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A NEW METHOD OF SOLVING THE BASIC PLANE
BOUNDARY VALUE PROBLEMS OF STATICS OF THE
ELASTIC MIXTURE THEORY

M. BASHELEISHVILI AND K. SVANADZE

Abstract. The basic plane boundary value problems of statics of the elastic
mixture theory are considered when on the boundary are given: a displace-
ment vector (the first problem), a stress vector (the second problem); differ-
ences of partial displacements and the sum of stress vector components (the
third problem). A simple method of deriving Fredholm type integral equa-
tions of second order for these problems is given. The properties of the new
operators are established. Using these operators and generalized Green for-
mulas we investigate the above-mentioned integral equations and prove the
existence and uniqueness of a solution of all the boundary value problems in
a finite and an infinite domain.
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1. SOME AUXILIARY FORMULAS AND OPERATORS

In the two-dimensional case, the basic homogeneous equations of statics of
the elastic mixture theory have the form (see [1] and [2]):
ar Au’ + by grad dive + cAu” + d grad divu” = 0,

1.1
cAu' + dgrad divu’ + as Au” + by grad divu” = 0, (1.1)

where A is the two-dimensional Laplacian, grad and div are the principal opera-
tors of the field theory, v’ = (v}, u}) and v’ = (u}, u}) are partial displacements,
ax, by (kK =1,2), ¢,d are the known constants characterizing the physical prop-
erties of a mixture, and at that
ap = —As, G2 =p2— A5, C=p3+ As,
by = 1+ A+ As — paaa/p, by = g + Xa + As + praa/p,
d=p3+ A3 — A5 — praa/p = i3 + Ay — A5 + pacia/p,
p=p1+p2, a2=A3— A,

(1.2)

where (1, o, ft3, A1, A2, A3, A4, A5, p1, p2 are new constants also characterizing
the physical properties of the mixture and satisfying the definite conditions
(inequalities) [2].
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In the theory of elastic mixtures, the displacement vector is usually denoted
by v = (v,u”), while the four-dimensional vector by u = (uy,us,us, uy) or
up = uy, ug = ub, uz = uy, uy = uj.

The system of basic equations (1.1) can be rewritten (equivalently) as fol-
lows:

a1 Au' + cAu” + by grad ' + dgrad 0" = 0,

1.3
cAu + asAu” + dgrad & + by grad 0" = 0, (13)
where
0 ouy  Ouj v ou]  Oul (1.4)
Ozy | Oz’ O, Ory’ '
Let us Consigier the variables z = x1 +ixy, 2z = x1 — iz, by which z; =
szrZ, Ty =
9 _9.9 3_2(3_0)
or, 0z 0z 0Oxy \0z 0z (1.5)
3_1<3_i3) a_1<a+ia) '
9z 2\0r; Ory)’ 0z 2\0x 0/
Elementary calculations give
0? ou, oU, oUy, 0U,
A=4—— {=—"—4+— =""4+-—"= 1.6
0-0%" 9= oz’ 9= 0z’ (1.6)
where
U1 :U1+iu2, UQ :U3+iU4. (17)

Using formulas (1.5), (1.6) and (1.7), system (1.3) can be written in terms of
two complex equations

0*U, 0*U, ¢ 04"

2 s s T Tl =0,
92U, 2U, 00 09"
2 570; T2 tags T =0

After substituting here the values of #" and #” from (1.6) we obtain

92U, PU, | T, T,
(2&1 + bl) a 8 (2 + d) 8 az bl 822 + d 822 == 0,
92U, U, 9T, . 0°T,
Qe+d) 552+ (Qaatb) 5om +d o +h 55 =0,

Hence, by some elementary transformations, we have
0*U + 0°U

—te =

020% 0z?

—0, (1.8)
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where
T — [51, 53] :
€2, &4
5061 = 2((12b1 — Cd) + blbg — d2, 5082 = 2(da1 — Cbl),

(5083 = 2(da2 — CbQ), (5084 = 2(&1()2 — Cd) + blbg - d2,
50 = (2&1 + bl)(2a2 + bg) — (26 + d)2 = 4A0d1d2 > 0,

{ { 1.9
Ao = mymz—mj > 0, m1:l1+§4, m2:l2+§5, m3=l3+§6, (1.9)
d1 = (Cll + bl)(az + b2) — (C+ d>2 > O, dg = a1a9 — 62 > O,
(05} Cc aq
1 d27 2 d2a 3 d27
as + bo c+d a; + by
Lol =22 =S g = .
11l 4 2+ 105 4 3+ s a4

