For (t,s) € I; x (0,1),i=1,...,7r — 1, we have
(=D Gt s) = Lil| G-, 9)l;

where 0 < L; < 1 is a constant defined by

3ti ti ti 3ti
p = min {min {o (P ) () L s o)

win {h(gti zti+l)’h(ti +jti+1)} trél[gf] h(t)}, (2.6)

where g(t) =TT/ [t — ;" (1 — )"~ and h(t) = t" " T, |t — t]™.
Lemma 2.2. Let 0 < ¢ < 1 be fized. Consider the following special case
of (2.2):
cy®(t) =0, t€[0,1], y(0)=y(c)=y(1)=0. (2.7)
Let G denote the Green’s function of (2.7). We have

ﬁ(lfs)2 max{c,1—c}, ¢<s<1

1G1(s )l < o(s) (2.8)

L s2max{c,1—c}, 0<s<e.

2c

Further, the constants L1 and Lo in (2.6) are respectively given as

c? c? c(4—3c —c)?
L1min{?;(j/max{4,lc},(4163)/max{(14) ,c}}, (2.9)
2

L, min{(gc—’_ll)élc)/max{z, 170}, %/max{%, c}} (2.10)
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Proof. Here n =r =3, n; =ng =ng =1,%t; =0, to = cand t3 = 1. The
explicit expression of the Green’s function G is given by [25]

i (1=8)%t(t—c), c<s<1, 0<t<s
1 )2 _ ol )2
_Gi(ts)= st (L—8)"t(t—c)—5(t s)%, ¢<s<1, s<t<l1 (2.11)
£s%(t—c)(1—t)+3(s—1)?, 0<s<c, 0<t<s
%52(t—0)(1—t), 0<s<gc, s<t<1
from which we find
2(11{)(1—5)2smax{s—c7c}, c<s<1, 0<t<s
L_(1-5)%(1— <s<1, s<t<1
IGatol < { TP 07 csashesisl o
iSQC, 0<s<¢c, 0<t<s
i s?max{c—s,1—c}(1-s), 0<s<ec, s<t<l1
- 2(11{)(1—5)2max{c,1—c}, c<s<1, 0<t<1 6(5)
= ¢(s).
- %Cszmax{c,l—c}, 0<s<e, 0<t<1

The constants L; and Lo are obtained by direct computation. [J

For clarity, we shall list the conditions that are needed later. In these
conditions it is assumed that the functions f : R — [0, 00) and a,b : (0,1) —
R are continuous.

(A1) If [us| = |ugl, then f(u1) = f(uz).

(A2) For (t,u) € (0,1) x R, a(t) < P(t,u)/f(u) < b(t).

(A3) The function a is nonnegative and not identically zero on any non-
degenerate subinterval of (0, 1); and there exists a number 0 < p < 1 such
that a(t) > pb(t) for ¢t € (0,1).

1

(A4)/ IG(, 5)[1b(s)ds < .

(A5) F?mctions a,b:[0,1] — IR are continuous; and (A2) and (A3) hold
with (0,1) replaced by [0, 1].

Further, we introduce the notation fo = lim, o+ f(u)/|u| and foo =

3. DOUBLE POSITIVE SOLUTIONS OF (M)

For y € C[0, 1] let

1

0= [ 1GC.5)b(s)f(y(s))ds (3.1)

0
and
1

= [ (|G s)lla(s)f(y(s))ds. (3-2)

0
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If (A2) and (A3) hold, then it is clear that
0>T > pb > 0. (3.3)
Further, we define the constants
oi=pL;, i=1,...,r—1, (3.4)

where L; is given in (2.6) and p appears in (A3). It is noted that 0 < o; < 1
foreach 1 <i<r—1.

Let the Banach space B = {y | y € C|0, 1]} be equipped with the norm
[yl = sup,eo 17 [y(t)]. Define

C = {y €B | foreach 1 <i<r—1, (=1)%y(t) > 0 for t € [t;, t;y1]

(1 > o .
and Itrélln( D*y(t) > oillyl }

Clearly, C is a cone in B.
We define the operator S': C' — B by

Sy(t) = /0 G(t, s)P(s,y(s))ds, ¢ € [0,1]. (3.5)

To obtain a positive solution of (M), we shall seek a fixed point of the
operator S in the cone C.

If (A2) and (A3) hold, then in view of (2.4) it is clear that for t €
[ti,ti+1], 1 S i S T — 1,

(=D*Uy(t) < (=" Sy(t) < (=) Vy(?), (3.6)

where

Uy@)zté Gay@awxﬂy@»dsam1Vya>=LA G(t, $)b(s)  (y(s))ds.

Now we shall state two lemmas whose proof is available in [26].

