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Abstract. We study tractability in the worst case setting of tensor product
linear operators defined over weighted tensor product Hilbert spaces. Tract-
ability means that the minimal number of evaluations needed to reduce the
initial error by a factor of € in the d-dimensional case has a polynomial bound
in both e! and d. By one evaluation we mean the computation of an ar-
bitrary continuous linear functional, and the initial error is the norm of the
linear operator Sy specifying the d-dimensional problem.

We prove that nontrivial problems are tractable iff the dimension of the
image under S; (the one-dimensional version of Sy) of the unweighted part
of the Hilbert space is one, and the weights of the Hilbert spaces, as well
as the singular values of the linear operator Si, go to zero polynomially fast
with their indices.
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1. INTRODUCTION

I am pleased to dedicate this paper to Professor Nicholas N. Vakhania on
the occasion of his 70th birthday. I enjoyed many meetings with Professor
Vakhania in Dagstuhl, Tbilisi, Warsaw, and New York. I have learned a lot from
his books “Probability Distributions on Linear Spaces” [10], and “Probability
Distributions on Banach Spaces” [11] (the second book written jointly with V.
I. Tarieladze and S. A. Chobanyan). These books have been very helpful in my
work and in the work of many colleagues working in the average case setting of
information-based complexity, and are always cited in papers dealing with this
subject.

I also wish to add that Professor Vakhania solved an important problem in
the average case complexity. His paper [12] and the paper [3] prove that every
ill-posed problem specified by a measurable unbounded linear operator is well-
posed on the average for any Gaussian measure, and its average case complexity
is finite for any positive error demand.
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In recent years, my research interests has shifted to multivariate problems
and tractability issues. That is why I have decided to send a paper on this
subject in token of my appreciation of Professor N. N. Vakhania.

Tractability of multivariate problems has recently become a popular research
subject. The reader is referred to [1, 2, 4, 6, 7, 13, 14, 15, 16, 17|, and to
the surveys [5, 9]. Tractability means that a minimal number of evaluations
needed to reduce the initial error by a factor of £ in the d-dimensional case
has a polynomial bound in both €' and d. Strong tractability means that
this bound is independent of d, and is polynomially dependent only on £~
Tractability is studied in various settings. Here, we only consider the worst
case setting, in which an approximation error is defined as a maximal error over
the unit ball of a Hilbert space.

In this paper, we study tractability of linear operators between tensor product
Hilbert spaces. In the d-dimensional case, a linear operator is defined as a
tensor product of d copies of the same linear operator. The domain of a linear
operator is assumed to be a weighted tensor product Hilbert space with weights
M > Y2 > ... > 0, where 7, corresponds to the jth component of the tensor
product.

We comment on the role of the weights 7;. For the jth component, we consider
a Hilbert space that is a direct sum of two Hilbert spaces H; and H,, where
Hy N Hy = {0}. The space H; corresponds to the unweighted part, whereas
the space Hy corresponds to the weighted part with the weight ~;. That is, for
f = fi+ fo with f; € H; we have

LA = 11Al7 + 7 L fall,

Hence, if || f|] <1 and v; is small, then fo must be small too. In this way, the
weight ~; controls the size of the weighted components.

We approximate linear operators evaluating finitely many arbitrary (contin-
uous) linear functionals. The case of a restricted choice of such functionals is
studied, e.g., in [14], and leads to different results. For example, we shall prove
that there is no difference between strong tractability and tractability. This
is not the case if we use only function evaluations instead of arbitrary linear
functionals.

We want to reduce the initial error which is defined as the norm of the linear
operator S; defining the d-dimensional problem. The initial error is the error,
which can be obtained without any evaluation and which formally corresponds
to the error of the zero approximation.