Equation (1.8) represents basic homogeneous equations of statics of the elastic
mixture theory in the complex-vector form. One can likewise esily verify the
validity of the identity

1
el = —ifm_l, (1.10)
where
by, U5 -1 1 mg —Mma
{ = ’ = — ’ 1.11
[€57 66] ’ mn AO —ma, my ’ ( )

U (k=4,5,6), Ag and my (k =1,2,3) are defined from (1.9).
In addition to the vector

U= (“1 N “”) , (1.12)

uz + 1y

using the formulas

i1 — V2 = map1(2) + maps(2) — %{54%(2) + 6590/2(2’)} —1(2),

i3 — va = a1 (2) + mapa(2) = 5 [(501(2) + ledh () | — 02,

(see [3], p.242), we write the vector V' as

V= (”1 ””2) , (1.13)

vz + ’iU4

where vy, v9, v3, v4 are the components of the vector v. As is known from [3], U
and V are the conjugate vectors, i.e., V, like U, satisfies equation (1.8).
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Using analogues of the general Kolosov-Muskhelishvili representations from
[3], we can write

U:mgo(z)%—gzgo’(z)—i-@b(z), V:i{—mgo(z)—f—gzgp’(z)—l—w(z) . (1.14)

where (z) and v(z) are arbitrary analytic vectors

m = lml’ 7"21 , (1.15)

mg, M3

my, ma, ms are defined from (1.9).
By (1.14) it is obvious that

U+iV =2my(z). (1.16)
Let us now introduce the vectors
{ { { {
{ —3 { — 9
TU = (@‘)2 Z(igu)l) , TV = (C{m)g qu)l) SR
(Tu)y —i(Tu)s (Tw)y — i(Tv)s
1

where U and V' are defined from (1.12), (1.13), (1.14), s is an arbitrary constant
matrix:

= l%l’ %3] . (1.18)

3, A3
Using the formula
{ {
¢ ¢ = A T 2e(2) + 2p—x)U
((Tu)4 —i(Tu);)  9s() | |
(see [3], p. 236) and (1.16), we can rewrite (1.17) as follows:

0
Os(x)

(20— )5 20 + (g = )0,

{
TU =

{(A —2F — 2em)p(2)

+

(1.19)

where F is the unit matrix and

d d d
SR e e R

n = (ny,ng) is an arbitrary unit vector.
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{
If 52 = 0, then 7' = T, where T is the stress operator. Now (1.19) can be
rewritten as

TU = a;()x) (A= 2E)p(2) + B2¢/(z) + 2u0(2) |,
; (1.21)
TV =i 5[ = (A= 2B)e(e) + B + 2003 .
where
B = . (1.22)

In addition to the operator T', we will need from (1.19) the particular case of
the matrix sz, where

=2 —m . (1.23)

{
In that case T = N, where N is the pseudostress operator which plays an
important part in studying the first boundary value problem.
Taking into account (1.14), (1.19) and (1.23), for the operator N we obtain

ov v
B ds(x)”

(1.24)

These relations are important when investigating the basic plane boundary value
problems of statics of an elastic mixture.

Put now in (1.19)

o) = A= 22;@ ) / Inog(y)ds,
o(z)=— (4= 22;@ #m)” S/ g(oig) ds, (1.25)

QH

Qe (A —2E — »m) C
U(z) = 7/11&09 )dS + = S/ y)dsS,

where 0 = 2 — £, G =2 — £, £ = yy +iyo, g(y) is the complex vector we seek
for. It is assumed here that

det |A —2FE — sem| #0, det|2u — 5| # 0. (1.26)

In the sequel we will see that these restrictions are actually fulfilled.



432 M. BASHELEISHVILI AND K. SVANADZE

Substituting (1.25) into (1.19) and performing some elementary transforma-

tions, we obtain

{ 1 00
TU = — Fs(0) g(y)ds
_ (2p =) (A =2E — »em)~! 0 o0——
4mi s/ Os(x) @ 9(y) s,
(1.27)
{ Olnr
TV = —— 95(2) g(y)dS
(2p — 3)0(A — 2FE — 3em)~! 0 o
47 4 0s(x) 9(y) 5,
where
Y2 12 (1.28)

r=n/(x1 —y1)?2+ (29 —y2)2, 6= arct .
V@ —y)2 + (22 — 1) S

By (1.25) and (1.14) we obtain

m(A —2E — sem) ! /m og(y) dS — (2“2_7”%)1 / Ing(y) dS
S

U:

271
S
VA —=2E —sm)™t ro——
. 7 30y)dS
= / % 9(y) ds.
(1.29)
= A= 2]23 #m)” /lncrg )dS— W/lnag s
T
S

(A —2E —5m) 1/09 is.
47 L0

Let us show that U and V satisfy equation (1.8) for any sc. Indeed, by (1.29)

U (A —2E —sm)™! @ds

0207 4mi J 02 ’
PU  m(A—2E—3m)™" [g(y) s
0z2 27 4 o2 '

Now by virtue of (1.10) we conclude that U satisfies (1.8). In a similar manner
one can show that V', too, satisfies (1.8).
Next, using (1.29), we calculate the operator Zg, where 3¢ is an arbitrary real

matrix (different from »c).
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By (1.25) we have

L 0 [(A=2E—xm)(A—2E —m)™!
v = Js(x) [ 2mi /ln o9ly) S

_ (2p =) (2p — 5)”
/lnag
2mi

A = 25— ) /f’g@)ds]

4 4 ’
L 0 [—(A-2E—sm)(A—2E —xm)™!
TV = 75(7) l o /ln og(y)dS
_@Cp—)2u—)
o S/lnag(y) ds

(2u — %O)E(A4; 2F — 3em)~1 /Zgy)dsl-

S
Assume that > and ¢ satisfy the equation
(A —2E — sqm)(A —2E — 3em) ™" + (21 — 50)(2u — 25) "+ = 0. (1.30)

Then the preceding formulas can be rewritten as follows:

Fu = —(2p — 52)(2p — )7 L:Z g:xg 9(y)dS
N (2 — %)E(A4;Z2E 7m) /85 74 el dS]
{o ) 06 (1.31)
B — w2 |2 [ 2 atwyas
5
B (2 — %)K(A;TQE — m)~ / (?@ Ug(y)dS].
S

Comparing (1.27) and (1.31), we obtain

{0 . 71{ {O B 71{
TU=—=2u—)2u—2»)""TV, TV =i(2u—>s0)2u—sx)""TU. (1.32)
We introduce the following definition: if s and ¢ satisfy equation (1.30),
then the operators T and T are self-conjugate ones, i.e., identities (1.32) are

valid. Let us consider some particular cases. Let sz = 0; then 7' =T and from
(1.30) it follows that

s =21 —2(A—E) . (1.33)
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{
Therefore T' = L. Thus the operators T' and L are self-conjugate ones. Formulas
(1.32) take the form

TV =i(A— E)LU, TU = —i(A— E)LV. (1.34)

If in (1.30) s is defined from (1.23), then % = N and to obtain the conjugate
operator we have the indefiniteness. But this does not mean that no conjugate
operator exists for N. We use here formula (1.24) which implies that for N the
conjugate operator is N. Let us rewrite formula (5.15) from [4] as

{ { {__
/ T(u, u) dyr dys = / ul'wdS = Im / UTT ds, (1.35)
D+ S S

{__
where Im is the imaginary part, U and TU are defined from (1.12) and (1.17),

D" is the finite domain bounded by the closed contour S. From the latter

formula we obtain two formulas to be used below. For s = 0 and s = 2u—m™!,

(1.35) respectively yields

/T(u,u) dy; dygz/uTudSEIm/UTUdS, (1.36)
D+ 5 S

/N(u,u) dy, dygz/uNudSEIm/UNUdSEIm/VNVdS,
D+ S S 5 (1.37)

where T'(u,u) and N(u,u) are defined in [4], pp. 75-76. Formulas (1.35),
(1.36) and (1.37) hold for the infinite domain D~ = E,\D™* as well provided
that conditions (5.22) from [4] are fulfilled. In that case we have

{ { {__
/ T(u, u) dys dys = —/uTu ds = —Im/UTU ds, (1.38)
D— S S
/ T(u,u) dy, dys = —/uTu dSE—Im/UTUdS, (1.39)
D— S S

/ N (u,w) dyy dys = — / uNudS=—Im / UNUdS=—Im / VNVdS.  (1.40)
D~ S S S

These formulas play an essential role in investigating the basic plane boundary
value problems of statics for an elastic mixture.