Lemma 3.1. Let (A1)-(A4) hold. Then the operator S is compact on
the cone C.

Remark 3.1. From the proof of Lemma 3.1 we observe that the conclusion
of Lemma 3.1 still holds if the conditions (A1)-(A4) are replaced by (A5).

Lemma 3.2. Let (A2) and (A3) hold. Then the operator S maps C into
itself.

Theorem 3.1. Let (A5) or (A1)—(A4) hold and let w > 0 be given.
Suppose that [ satisfies

ﬂw<wLAnGb$M$@}ilw<w- (3.7)
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(a) If fo = oo, then (M) has a positive solution y; such that
0 <yl < w. (3.8)
(b) If foo = 00, then (M) has a positive solution yo such that
[y2]] > w. (3.9)

(¢) If fo = foo = 00, then (M) has two positive solutions y1 and ya such
that

0 <ol < w <yl (3.10)

Proof. (a) Let

-1
A= [01/ (1)a1G(t2/2,s)a(s)ds} . (3.11)
I
Since fy = oo, there exists 0 < r < w such that
flu) > Alul, 0<|u] <7 (3.12)
First, let y € C be such that |ly|| = r. Using (3.6), (3.12) and (3.11)
successively, we get
1
(-0 8y(t2/2) = [ (076 (ta/25)alo) f(y()ds >
0
1
2/ (—1)“1G(t2/2,s)a(s)A\y(s)\ds2
0
> [ (076 (ta/25)ats) Aoillylds = ]|
I
This immediately implies

1Syl = llyll- (3.13)

If we set Q; = {y € B | |ly|] <}, then (3.13) holds for y € C'NIN;.
Next, let y € C be such that ||y|| = w. Then, employing (3.6), (2.5) and
(3.7), we find for t € [t;,t;41], 1 <i<r—1,

(=1)*Sy(t) < / IG (-, 9)[1b(s)f (y(s))ds < w = [ly.
0
Consequently,

1Syl < lyll- (3.14)
If we set Qo = {y € B | |ly|| < w}, then (3.14) holds for y € C' N 0.
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Having obtained (3.13) and (3.14), it follows from Theorem 2.1 that S
has a fixed point y; € C'N(Q2\Q1) such that r < ||ly1]| < w. Clearly, this y;
is a positive solution of (M) fulfilling (3.8).

(b) As seen in the proof of Case (a), condition (3.7) leads to (3.14).
Hence, if we set Q1 = {y € B| ||y|| < w}, then (3.14) holds for y € C'NIQy.

Next, noting that f,, = 0o, we may choose T' > w such that

f(u) = Alul, |ul = T, (3.15)

where A is defined in (3.11). Let T} = max {Qw, T/mini<;<r—1 Jj} and let
y € C be such that ||y|| = T1. Then we have for s € I,

T
D= (—D)%y(s) > o >0y ——2>T.
ly(s)| = (=1)"y(s) = oullyll = o mini<j<r—10;5

So in view of (3.15) it follows that

fy(s)) = Aly(s)|, se€ . (3.16)

Applying (3.6), (3.16), and (3.11), we again find (—1)**Sy(t2/2) > |y
Therefore (3.13) holds. By setting Qs = {y € B | ||y|| < 71} we have (3.13)
for y € C'NONs.

Now that we have obtained (3.14) and (3.13), it follows from Theorem
2.1 that S has a fixed point y» € C N (22\Q1) such that w < ||yof| < Ty. It
is clear that this y, is a positive solution of (M) satisfying (3.9).

(c) This follows from Cases (a) and (b). O

Theorem 3.2. Let (A5) or (A1)—(A4) hold and let w > 0 be given.
Suppose that [ satisfies

-1

f(u)>w[Tz:l/I(—l)o‘lG(tg/Zs)a(s)ds] , 1<r]11<i£1710jw§|u|§w. (3.17)
i=1 /1 ==

(a) If fo =0, then (M) has a positive solution y1 such that (3.8) holds.
(b) If foo =0, then (M) has a positive solution ys such that (3.9) holds.
(

¢) If fo = foo =0, then (M) has two positive solutions y1 and ys such
that (3.10) holds.

Proof. (a) Define
o/ e slots)ds| (3.18)

Since fo = 0, there exists 0 < r < w such that

flu) <Qlul, 0<|ul <7 (3.19)
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First, let y € C be such that ||y|| = r. Then the application of (3.6),
(2.5), (3.19) and (3.18) yields for ¢ € [t;, tiy1], 1 <i<r—1,

1 1
(—1)“i3y(t)§/0 IIG(wS)Ilb(S)f(y(S))dSS/0 IG( s)l[b()@llyllds = [lyll-

Hence (3.14) follows immediately. Set Q1 = {y € B | ||y|| < r}; then (3.14)
holds for y € C' N 9Q;.
Next, let y € C be such that ||y|| = w. Noting that for s € I;, 1 < i < r—1,

; w < oy < <
Juin oyw < iyl < Jy(s)| < w,

it follows from (3.6) and (3.17) that
(07 8y(t2/2) > [ ()76 (1a/2.5)a(s)(w())ds >

> Z | 176 (1272, 8)ate w0 ds = w =yl

Thus we get (3.13). By setting Q2 = {y € B | ||y|| < w} we see that (3.13)
holds for y € C' N 9Ns.