The main result of this paper is a full characterization of tractable linear
operators. Obviously, some linear operators are trivially tractable. This cer-
tainly holds for linear functionals, which can be recovered exactly by just one
evaluation. It turns out that the class of tractable linear operators is exactly
equal to the class of linear functionals iff the weights ~; of the Hilbert spaces
have the sum-exponent equal to infinity. Here, the sum-exponent p, is defined
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as the infimum of nonnegative 3 for which

oo
Z Wf < Q.
j=1

Thus, p, = oo means that the last series is always divergent. This holds, in
particular, for the unweighted case 7; = 1, for which there is no difference
between the components from H; and H,.

It is easy to see that p, < oo iff the weights v; go to zero polynomially
fast with j='. If p, < oo, then there are non-trivial strongly tractable linear
operators. They are fully characterized by two conditions. The first condition
is that the dimension of the image of S; (the one-dimensional version of S;)
of the unweighted part is one. The second condition is that the sum-exponent
py of the singular values v/\; of S; is finite. We stress that the requirement
py < 00 is a stronger condition than mere compactness of S.

For strongly tractable problems, the strong exponent is defined as the infimum
of p for which a minimal number of evaluations needed to reduce the initial
error by a factor ¢ is of order 7P for all d. We find that the strong exponent is
2max(py,p,). We stress that the strong exponent is large if either py or p, is
large.

As mentioned before, we use arbitrary linear functionals as tools for approxi-
mating linear operators in this paper. We plan to analyze the natural restriction
of arbitrary linear functionals to function evaluations in the near future. Pre-
liminary results indicate that a full characterization of strongly tractable and
tractable linear operators is more complex, depending on the specific Hilbert
space used when d = 1.

2. TRACTABILITY AND STRONG TRACTABILITY

Let H; and Hs be two Hilbert spaces such that Hy N Hy = {0}. Their inner
products are denoted by (-,-)y . For v € (0,1], consider the Hilbert space
F\, = H, ® Hy with the inner product

<fag>F17,Y = <flvgl>Hl + ’Yfl <f27g2>H27

where f,g € Fi, have the unique representation f = fi + f2, g = g1 + 92
with f1,91 € Hy and f5,92 € Hs. Observe that the components in H; are
unweighted, whereas the components in Hy are weighted with the parameter ~.
If [|f||l7,, <1 for small 7, then the component f; is negligible. For v = 1, we
let Fl = F171.

Let G be a Hilbert space, and let S} : F; — G4 be a (continuous) linear
operator. Note that S; is also well defined on F; , for all v € (0, 1].

For d > 2, define F; = F} ® --- ® Fy (d times) as the tensor product of d
copies of the space F;. That is, Fy is the completion of linear combinations of
tensor products f; ® --- ® fy, with f; € F}, which we write, for simplicity, as
fife- - fa. Recall that if f; are numbers, then their tensor product is just the
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product of these numbers, and if f; are univariate functions, then their tensor
product is the d-variate function f(t1,...,ts) = H;l:l fi(t;).
The space Fy is a Hilbert space with the tensor product inner product defined

as
d

<fvg>Fd = H <fj7gj>F1 :

j=1
for f = fi...fa € Fyand g = g1---gq € Fy with f;,g; € F1. We define the
Hilbert space Gqg = G1 ® --- ® Gy (d times) with the inner product (-,-)q,
similarly.

Ford > 2,let S4 =51 ® --- ® 57 : Fy — G4 denote the tensor product linear
operator consisting of d copies of S;. Thus, for f = f;--- f; with f; € F1, we
have

Saf = Si1fi - Sifa € Ga.

Take now a sequence of weights
M=z 2% > >0,
and consider the tensor product
Foy=F, @ Fl, ® & F,,

The space F};, is a Hilbert space with the inner product (-, -) Fu. To see how
the weights v; affect the norm, take f = fi--- fq with f; = f;1 + fj2, where
fj71 € Hy, fj72 € Hy. Then

d
113, = TT (1f5all3 + 5 M f2lle,) -
Jj=1

Again, if ||f||r, < 1 and the weights v; go to zero, then the components f;2
must approach zero.