2. THE FIRST BOUNDARY VALUE PROBLEM

The first boundary value problem is formulated as follows: Find, in the do-
main DV (D7), a vector U which belongs to the class C?*(D*) N CY*(DT U
S)[C*(D™) N CY*(D~ U S)], is a solution of equation (1.8) and satisfies the
boundary condition

()™ = (1), (2.1)
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where f is a given vector on the boundary, the signs + and —— denote the
limits from inside and from outside. Note that for the infinite domain D~ the
vector U additionally satisfies the following conditions at infinity

ou -

where p? = 2% + 3.

The direction of the external normal is assumed to be the positive direction
of the normal, i.e., the direction from D% into D

First we are to write a Fredholm integral equation for the first boundary value
problem. Using formulas (1.14) and choosing ¢(z) and ¢(z) in the form

m=t rdlno
w(Z)—QmS 95(0) g(y) dsS,

1 Jdlno
Y(z) = 5 / 950y 9(y)

9 S
Ok
after some simple transformations we have by (1 10) that

1 00 e’ 0 o0—
- as+— [ 55~ 2 gly)ds, 2.3
=] 95(y) 9(y) dS + o | 3s(y) 7 9(y) (2.3)
1 r0lnr el 0 o——
V=—= [ s+ / 7 3(y) ds,
=] os(y) gy) dS + - J 3sy) @ 9(y)
where 6 and r are defined from (1.28), g(y) is the complex vector we seek for
while the values of o and & are given above (see §1)

(2.4)

Let us first investigate the first internal problem. Passing to the limit in (2.3)

as x — t € S and using the boundary condition (2.1), to define the vector g we
obtain the following Fredholm integral equation of second order

o0+ G 9 S + 5 / s SIS = £, (25)

where f € C14(s) (8 > 0) is a given vector on the boundary, and

Q:arctgw, o=t—(, T=t—C(, t=1t +it. (2.6)
Y1 — 21
From (2.5) we have
1 0?0 e’ 02 0 —— of
WS/ s0as(y) W+ zmS/ s0ds(y) 7 W

Takmg into account that s € C%% (a > 0), the latter formula implies

/83 55 g(y)dS € C*(S) and /85(35()0 9(y) dS € CO%(S)
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and since f € C* (0 < B < a < 1), from (2.5) we obtain g € CHA(s).

Let us prove that the homogeneous equation correspending to (2.5) has only a
trivial solution. Assume that it has a nontrivial solution denoted by gq. By the
same reasoning as above we can easily find that gy € C1*(s) and NU, € C%(s).
Applying (1.37), we have ug(z) = C, x € DT, where C' is an arbitrary constant
vector. But since (Uy)™ = 0, we have Uy(x) = 0. Taking into account that for
go € CH(s), (NUy)™ —(NUy)~ = 0, we obtain (NU,)~ = 0. Using now formula
(1.40), we obtain Uy(z) = C' x € D~ for the domain D~. Since the potential
Up(z) is equal to zero at infinity, we have Uy(z) = 0 for z € D~ and, using the
formula (Up)™ — (Up)™ = 2go, we obtain gy = 0. Therefore the homogeneous
equation has only a trivial solution. We have proved that, by the first Fredholm
theorem, equation (2.5) is solvable for an arbitrary right-hand part f € C%#(s)
(8>0).

One can prove that a solution of equation (2.5) exists iff s € C1* and f €
C*P(s), 0 < 8 < a < 1. The proof is the same as in [5].

Let us now consider the first external boundary value problem. Its solution
is sought for in the form

W ="U(xz)+ U(0), (2.7)
where U is defined by formula (2.3), and

1 0 Y2 0
== tg -2 g(y) dS + 5
wS/ B(g) " g, I) / 9s(y)

g(y) dS. (2.8)

J\\N\r

The origin is assumed to lie in the domain D¥.

Taking into account the boundary behavior of the potential U(x) and the
boundary condition (2.1), to define the unknown vector g we obtain from (2.7)
the Fredholm integral equation of second order

_ (t)Jrl ﬁ
g ™ 3s(y) 27m 88

%Tdsw*() F(b). (2.9)

where 6, o, 7 are defined by (2.6). Qulte in the same manner as above, one can
prove that a solution of equation (2.9), if it exists, belongs to the class C1#(s)
for s € C** and f19(s),0< < a < 1.