Having obtained (3.14) and (3.13), it follows from Theorem 2.1 that S
has a fixed point y; € C' N (Q2\Q1) such that r < [jy;1|| < w. Clearly, this y;
is a positive solution of (M) satisfying (3.8).

(b) It is seen in the proof of Case (a) that condition (3.17) gives rise
to (3.13). So if we set Q1 = {y € B | |ly|| < w}, then (3.13) holds for
Y € cn 891

Next, let @ be defined as in (3.18). Since fo, = 0, we may choose T' > w
such that

fu) <Qlul, |ul >T. (3.20)

There are two cases to consider, namely, f is bounded and f is unbounded.
Case 1. Suppose that f is bounded. Then, there exists some J > 0 such
that

fw) <J, ueR. (3.21)
We define
1
7} = max {2, J/ G, 5)b(s)ds .
0
Let y € C be such that ||y|| = T31. Using (3.6), (2.5), and (3.21), we find for
te [ti;tH»l]a 1< <r—1,

1 1
(1) Sy(t) < / 1G(-)lIb(s) £ (y(s))ds < / 1G(-,)1b(s)Jds < Ty = [l
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Hence (3.14) follows immediately.
Case 2. Suppose that f is unbounded. Then there exists 77 >
max{2w, T} such that

f(u) <max{f(Th), f(-=T1)}, |u| <Th. (3.22)

Let y € C be such that ||y|| = T31. Then applying (3.6), (2.5), (3.22), (3.20)
and (3.18) successively gives for ¢ € [t;, t;41], 1 <i <r—1,

(17 800) < [ IG5 ble)f(o())ds <
< [ 16 5)Ib(s) max{ £(T3). £(~T1)}ds <
0

1
< / 1G(- ) 1b(s)QT1ds = T, = [yl
0

Therefore we have (3.14) immediately.

In Cases 1 and 2, if we set Qo = {y € B | |ly|]| < T1}, then (3.14) holds
for y € C'NONs.

Now that we have obtained (3.13) and (3.14), it follows from Theorem
2.1 that S has a fixed point y2 € C' N (Q2\21) such that w < ||Jyz|| < T3.
Obviously, this ys is a positive solution of (M) such that (3.9) holds.

(¢) This is immediate by Cases (a) and (b). O

Example 3.1. Consider the boundary value problem

y@ =t(2y" +1)+£3(y* + 1), € (0,1), y(0)=y(0.5)=y(1)=0.

Here, n = r = 3. Take f(y) = y® + 1. Then fy = fo = co and

P(t 2y +1
ty) _ 241,
fy) y?+1

Thus we may take a(t) = t + t* and b(t) = 2t + t2. The condition (A5)
is fulfilled with p = 1/2. Since f(u) < w? + 1 for |u| < w, by Lemma 2.2
(¢ = 0.5) we have

1 1
/0 H(s)b(s)ds > / 1G1 (-, ) b(s)ds.

For condition (3.7) to be satisfied, we impose
1 ~1
fy w1 <al o] -
0

1 ~1
=18.82w <w {/ |G1(-,8)||b(s)ds] , v <w.
0
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The above inequality holds if
0.05329 < w < 18.76. (3.23)

Hence (3.7) is fulfilled for any w € [0.05329,18.76]. By Theorem 3.1(c),
the boundary value problem has two positive solutions y; and y, such that
0 < lya]] < w < ||yz||- In view of (3.23) we further conclude that

0< ] <0.05320  and ||y2] > 18.76. (3.24)

Example 3.2. Consider the boundary value problem

y®) = n(t)y’e M, te (0,1), y(0)=y(0.5)=y(1) =0,

where h € C0, 1] is nonnegative.

Let f(y) = y?e~ ¥, Then we have fo = foo = 0 and we may take a(t) =
b(t) = h(t) so that (Ab) is satisfied with p = 1. By Lemma 2.2 (¢ = 0.5)
we compute that o; = pL; = L, = 3/32, i = 1,2. Our aim is to find some
w > 0 such that condition (3.17) be fulfilled.