Observe that the linear operator S; is well defined on Fy ., independently of
the weights «y;. Although the values of Sgf do not depend on +;, its adjoint S
and its norm ||Sy||r, do depend on ;. Indeed, for d = 1, it is easy to check
that ST : Gy — Fi, is given by

S = Sl‘Hl + 751‘H2’

where Sy

" denotes the operator S; restricted to H; and S;| : Gy — H; is the

0 For d > 2, we have

*
H;

adjoint operator of S

Sq = (51‘;1 +7151‘*Hz> ® - ® (51‘;1 +’Vd51’;2).

To obtain the norm of Sy, define the non-negative self-adjoint operator W, =
S5Sa : Fyqy — Fy, and observe that

1502, = (Saf.Saf)a, = Wark: Fp, .-
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This implies that the norm [[Sy||r, , is equal to the square root of the largest
cigenvalue of Wy .

We want to approximate Sgf for f from the unit ball of Fj,. Our approxi-
mations will be of the form?

Unalf) = Y Lilf) g

for certain continuous linear functionals L; € F} s and for certain g; € Gy.

We define the error of U, 4 in the worst case sense as the maximal distance
between Sy(f) and U, 4(f) over the unit ball of Fy,,

e(Una; Fay) = sup 1S5a(f) = U(f)llG,-

fE€Fu ) fllr,, <1

For n = 0, we formally set Upq(f) = 0. Then e(0, Fy,) = [|S4llr,, is the
initial error, which is the a priori error without sampling the element f. Our
goal is to reduce the initial error by a factor € € (0, 1). That is, we want to find
Un,d, or equivalently we want to find L; € I, and g; € G4 for i = 1,...,n,
such that

e(Una: Fur) < e|Sallry .-

We are ready to recall the concepts of tractability and strong tractability, see
[1,2,4,5,6, 13, 14, 15, 16, 17]. In some of these papers, tractability is defined
for absolute errors. In this paper we define tractability for normalized errors.
Let

n(e,Sq¢) = min{n : 3U, q with e(Upq4, Fy,) < EHSdHFdﬁ}

be a minimal number of evaluations needed to reduce the initial error by a
factor . Obviously, the minimal number n(e,S;) also depends on the spaces
F,; - and G4 and therefore it depends on the weight sequence ;. In fact, as we
shall see, the dependence on {7;} will be crucial.

We say that the problem {Sy} is tractable iff there exist nonnegative numbers
C,q and p such that

n(e,Sq) < Cdle™  Vee(0,1),Vd=1,2,.... (1)

The problem {S;} is strongly tractable if ¢ = 0 in estimate (1) of n(e, Sy).

The essence of tractability is that the minimal number of evaluations is
bounded by a polynomial in both d and 7!, and the essence of strong tracta-
bility is that this number has a bound independent of d and polynomial in £~
The exponent of strong tractability is defined as the infimum of p satisfying (1).

Obviously, some linear operators Sy are trivially strongly tractable inde-

pendently of the weights ;. This holds for dim(S;(F1)) = 0, ie., S; = 0,

Tt is known that neither nonadaptive information nor nonlinear approximations help in
approximating linear operators over Hilbert spaces, see e.g., [8]. Hence, it is enough to study
linear Uy, 4.
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since then S; = 0 and n(e,Sq) = 0 for all € € (0,1) and d > 1. Further-
more, if dim(S;(F1)) = 1 then S is a continuous linear operator of rank 1,
S(f) = (f,h)p, g for a nonzero h € Fy and a nonzero g € G1. Then

Sd(f) = <f’ hd>Fd gd

with hy = h? and g4 = g?. This means that setting L,(f) = (f, ha)p, and
g1 = g% we get e(Uy 4, Fy,) = 0 for all d, and n(e, Sy) < 1.
We define the set of such trivial strongly tractable operators as

TRIV(F)) = {5 : dim(S,(F1)) < 1}
Let
TRAC(F1,v) = {51 : {S4} is tractable }
STRONG-TRAC(F1,v) = {51 : {S4} is strongly tractable }
denote the sets of tractable and strongly tractable operators. Clearly,
TRIV(F;) C STRONG-TRAC(Fy,7v) C TRAC(F1,v) Vv ={v}.