Let us show now that equation (2.9) is always solvable. For this it is sufficient
that the homogeneous equation corresponding to (2.9) have only a trivial solu-
tion. Denote the homogeneous equation (which we do not write) by (2.9) and
assume that it has a solution different from zero which is denoted by gg. Denote
the corresponding potentials and values by Wy, Uy and Uy(0). Using (1.40), we
obtain Wy(x) = a. But (Wp)~ = 0 and therefore & = 0 and Wy(x) =0, x € D~.
Hence, for x — oo, we obtain

Us(0) = 0. (2.10)

In that case, (2.7) implies W = Up(x) = 0 and NUy(z) = 0, z € D~. Since
under our restrictions (NUy)"™ — (NUy)~ = 0, and (NUy)~ = 0, we obtain
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(NUy)* = 0. Hence by (1.37) we have Uy(z) = 8, x € D*. But by (2.10)
Up(0) = 0 and, obviously, 3 = 0. Thus Uy(z) = 0, x € D*. Taking into account
that (Up)™ — (Ug)~ = 2go and (Up)t = 0, (Uy)~ = 0 we obtain gy = 0. Thus
our assumption is not valid. Equation (2.9) has a solution for an arbitrary
right-hand part.

As above, here, too, we can note that a solution of equation (2.9) exists iff
seCand feCHW(s),0<B<a<l.

So far it has been assumed that the principal vector of external forces, stress
components and rotation at infinity are equal to zero. The general case with
these values given and different from zero is considered applying a reasoning
similar to that used in [6]. When D% is a multiply-connected finite domain, the
proof of the existence of solutions for this domain is easy and carried out as in

[6].

3. THE SECOND BOUNDARY VALUE PROBLEM

The second boundary value problem is posed as folows: Find, in the domain
D*(D™), a vector U which belongs to the class C2(DT) N C-(D")[C2(D~) N
C12(D~US)], is a solution of equation (1.8) and satisfies the boundary condition

(TU)* = F(t), (3.1)

where F' is a given vector on the boundary. For an infinite domain we have
conditions (2.2).

To derive Fredholm integral equations of second order for the second bound-
ary value problem is not difficult. Indeed, after substituting > = 0 into (1.25)
and (1.27), we obtain

= 71r5 af(gx) 9(y)dS = QHMS/ as?x) 7 9(0) 45,
3.2
L[ s L[ e
where U and V are defined as follows:
U= m(AQ:jE)lS/lnag(y) ds — Zﬂzs/lnog(y) ds
- ;”21@_1 S/Zg@d& (3.3)
L, miA ;:E) ' S/ln ooy ds — " /lnag(y) ds |
A [ atas
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Here, as above, ¢g(g) is the complex vector we seek for,

_ H17 HQ
H= [H37 H4‘| ’

where

25
H =1- Ads {(al +¢)As + (ag + ¢)(Ay — 2)},

2)s5
H, = ay + ¢)(As — 2) + (ag + ¢) Az |,
2= 2 [+ (A~ D)+ (a4 »
AQ = (Al—Q)(A4—2>—A2A3 > O, H3 = 1—H1, H4:1—HQ,
1 Ay —2 —A 1 —
A—2F) 1= — | ’ 2 -1 _ & | M2 us| .
( ) Ay [ —As A —21 M AN [—MS, |’

the other values contained in (3.2) and (3.3) are defined in the preceding
paragraph.
Let us first consider the second boundary value problem for the domain D*.
By (3.1), to define the vector g we find from (3.2) that

—ot)+ - [ G e s — 5 [ 55 ZaGlas = ). (35)
S S

where 0, 0 and @ are given from (2.6). We think that it is advisable to modify
equation (3.5). To do so, we add to the left-hand side the expression

11 00 H 0 o) [_ 1 (1 0 1
%l@s(t)!g(y)ds_mas(t)g(zj)s/gd51+4m'<1>8s(t)t'M’

where

0 o —
M= | =i Ui+ Uy) +i 5 (T + T)| , 3.6
iU ) i O T (36)
U; and U, and their conjugates are defined in (3.3). As above, it is assumed
that the origin lies in the domain D,

Thus we obtain the equation

1o H o 0 o0 1000

“I0H L e W Qm’S/as(t) 7 WIS S B S/g(y) a5
H 0 o) 1 (1y o 1

_mas<t)M!gy)ds+m<l>as(t)ZM_F(t) (3.7)

Let us now show that if equation (3.7) has a solution, then it is necessary
that

/g S =0 (3.8)
S
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and
M =0, (3.9)

provided that the principal vector and the principal moment of external forces
are equal to zero.
Indeed, by some simple calculations, from (3.7) we obtain

/gdS — /FdS, M= /Re H(Fy + F)dS. (3.10)
S S S

If the principal vector [¢ F'dS and the principal moment [ Ret(F) + F5)dS
are equal to zero, then [q gdS = 0 and M = 0, which was required to be shown.