Case 1. Let h(t) = (t + 0.1)7!°. Suppose that w < 2. Then, since f

2
is nondecreasing in |u| for |u| € [0,2], we have f(u) > (3w/32) e dw/32,
3w/32 < |u| < w. Therefore (3.17) is satisfied if we set

-1

flu) > (%) —3w/32 > w[Z/ alG t2/2 s) (s )ds] =

-1
_w[Z/ G1(0.25,s)h(5)ds} = 0.00293%w, 3w/32<|u|<w.

The explicit expression of the Green’s function (see (2.11)) is used in the
computation of the above integrals. It can be checked that the above in-
equality holds if

0.3454 < w < 2. (3.25)

Thus by Theorem 3.2(c) the boundary value problem has two positive so-
lutions y; and yz such that 0 < ||y1|| < w < |ly2]|. Moreover, it follows from
(3.25) that

0 < |ly1]l <0.3454 and ||y=|| > 2. (3.26)

Case 2. Let h(t) = (t5+0.1)716. Suppose that 3w/32 > 2. Then, since f
is nonincreasing in |u| for |u| > 2, we have f(u) > w?e™", 3w/32 < |u| < w.
Thus, for (3.17) to be satisfied we impose

Flu) > w2 > w[Z/ 176 (12/2,5)als )d.s]l _
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=4.001 x 107w, 3w/32 < |u| < w.
The above inequality holds if
21.34 < w < 34.38. (3.27)

It follows from Theorem 3.2(c) that the boundary value problem has two
positive solutions y; and ys such that 0 < [Jy1]] < w < ||ly2]|. Moreover, in
view of (3.27) we have

0< |yl <21.34 and ly2]] > 34.38. (3.28)

4. DOUBLE POSITIVE SOLUTIONS OF (M1)

We assume that the function ¢ : (0,1) — [0, c0) is continuous and satisfies
(B1) and (B2), or (B3), where

(B1) g is not identically zero on any nondegenerate subinterval of (0, 1);
1

(B2) / IG1(-, 9)|lg(s)ds < oo, where Gy is given in (2.11);
0
(B3) ¢ : [0,1] — [0,00) is continuous and (B1) holds with (0,1) replaced
by [0, 1].

Theorem 4.1. Let w > 0 be given. Suppose that

1
/0 o(s)a(s)ds < — 2 (4.1)

~ wr+wh’

where ¢ is defined in (2.8). Then the boundary value problem (M1) has two
positive solutions y1 and yo such that 0 < |jy1] < w < ||y2]-

Proof. Let f(u) = |u|® 4 |u|?. Then fo = fo = co. Further, we may take

a(t) = b(t) = q(t). Clearly, f(u) < w® + w? for |u| < w. So to ensure that
(3.7) is satisfied we apply Lemma 2.2 and impose

1

wro <ul | 1 on(s)ds T cw / e 9lbs)ds|

which is exactly condition (4.1). The conclusion now follows from Theorem
3.1(c). O

Example 4.1. Consider the boundary value problem (M1) with ¢ = 0.2.
Let w = 1. Then condition (4.1) reduces to

/0 o(s)g(s)ds < 1/2. (4.2)

By Theorem 4.1 the boundary value problem has double positive solutions
y1 and yp such that 0 < |ly1]| < 1 < ||ye| if ¢(¢) fulfills (4.2). Examples of
such ¢(t) include q(t) =1, t + 1, sin®(t 4 1).
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The next result offers upper and lower bounds for the norms of two
positive solutions of (M1).

Theorem 4.2. We define
qi = tlélIfi Q(t)v i=1,2, (43)

(92 — 39c¢) 13(1 —¢)3(8c+1)
= u _—— = Lu
Q1(u) = Liq 072 Q2(u) = L3qo 3073 ,

wy = [max{Q1(a), Q2()}] 7% and wy = [max{Q1(8), Q2(B)}]77.

Let w > 0 be given. Suppose that (4.1) holds. Then the boundary value
problem (M1) has double positive solutions y; and ya such that

(a) if w < min{wy,wa}, then 0 < |ly1|| < w < |ly2]] < min{w;, wa};

(b) 4f min{wy, w2} < w < max{wy,ws}, then min{wy, wa} < ||y1|| <
w < |[y2|| < max{wy, wa};

(¢) if w > max{wy, wa}, then max{wy, ws} < [|y1| < w < ||y2l-

Proof. Since (4.1) is satisfied, it follows from Theorem 4.1 that (M1) has
double positive solutions y3 and y4 such that

0 < [lysl| < w < ||yall- (4.4)

Let (7 be a cone in B defined by

Cr={ye B|)™y(t) 20, t€[ts,tin), min(~1)"y(0) = Lillyll, i=1,2}, (4.5)

tel;

where L;, i = 1,2, are given in (2.9) and (2.10). Define the operator
T:Cy — Bby

Ty(t) = / Gi (t, 5)a(s)[u(s)| + [u(s)[*)ds, ¢ € [0,1].