The main purpose of this paper is to find the sets STRONG-TRAC(F},~y) and
TRAC(F7, ) and to check whether, or when, they differ from the set TRIV(F}).
As we shall see the answer will depend on the weight sequence ~.

As we shall see in the next section, the exponent of strong tractability de-
pends, in particular, on the sum-exponent of the weight sequence +, see [14]. By
the sum-exponent of any nonnegative non-increasing sequence {a;}, we mean

pa:inf{ﬁzo : Zafgoo}
j=1
k

with the convention that inf @ = oo. In particular, for a; = j=% we have
pa = 1/k for k > 0, and p, = oo for k£ < 0.

It is easy to check that p, is finite iff a; goes to zero polynomially fast in j .
Indeed, if 372, af = M < oo, then a? < M/j and a; = O(j~/P) goes polyno-
mially to zero. The other implication is trivial.

3. TRACTABILITY RESULTS
We are ready to prove the main result of this paper.
Theorem 3.1. (1) Ifp, = oo, then
TRAC(F},7y) = STRONG-TRAC(Fy,7vy) = TRIV(F}).
(2) If py < o0, then
TRAC(F},y) = STRONG-TRAC(Fy,7y) = TRIV(Fy) U A(F1,7),

where

A(F1,y) = {51 : dim(S1(Hy)) =1 and py < o0},
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where py is the sum-exponent? of the ordered eigenvalues \; of the self-

o Furthermore, if S; € A(F1,7v), then the
2

strong exponent is zero if Ay = 0, and 2max(p,, p) if A2 > 0.

adjoint operator 5’1‘; S1
2

Before we prove Theorem 3.1, we comment on its statements. The first
part assumes that the sum-exponent of the weights is infinity. This covers
the unweighted case «; = 1, for which there is no difference in treating the
components from the spaces H; and H,. In this case the result is negative.
The only tractable problems are trivial and given by linear operators of rank
at most one. As already noticed, such problems can be solved exactly with at
most one evaluation, and therefore the strong exponent is zero.

The second case assumes that the sum-exponent of the weights is finite. This
means that v; goes to zero polynomially fast as j goes to infinity. Then trivial
problems are not only strongly tractable problems since strong tractability also
holds for problems from A(F},~y). For such problems we must have that S;
reduced to H; has rank one, and S; reduced to H, has singular values® that
go to zero polynomially fast. This, of course, implies that S is a compact
operator. However, the converse is, in general, not true. That is, a compact Sy
with dim(S;(H;)) = 1 does not necessarily have finite p,.

We stress that although we have strong tractability, the strong exponent can

be very large. Indeed, if the singular values of S} i OF it the weights v; go

2
slowly to zero, then at least one of the sum-exponents is large, which implies

a large strong exponent. For example, assume that \; = j7% and ; = j~*
with positive k;. Then p = 2max(1/ky,1/ks) so that if either k; or ko is small,
then p is large.

We stress that for both cases in Theorem 3.1, there is no difference between
strong tractability and tractability. That is, the minimal number of evaluations
needed to reduce the initial error by a factor of € has either a bound indepen-
dent of d or more than polynomially dependent on d. This is a consequence
of two assumptions that we have made. The first assumption is that we use
arbitrary continuous linear functionals. However, if we restrict ourselves to only
function evaluations, then there is a difference between tractability and strong
tractability, as proven in [1, 2, 6, 7]. The second assumption is that the weights
are non-increasing and nested. That is, for the (d + 1)-dimensional case we
use the same weights as for the d-dimensional case plus 7441. For more general
weights, as shown in [14], there is a difference between tractability and strong
tractability even if arbitrary continuous linear functionals are used.