Thus if the requirement that the principal vector and the principal moment
of external forces be equal to zero is fulfilled, then any solution g of equation
(3.7) is simultaneously a solution of the initial equation (3.5).

Let us now prove that equation (3.7) is always solvable. To this end, consider
the homogeneous equation obtained from (3.7) for F' = 0 and prove that it has
no solutions different from zero. Let gy be any solution of this homogeneous
equation. Since F' = 0, it is obvious that conditions (3.8) and (3.9) are fulfilled
for go. In that case the obtained homogeneous equation corresponds to the
boundary condition

(TU(8))* =0, (3.11)
where Up(z) is obtained from (3.3) if g is replaced by ¢o. Using (3.11) and (1.36)
we obtain

Uo(z) = a4+ if3 G) z, x€ DT, (3.12)

where « is an arbitrary constant vector, and 3 is an arbitrary constant value.
Since My = 0, (3.12) implies #; = 0 and we obtain Up(z) = o, x € DT,
Hence, in view of (1.24), we have

NUy(z) = —im™! %‘f((j;) =0
and
Vo(z) =8, xe€ DT, (3.13)

where Vj(x) are defined from (3.3) if ¢ = gy and (3 is an arbitrary constant vector.
By (3.2), from (3.13) we obtain TVy(z) = 0, z € DT, and since (TVy(t))" —
(TVo(t))~ =0, we have (TVy(x))~ = 0. Applying now formula (1.39) we find

Vo(z) = a+if G) z, xe€D,
Hence, since Vy(x) is bounded at infinity, we have 8; = 0 and Vy(x) = «,

x € D~. In that case Uy(z) =  and TUy(z) = 0, x € D~. Taking into account
that (TU())_ — (TUO)+ = 290 and (TUO)+ = U, (TU())_ = (0 we obtain go = 0.
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Thus we proved that the homogeneous equation corresponding to equation
(3.7) has no solutions different from zero.

Therefore equation (3.7) has one and only one solution g. On substituting this
value ¢ into formula (3.3), we obtain a solution of the second boundary value
problem provided that the requirement for the principal vector and the principal
moment of external forces to be equal to zero is fulfilled. Displacements U are
defined to within rigid disolacement, while stresses are defined precisely.

Let us now consider the second boundary value problem in the domain D~.
Its solution is to be sought for in the form

z

Sy
W(z) = U(z) — ‘;—W <1> - M, (3.14)

where U are defined from (3.3), and

[V Ve) V4 T)

V' are given from (3.3).

From (3.14) we readily have TW = TU(z) — = G) asa(z) = - M.

Passing here to the limit as z — ¢t € S and taking into account (3.1), we
obtain

[y

I\

g(t>+71r5 af(et) g(y)ds_fm!asa(t) %@ds

() tghumr

Performing integration, from (3.16) we esily have 2 g gdS = [¢ F dS.
So far it has been assumed that the principal vector of external forces is equal
to zero. This means that

/gdS — 0. (3.17)
S

The latter condition implies that the vector U(z) from (3.3) is unique and
bounded.

Now let us show that equation (3.16) is always solvable. To this end, consider
the homogeneous equation which is obtained from (3.16) when F' = 0. We
have to prove that this homogeneous equation has no solutions different from
zero. Assume the contrary and denote by gy some solution of this homogeneous
equation. Since F' = 0, condition (3.17) is fulfilled for go.

Note that the homogeneous equation corresponds to the boundary condition
(TWy(t))~ = 0. Using formula (1.39), we have Wy(x) = 0, =z € D, or, by
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(3.14), we can write

-1
1\ 1 _

Obviously, for the conjugate vector we have

.1 1
Vo(z) — “57 G) SMy=c, zeD, (3.18)

where c is an arbitrary constant vector. Calculating the stress vector and taking
into account (3.2), from (3.18) we obtain

1 81117“
75 as(t) Com /a ) 9o(y)dS
i 1 a 1

Now we have to calculate the principal moment of this vector. After lengthy
but obvious trasformations we have My = 0.

We have thus proved that Vy(z) = C for « € D~. But since (T'Vy)~ =
(TVo)T =0, by (1.36) we obtain

Vo(z) = a+if G) z, xe€ D", (3.19)

where « is an arbitrary constant vector, and [3; is an arbitrary constant scalar.