To obtain a positive solution of (M1) we shall seek a fixed point of T in the
cone (.

First, we shall show that T(Cy) C Cy. For this, let y € Cy. Clearly, for
i=1,2, (-1)*Ty(t) is nonnegative on [t;, ¢;41]. Further, for ¢ € [t;, t;+1],
i =1,2, we have

1
(=D)*Ty(t) S/O IG1C, 9)lla(s)ly(s)* + ly(s)|7)ds

which implies

1Tyl S/O I1G1C )lla(s)y(s)* + ly(s)|7)ds. (4.6)
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Now, applying Lemma 2.2 and (4.6), we find for t € I;, i = 1,2,

(=D)*Ty(t) > /O LillG1 (-, 9)la(s)ly(s)|* + ly(s)|’]ds = Li| Tyll-

Thus minger, (—1)*Ty(t) > L;||Ty||, ¢« = 1,2, and so Ty € C;. Also, the
standard arguments yield that T is completely continuous.

Let y € C; be such that ||y|| = w. Then, using Lemma 2.2 and (4.1), we
find for t € [ti,ti+1], 1 =1,2,

1
(=D Ty(t) §/0 1G1C, )lla(s)ly(s)1* + ly(s)|°)ds <

1
= / $(s)q(s)(w® +w’)ds < w = [ly||.
0
Therefore
1Tyl < llyll. (4.7)
By setting Q = {y € B | ||y|| < w}, we have (4.7) for y € C; N 9N
Now, let y € (. It follows that

1
ITyll = sup /0 |Gt 9)la(s) [y (s)|* + [y (s)|”]ds >

telti,tiv],
i=1,2

> sup /|G1(t,8)|q(8)[(LiHy||)a+(Lz‘HyH)ﬁ]dSZ
tE[?i,ti+1]7 I;

1=1,2

> e {6 5) sl + (L))

[ 161 (e D/a.5) nl(Ealol)® + ol s

From (2.11) we have

3 c 1 c\?2
Gt =5(1=5)9 —5(-5) sem
|G1((3c+1)/4,s)| = 30;2_1(1 —5)2, s€l,

which upon substituting into the above inequality yields

Tyl > max {Qu(@)lyll* + QuB)Iyl®, Qa(e)lyll* + @28yl }- (49)

Let y € C; be such that ||y|| = w;. It follows from (4.9) that

1Tyl = max {Q1(a) Iy, Qa(a)lyll* } =
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— max {Q1(0), Qa(a) f Iy *~ Iyl = Iyl (4.10)

If we set Q1 = {y € B| ||ly|| < w1}, then (4.10) holds for y € C1 N9Q;. Now
that we have obtained (4.7) and (4.10), it follows from Theorem 2.1 that T
has a fixed point ys such that

min{wy, w} < ||ys|| < max{w;,w}. (4.11)
On the other hand, if we let y € C7 be such that ||y| = wa, then from
(4.9) we get

1Tyl = max {Qu(B) Iyl Q231" } = Iyl (4.12)

Take Q2 = {y € B | |lyll < wz}, then (4.12) holds for y € Cy N 0.
Having obtained (4.7) and (4.12), by Theorem 2.1 we conclude that T" has
a fixed point yg such that

min{ws, w} < [Jyg]| < max{wq, w}. (4.13)

Now, a combination of (4.4), (4.11) and (4.13) yields our result. More
Y5, wiswz
Yo, W1 = W

_ < wa Yo, w1 < wa
Case (b) it is clear that y; = Ys, W1 and yo = ’ .
(b) u { Yo, Wi > wWo b2 Y5, Wi > wo

precisely, in Case (a) we may take y; = y3 and yo =

<
Finally, in Case (c¢) we shall take y; = { Yoo W1 =12 and Yo =ys. [

Ys, W1 Z w2

Example 4.2. Consider the boundary value problem
gD =+ D) (Jy™ +1yl?), e ©0.1), y(0) = y(03) = y(1) = 0.

Here o« = 0.1, 8 = 3, ¢ = 0.3 and ¢(t) = ¢ + 1. Condition (4.1) is the
same as

1
w
PO B ds = 0.0971
w0l B _/O ¢(s)q(s)ds = 0.09718

which is satisfied for any w € [0.07505, 3.151].
Further, with ¢; = 1.075, g2 = 1.475, L1 = 0.02411 and L, = 0.1188, we
compute

wy = [max{Q1 (), Q2 () /=) = [Qa()]/ =) = 2.836 x 10~*
and

wy = [max{Q1(B), Q2(B)}] =7 = [Q2(3)]"/ 7 = 382.9.
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Since w € (w1, ws), by Theorem 4.2(b) the boundary value problem has
two positive solutions y; and y» such that
2.836 x 1074 < |ly1|| < w < [Jya]| < 382.9. (4.14)
Taking into account the range of w, (4.14) leads to

2.836 x 1074 < |ly1|| < 0.07505 and 3.151 < ||y2|| < 382.9. (4.15)

5. DOUBLE POSITIVE SOLUTIONS OF (M?2)

As in Section 4, it is assumed that the function ¢ : (0,1) — [0,00) is
continuous and satisfies (B1) and (B2), or (B3).