We now turn to the proof of Theorem 3.1. It will consist of two parts. The
first part will be to prove that dim(S,(H;)) > 2 implies intractability of {S;}
independently of the weights +;. That is, if S; has rank at least two in the
unweighted part of the space Fj, then the behavior of S; in Hy, as well as

2If dim(H2) < oo, then we extend the finite sequence \; of eigenvalues by setting A\; = 0
for j > dim(Hj). Then, obviously, py = 0.
3A singular value of a linear operator S is the square root of an eigenvalue of S*S.
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the weights 7;, are irrelevant, and we have intractability. This shows that the
unweighted part of the space Fj allows only at most rank one operators to get
tractability. The second part of the proof assumes that dim(S;(H;)) < 1. This
case easily reduces to the problem studied in [14], and a slight modification of
the proof from [14] allows us to complete the proof of Theorem 3.1.

Lemma 3.1. If dim(S;(H;y)) > 2, then {Sq} is intractable.

Proof. For d = 1, consider the operator W, , = 5751 : Fi5, — Fi,. Let A\,
denote the ordered eigenvalues of Wi, Aj, > Ay > --- > 0. The largest A\;,
is also equal to the square of the norm ||Sy|| . For f = fi + fo, fi € H;, we
have [[£12,, = il -+ fal, and

1970, < [[$il, |, WAl + 22 ], | Al
2 2 1/2
< (|shf, +fsla,) 10m
This proves that
2 2 1/2 9 2 1/2
Ay < <‘SlH1 H1+7‘51H2 H2> = <’SIH1 H1+‘51H2 H2>

since v € (0, 1].
We need a lower bound estimate of Ay ,. Recall that

<W1nf7 f>FM
=0 <f7 f>F1,'y

Ao = inf sup

heFLy feFq (Fh)p

If we replace Fi , in the supremum by H; then we obtain a lower bound on A ,.
For f € Hy, we have

<W1nf7f>FM = HSlfHél - <Vf7f>H17

*

where V' = 5, " S1 " H, — H,. Since (f, h)FM = (f, h1) g, , the last infimum
over h € F} . is the same as the infimum over h € H;. Therefore we have
VY
Aoy > inf sup Vi N = (V),

el gemy, (£, =0 (fy S,

where Ao(V') is the second largest eigenvalue of V. Since dim(V(H;)) =
dim(S;(H;)) is at least 2 by hypothesis, we conclude that \y(V') is positive.
Hence,

2

S1

0 < XM(V) £ M(V) =

Hy Hl'
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We now turn to d > 2. Let A; 4, denote the ordered eigenvalues of W, =
SiSa : Fyny — Fy.. From the tensor product construction, we have

d
{)\ivdvfy} = { H)\Z],’yJ : Z]:1,2, }
Jj=1

The square of the norm of Sy is the largest eigenvalue A 4., and so

d d 2
1Sall7, , = Aaq = TTMa, < 11 (‘ )
i=1 2

J=1

2

Si

SlH

‘|

1l Fy Ho

It is known, see e.g., [8], that
n(e,Sz) = min{n : Ay14, < Mgy}

Take an arbitrary integer k, and fix ¢ as
k/2

5 e (0,1).

Ho

A2 (V)

2
S

S

Hy

1
£ ==
2

Ho

|

H;
For d > k, consider the vectors i = i1, 142, ...,1q4) with 4; € {1,2}. Take k
indices 7; equal to 2 and d — & indices i; equal to 1. We have Z ) vectors

such that the eigenvalues satisfy

d Ao 2
H)‘im = H )‘1,% H )‘27%‘ = H = H)‘lﬂj‘
j=1

jrij=1 jriz=2 jrij=2 "Ly j=1
Since
)\2/7]' > )\2(V>
- )
Moy IS, I 1S, I,
we conclude that

2

d
=1

J
This proves that

n(e, Sq) > (Z) = O(d") as d — oc.