Since My = 0, (3.19) readily implies 0 = My = 44, = 0.

In that case we have Vy(z) = a, © € DT, and Uy(z) = 3, = € DT, where (3 is
a constant vector. Thus (TUy(t))™ — (TUy(t))" = 290 = 0.

Therefore the homogeneous equation corresponding to equation (3.16) has no
solutions different from zero. This means that equation (3.16) has one and only
one solution when the principal vector of external forces is equal to zero.

Like in §2, here too we can note that a solution of the second boundary
value exists iff the principal vector of external forces, and stress and rotation
components are given values. It is understtod that in that case the displacement
vector at infinity is unbounded.

The existence of solutions of the second boundary value problem can also be
proved when D7 is a finite multiply-connected domain.

4. THE THIRD BOUNDARY VALUE PROBLEM

In the case of the third boundary value problem the following values are given
at the boundary:
0

5(2) [ug —uy +i(ug — uz)}, (Tw)y + (Tu)y — i[(Tu)4 + (Tu)gl7
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where uq, us, ug, uy are the components of the four-dimensional vector U, and
(TU)1, (TU)q, (TU)s, (TU)4 are the components of the stress vector TU.

By virtue of (1.12), (1.14) and (1.21), these value can be rewritten as
d Mg — M1, M3 — Mg %, Lozls £5 —7
75(z) { [Bl +By, B+B| P97 B 1B, BB

* ot ). 2 e ] P} = FO )

where

_ Sax [ug Uy + i(U4 — uz)] _ U, — U,
F(l') - <(TU§2(—{—) (TU)4 - Z[(Tu)l + (Tu)3]> - ((TU)l + (TU)2> ) (42)

Uy, Uy, (TU); and (TU), are defined from (1.12) and (1.21).

Now we can formulate the thirs boundary value problem: Find, in the domain
DY (D7), a vector U which belongs to the class C*(DT) N CY*(D+)[C*(D~) N
Clo(D~ U S)], is a solution of equations (1.8), and satisfies the boundary con-
dition

(F(t))* = F(t), (4.3)
where F'(t) is a given vector on the boundary. Conditions (2.2) are fulfilled at
infinity.

For this problem we need to derive Fredholm integral equations of second

order.
Let

1 By + By my — /
= ’ | 4.4
#(2) 27iA; |—(B1 + Bs), ma— nog(y (44)

where ¢ is the complex vector we seek for, and

A3 = 2(m1 + ms — 2mq — Aoag) > O, (45)
where ag = p1 + po + 2u3 = ay + as + 2¢. Note that the proof for Az > 0 is
given in [7].

After lengthy but elementary calculations we obtain
1| b2l tots By + By, mp—mg| _ | =Ko, —ao (4.6)
A3 |B1+ B3, Bs+ By| |—(B1+ Bs), ma—my 0, I
where

ao(blbg — d2) AO

Ky=—-"—-— = — — &9 — 4.7
0 Asdidy Qo A, (61 + €3 — €2 —€4), (4.7)

while €1, €, €3, €4 are defined from (1.9).
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In view of (4.4) and (4.6), expression (4.1) takes the form

0 1 K [z2—
as<x>{m!1nog(y) dS + 2m.s/ag(y) ds
2 . L@ = F@ (43)
2(p1 + p3), 2(p2 + p3) B ’ '
where
_ K07 Qp
o[t o
Let us now choose ¥(z) in (4.8) as follows:
-1 1 1 K /¢
[Q(Ml + u3), 2(pe +M3>1 B /hwg a5 27”/
Then (4.8) takes the final form
1 00 0
T 4 38(:10) 2 z as 77 y)ds = Flz). (4.10)

First we consider the third boundary value problem in the domain D*. By
the boundary condition, to define the unknown vector g we find from (4.10) the
Fredholm integral equation of second order

1!@?@)9( T3 dS = F(t), (4.11)

27m (95 a

where 6, 0 and 7 are defined from (2.6).
To investigate (4.11), its advisable to consider, instead of (4.11), the equation

1 06 K 0 o—— 1 (0 0 1
W!as@)9<y>d5+m/as@>ag<y>ds‘%(1)35@)fM
1 [00(t) /

M %[83(75) S/gd 2 8.9 i_/ ] - (4.12)

B oU, 00,
M=(= )<8z B az)xl 22=0

and 0(t) are given from (2.6) at y; = y2 = 0.
From (4.12) we readily obtain

where

(4.13)

/gdS — /FdS, M= Re/fFQ(t) ds. (4.14)
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Let us prove that equation (4.12) is always solvable. Assume the contrary
and denote any solution of the homogeneous equation corresponding to (4.12)
by go. On account of (4.14) we have

/90 dS =0, M;=0, (4.15)
s

where M is obtained from (4.13) after replacing g by go.