Theorem 5.1. Let w > 0 be given. Suppose that

1
/0 o(s)q(s)ds < we 7. (5.1)

Then the boundary value problem (M2) has two positive solutions y1 and ya
such that
0 <[lgall < w < lyel- (5.2)

Proof. Let f(u) = el and a(t) = b(t) = ¢(t). Noting that f(u) < ¥
for |u| < w, an argument as in the proof of Theorem 4.1 yields the conclu-
sion. [

Example 5.1. Consider the boundary value problem
y@ =q()e, te(0,1), y(0)=y(0.7) =y(1)=0.
Let w = 1/3 be given. Then condition (5.1) reduces to

/0 o(s)q(s)ds < % e /3, (5.3)

By Theorem 5.1, for those ¢(t) which fulfill (5.3), the boundary value prob-
lem has two positive solutions y; and ys such that

1
0 < [lyall < 3 < lyal|-

Some examples of such q(t) are q(t) = (2t+12)71, (t243)/2, [cos?(t+2)] /2.
Once again we shall establish upper and lower bounds for the norms of
two positive solutions of (M2).

Theorem 5.2. Let k, ¢ (k # £) be given integers in the set {0,2,3,...}.
We define
(YL1)" (92 — 39¢)
u! 3072

(vL2)* 13(1 — ¢)3(3c + 1)
u! 3072 ’

Ri(u) =q , Ra(u) =2
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w; = [max{Rl(k),Rg(k)}]ﬁ and wy = [max{R;(¢), RQ(g)}]ﬁ’

where q;, 1 = 1,2, are given in (4.3). Let w > 0 be given. Suppose that (5.1)
holds. Then, the boundary value problem (M2) has double positive solutions
y1 and ya such that conclusions (a)—(c) of Theorem 4.2 hold.

Proof. Since (5.1) is fulfilled, by Theorem 5.1 the boundary value problem
(M2) has double positive solutions y3 and y4 such that (4.4) holds.

To proceed, let Cy be a cone in B defined by (4.5) and let the operator
T : C; — B be defined by

1
[y(t) :/ G (t,8)q(s)e"W®lds, ¢ e 0,1].
0

To obtain a positive solution of (M2), we shall seek a fixed point of 7' in
the cone C;. Using an argument as in the proof of Theorem 4.2, it can be
verified that T(C;) C C; and T is completely continuous.

Let y € Cy be such that |ly|| = w. Applying Lemma 2.2 and (5.1), we get
for t € [ti,ti+1] 1=1,2,

(—1) Ty(t) /qs 8)e|y(s \ds</¢ eds < w = [y,

Hence
1Tyl < yll- (5.4)
If we set Q@ ={y € B | ||y|| < w}, then (5.4) holds for y € C; N ON.
Next, let y € C7. We find that

Tyl > sup nt1i|G1(t,s)|qie'yLi”y”ds.

te(ti,tit1]
i=1,2
Using the relation
k ¢
w u U
e Z ﬁ -+ E, u > 0,

in the above inequality, we find

. (v (vLi)® )

1Tyl > sup / Gt ) [ L gy D2 ] >
tE[ts tivn]
1=1,2

> e { [ [ (5os)an [l + OF o]

[ o (Bt ) 2 ”Lz’ Iui']}

On substituting (4.8), it follows that
Tyl > max {Ri (k) [yll* + Ra (O)llyll*, Ra(B) [yll* + Ra(O)llyl|*}. (5.5)
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Employing a technique as in the proof of Theorem 4.2, from (5.5) we
obtain

Tyl > [yl (5.6)
for y € C1 N0y as well as for y € C; NIy, where

M ={yeBllyl<w} and  D={yeB||yll <w}.

Now that we have obtained (5.4) and (5.6), by Theorem 2.1 T has a fixed
point ys5 satisfying

min {wl,w} < |lys|| < max {whw}, (5.7)
and also a fixed point yg such that
min {ws, w} < ||ys|| < max {wy, w}. (5.8)

As in the proof of Theorem 4.2, the combination of (4.4), (5.7) and (5.8)
readily gives rise to conclusions (a)—(c). O

Example 5.2. Consider the boundary value problem

6
):
exp(0.5t(1—¢)|t—0.3])

y©® eI/, 1€ (0,1), y(0)=y(0.3)=y(1)=0.