Since k can be arbitrarily large, this means that {S;} is intractable, as
claimed. [J

We now turn to

Proof of Theorem 3.1. We can assume that dim(S;(H;)) < 1 from Lemma
3.1. Consider first the case dim(S;(H;)) = 0, i.e., Sl‘ =0 and ||Si||p., =

Hy



424 HENRYK WOZNIAKOWSKI

VY2181 |11, Similanly, [|Sallr, . = (TT9=y %) | Sall g, where Hf = Hy®---@ Hy
(d times). It is also easy to see that

d
e(Un,da Fd,’y) = ( H 7]1/2> e(Un,da Hg)

Jj=1

for any optimal linear U, 4. Hence, the weights v; do not play any role and the
problem reduces to the space HY. It is proven in [14] that {S,} is tractable
iff dim(S1(Hs)) < 1. Since Si(Fy) = Si(Hz), we have tractability iff S; €
TRIV(F}).

Assume now that dim(S;(H;)) = 1. That is, S; has the form

Sif = (fi,h)y, g1 + Sfo

for f; € H; and nonzero hy € H; and ¢g; € G;.
Operators having a similar form were considered in [14]. The only difference
is that instead of the inner product (f,hq) 7, & more specific linear functional

was considered. This is not important and we can modify U, 4 considered in
[14] by taking for n = d = 1,

Una(f) = (i) g, 91
and for n > 2,
Upi(f) = Uii(f) + Ba-11(f2),
where B,,_1; is a sequence of approximation of 51’H2 in the space Hy defined
as in [14]. The rest of Theorem 3.1 follows from Theorem 1 in [14]. O

4. EXAMPLES

We illustrate Theorem 3.1 by two examples of Sobolev spaces of d-variate
functions defined over [0, 1]%. This will be done for the approximation problem

Saf = f € Gqa= Ly([0,1]%).

Example 4.1. Let H; = span(1,z,...,2"" 1) be the r-dimensional space of
polynomials of degree at most  — 1 reduced to the interval [0, 1] with the inner
product

r—1

(fo 9w = D f2(0)9(0).

=0
Let Hy be the space of functions f defined over [0, 1] for which £~ is absolutely
continuous, f belongs to Ly([0,1]), and @) (0) =0 for j = 0,1,...,7—1. The
inner product in Hs is
1
oo, = [ FO090 () dt.
0

Obviously, Hy N Hy = {0}, as required in our analysis. We thus have
Fiy={f:00,1]—=R: fYabs. cont., f € Ly([0,1])}
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with the inner product

1

Dy = z FO)g9(0) + 7 [ £ 09 d

0

It is well known that the Hilbert space F} , has a reproducing kernel of the form

r—1 . _ _ r—1
2t r—u)(t—u)
Ky (x,t) > — 7/ - dt,
K J*Oj' 4! o(r=1)!

where u; = max(u,0), see, e.g., [5].
For the approximation problem, we have dim(S;(H;)) = r. For r > 2, Lemma
3.1 states that the approximation problem is intractable.

For r > 1, it it known that the eigenvalues A; of the operator Sl
—2r

are

S1),
2
proportional to j7°". Hence, for r = 1, the approximation problem is strongly

tractable iff p, < oo, and the strong exponent is max(2p,, 1).

Example 4.2. We consider spaces similar to those in Example 1, but with
a different split between the unweighted and weighted parts. We take H; =
span(1), the space of constant functions, and

Hy = span(z,2°,..., 2" ") @ Hs,

with Hy as in Example 1. Then we have F’m with the kernel

1

e = e 55 [ )

This corresponds to the inner product

(f.9)p . = F(0)g(0) + 77" (i F9(0)g"(0) + / FI (g (t) dt).

Jj=1 0

For this problem, we have dim(S;(H;)) = 1. It is known that the eigenvalues
A; of 51 Sl are still of order j=2"

2
strongly tractable iff p, < oo, with the strong exponent max(2p,, 7).

. Hence, the approximation problem is
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