In that case the homogeneous equations for (4.12) and (4.11) coincide, but to
the homogeneous equation for (4.11) there corresponds the boundary condition
(EF(t)*T =0.

Using (1.16) and taking into account that (Up )™ — (Upe)™ = C and
[s(TUy)*dS = 0, we obtain

Uo(l’) =a+1i0 (1) Z, X € D+,

where a and [3; are arbitrary constants. By (4.15) we have Up(z) = o, x € D™.

The conjugate vector Vy(x) defined from (1.14) has the form Vy(z) = 5, = €
DT, where (3 is another constant value. By repeating the arguments used above
for the vector Uy we get

(Vor = Va2) ™ = (Vor = Vi)™ = au,
(Vo)1 + (TVo).] = [(TV) + (TVa)e] " =0,

Using now (1.39) for the vector V4, we have

Vo(z) = v+ ido G) z, z€D7,

where  is an arbitrary constant vector, and dy is an arbitrary constant scalar.
Since the vector Vy(x) is equal to zero at infinity, we have §y = 0, v = 0 and
Vo(xz) = 0, x € D~. In that case, the conjugate vector Uy(z) is Up(xz) = C,
x € D~. Applying (4.15), we have

Up(x) =0, xz€D". (4.18)
Taking into account (4.17) and (4.18) it is easy to obtain

0 0
m(UM —Up)™ — m(UM — Un2)" =2gn =0,

- +
(TUo)1 + (TUo)s| = [(TUo)1 + (TUp)a| " = 2902 = 0.
This means that gy = 0 and our assumption is not correct.

Thus we have proved that equation (4.12) is solvable for any right-hand part.
By substitution this value of ¢ into (4.11) we obtain a solution of the third
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boundary value problem when [g F1dS = 0 and the principal moment of external
forces is equal to zero.

The investigation of the third internal value is finished.

Finally, let investigate the third boundary value problem in the domain D~.
Its solution will be sought for in the form

1, 00
T 5’5(m) 2772 85

1 /0 0 1
L <1> o 2 M = F@), (4.19)

g s
o

where

Vs av2> (4.20)
x1=x2=0

M = - _ =
(= )< 0z 0z
To define the vector g, from (4.19) we obtain the Fredholm integral equation

of second order
1 00 K 0 o—
7rs/83(t) 9ly) dS + omi | 0s(1) 5 9W)ds

1 /0 0 1
— 5 <1> m ?M = F(t). (4.21)

After obvious transformations, the latter equation gives
z/gds - /FdS. (4.22)
S S

Let us prove that equation (4.21) is always solvable. Assume that the homo-
geneous equation corresponding to (4.21) has a nonzero solution denoted by go.
Since F' =0, (4.22) implies [ggodS = 0.

This means that both Uy and the conjugate vector Vj are equal to zero at
infinity. Applying (1.39), we obtain Uy(z) =0, Vy(z)=0.

On account of (4.21), for F' =0 we have

81nr v (0 O 1
— —— = My=0. 4.2
8 27r 83 e 0T or <1> as(t) t = ° 0 (4.23)

The latter equation implies My = 0. Now (4.23) takes the form (TVy(t))" =
(TVo(t))~ = 0. Applying (1.36) for the vector V; we obtain

Vo(z) = a+ib G) z, xeD'.

Since My = 0, we have ; = 0 and Vp(z) = «, from which it follows that
Us(x) = B, x € D', where ( is an arbitrary constant vector. Now by the
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boundary condition we have

0 0
(Unn — Up2)™ —

Js(t) 0s(t)
(TU): + (TUs)s| ™ — [(TU)1 + (TUs)s] = 2902 = 0.

(U01 - Uo2)Jr = 2¢o1 = 0,

Thus we have proved that the homogeneous equation corresponding to (4.21)
has only a trivial solution. By choosing among solutions of (4.21) those satisfy-
ing the condition [¢ F1dS = 0 we obtain a solution of the third boundary value
problem in the domain D~.

1.
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