With ¢ = 0.3 and q(t) = 6[exp(0.5¢(1 — t)|t — 0.3])]7!, we get L1 =
0.02411, Ly = 0.1188, 1 = q((13 - \/ﬁ)/?,o) = 5942 and ¢2 = q((13+
V/79)/30) = 5.751. Tt can be checked that condition (5.1) is satisfied pro-
vided

0.5166 < w < 5.093. (5.9)

Let Kk = 0 and £ = 9. We find w; = [Ry(k)]"/0 =% = 0.01586 and wy =
[Ry(0)]"/(0=8 = 1415. Since w € (wy,ws), it follows from Theorem 5.2(b)
that the boundary value problem has two positive solutions y; and gy such
that 0.01586 < |ly1]] < w < |ly2|| < 1415. In view of (5.9) we further
conclude that

0.01586 < ||ly1|| < 0.5166 and 5.093 < |ly2] < 1415. (5.10)

Indeed, the boundary value problem has a positive solution given by y(t) =
#(t — 0.3)( — 1) and we note that ||y| = y<(13 + \/ﬁ)/?,o) — 0.08475 is
within the range given in (5.10).
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6. TRIPLE POSITIVE SOLUTIONS OF (M3)

It is assumed that the functions f : R — [0,00) and b : (0,1) — R are
continuous and satisfy (A1), (A3)" and (A4), or (A5)’, where

(A3)" b is nonnegative and not identically zero on any nondegenerate
subinterval of (0, 1);

(A5)" b:[0,1] — R is continuous and (A3)’ holds with (0, 1) replaced by
[0, 1].

With the same Banach space B (= C[0,1]), let

Co={yeB| (-1)%y(t) >0, t € [ti,tit1], 1 <i<r—1}.

‘We note that Cs is a cone in B.
Let the operator V : Cy — B be defined by

y(t) :/0 G(t,s)b(s)f(y(s))ds, te]0,1]. (6.1)

To obtain a positive solution of (M3), we shall seek a fixed point of the
operator V in the cone Cs.

By using an argument as in Section 3, we see that the operator V is
compact on the cone Cy. Next, it is clear from (6.1) and (2.4) that if y € Cy,
then (=1)*Vy(t) > 0 for ¢t € [t;,t;41], 1 <i <r—1. Hence Vy € Cy and
we have shown that V' maps C5 into itself. Also, the standard arguments
yield that V' is completely continuous.

It is clear that

1
Vyll :/0 G- s)l[b(s) f(y(s))ds. (6.2)

We define the constants

1 1
:/ |G (-, s)]|b(s)ds and p= min mln/( 1)*G(t,s)b(s)ds. (6.3)
0 0

1<i<r1 tel
Lemma 6.1. Suppose that there exists v > 0 such that f(u) < % for

lul] € [0,v]. Then
V(CQ(V)) - CQ(V) C CQ(U).

Proof. Let y € Cy(v). Then we have for t € [t;,t;11], 1 <i<r—1,

(1) Vy(t) /HG 9)b(s) ds</||a $)b(s)

Consequently, ||[Vy|| < v and so Viy € Ca(v). This immediately implies that
V(Ca(v)) C Ca(v) C Co(v). O
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Theorem 6.1. Suppose that there exist numbers k, £, m, where 0 < k <
L<m, m>1andl< [minlgigr,l(tiﬂ — ti)/4}n, such that the following
conditions are satisfied:

(H1) one of the following holds:

(1) Hmsupp, oo f(u)/|ul < 1/2;
(i) there exists a number n, where n > m, such that if |u| € [0, 7], then
fu) <n/z
(H2) if |u| € [¢,m], then f(u) > £/u;
(H3) if |u| € [0, k], then f(u) < k/=z.
Then the boundary value problem (M3) has (at least) three positive solu-
tions y1, yo and ys such that

[yl <k (D)%) >4 teli, 1<i<r—1

. Yo .
lysll > & and  min min(—1)%ys(t) <?

(6.4)

Proof. We shall show that the conditions of Theorem 2.2 are fulfilled. First
we shall prove that condition (H1) leads to the existence of a number v,
where v > m, such that

V(Ca(v)) C Calv). (6.5)

For this, it is clear that if (ii) holds, then by Lemma 6.1 we immediately
have (6.5) where v = 7). Suppose now that (i) is satisfied. Then there exist
T>0ande< % such that

F/lul < e ful > T (6.6)
Define M = max|ye[o,7] f(u). In view of (6.6) it is obvious that
F(u) < M+ elul, ful >0, (6.7
Now let v be such that
v >max {m, M(1/z—¢€)~"}. (6.8)
For y € Cy(v) and t € [t;,t;41], 1 <i <r—1, we use (2.5), (6.7), (6.3) and
(6.8) to get
1
(Ve < [ 16C b)) <
1
S/O IG (- s)l[b(s) (M + ely(s)[)ds <

< [ IGC)s) M + evyas =

=2(M+ev)<z[v(l/z—€) +ev] =
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Hence |Vy| < v and so (6.5) follows immediately.
Let ¢ : Cy — [0,00) be defined by

o D (s).
vly) = min  min(—1)%y(t)

Clearly, 1 is a nonnegative continuous concave functional on Cs such that
¥(y) < |lyll for all y € Cs.
We shall now show that condition (a) of Theorem 2.2 is satisfied. For

this, note that y;(t) = H(t —t;)™ has the properties
i=1

(=D%y(t) >0, t € [tistiya], 1<i<r—1, [yl <1<m

and
W) = min min(—1)%y, () =
_ , 3t; +tip1 ti + 3t
_15151?—1{‘3/1( 4 )’yl( 4 )‘}>
> [135[131?71(75“1 — ti)/lq > /.
Hence
y1 € {y € Ca(y, £,m) | Y(y) > L} # 2. (6.9)

Next, let y € Ca(¢p,€,m). Then £ < ||ly|| < m and so |y(s)| € [¢,m] for all
s € [0,1]. Using this together with (H2) and (6.3), we get
»(Vy)= min min(—-1)*Vy(t) =

1<i<r—1tel;

1<i<r—1tel;

— min min /O (—1)™ G(t, 5)b(s) f(y(s))ds >

1
> 12?2?_1%%1/0 (=) G(t,s)b(s) (¢/p) ds = L.
Therefore ¥(Vy) > £ for all y € Cy(¢), £, m).

Moreover, it follows from Lemma 6.1 and condition (H3) that V(C2(k)) C
Co (k). Hence condition (b) of Theorem 2.2 is satisfied.

It remains to verify that condition (¢) of Theorem 2.2 holds. Let m >
{(miny<j<,—1 L;)7! (> €) and let y € C2(¢, ¢, v) with ||[Vy|| > m. Applying
Lemma 2.1 and (6.2), we find

1
»(Vy) = min min/O (=)™ G(t, s)b(s) f(y(s))ds >

1<i<r—1tel;

> min LGS () as =
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= min L||Vy||>m min L > /.
1<i<r 1<i<r

This shows that ¢(Vy) > £ for all y € Cy(¢, ¢, v) with ||[Vy|| > m.

Consequently, it follows from Theorem 2.2 that the boundary value prob-
lem (M3) has (at least) three positive solutions y1,ys,ys € Co(v). Further,
we have (2.1) which reduces to (6.4). O

Example 6.1. Consider the boundary value problem

Y& = (2 +1)f(y), t€(0,1), y(0)=y(0.5)=y(1)=0,

where
|siny], ly| < 0.001
f(y) = < sin0.001 + (|Jy| — 0.001)/8, 0.001 < |y| < 1.
sin 0.001 + 0.999'/8, ly| > 1

Here n = r = 3 and b(t) = t? + 1. It is clear that (A5)’ is satisfied. Using
(2.11), we find

z:AW@mﬁwwmz
—max{ max /1|Gl(t,s)|b(s)d, max /|G1ts)\b( )ds} 0.0109

t€[0,0.5] /g t€[0.5,1]
and
ﬂ—min{ min / |G1(t, s)|b(s)ds, rfun / |G1(t, s)|b(s )ds} 0.006081.
(5.8 te
Obviously, condition (H1) holds as
; 1/8
flw) _ g SR 0.001 +0.999° "% _ 0
jul=so [ul  Jul—oo Jul

Next, take k = 0.001. Then (H3) is fulfilled, since for |u| € [0, k],
f(u) <sin0.001 < k/z.

Finally, let m = 1 and take ¢ (S [minlgigr_l(tﬂ_l — t7)/4]n = 0001953)
such that condition (H2) is satisfied. Clearly, (H2) is fulfilled provided that
for |u| € [¢,m],

f(u) > sin0.001 + (£ — 0.001)Y8 > ¢/p.
The above inequality is satisfied if
0.001001 < ¢ < 0.001953. (6.10)
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By Theorem 6.1 the boundary value problem has (at least) three positive
solutions y1, y2 and ys. Further, in view of (6.10), it follows from (6.4) that

13 5 7

. : t .001 t - - 2 2.

ly1ll < 0.001; |y2(t)] > 0.001953, t € [8,8} U [878},
[lys]| > 0.001 and min lys(t)| < 0.001001.

13 5 7
t€l5:5]Y]5s s

(6.11)
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