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PLURIREGULAR, PLURIGENERALIZED REGULAR
EQUATIONS IN CLIFFORD ANALYSIS

E. OBOLASHVILI

Abstract. Problems for pluriregular equations in Clifford analysis are solved
effectively. They are related to the equations called polyharmonic, poly-
wave, polyheat, harmonic-heat, harmonic-wave, wave-heat and harmonic-
wave-heat equations which are considered here for the first time.
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§ 1. ELLIPTIC AND PLURIELLIPTIC EQUATIONS IN CLIFFORD ANALYSIS

Equations, for which the boundary value problems (b.v.p.) and initial value
problems are considered in what follows, can be obtained by the Dirac operator
in Clifford analysis. That is why first some basic notions and definitions of
Clifford algebra and Clifford analysis will be given (see, e.g., [1, 4]).

Let R, Rnn—1) and R?n) (n > 1) be Clifford algebras. These are associative
algebras with generators eg, eq, ..., e, and relations

6(2):60, e?z—eo for y=1,...,n—1,

ejep +ere; =0 for jk=1,...,n and j #k,
—ep in the case of Ry,
ei =< e in the case of R, ,—1),
0 in the case of R,
where e, is the identity element. The relations imply the existence of a ba-
sis {ea}, A C {1,...,n}, of the form ey = ey, ---€q, for A = {aq,...,a},

1 <ap < -+ < ap <n, eo = ¢p. These algebras are 2"-dimensional and
noncommutative (for n > 2), and any element can be represented as

u = Z UAEA, U2 = Uyp.
Ag{177n}

An element wu is called vectorial if
n
u = Z UK€ .
k=0
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For every u two conjugates are defined:
ﬂ:ZUAéA, UZZUABA,
A A
where eg = ey, €; =€; = —¢;, j =1,...,n, and

EA = oy Cay = (—1)FEID2e By =6 o0, = (—1)Fen.

R(1y is the space of complex numbers, R ) is called the space of double
numbers, R?l) is the space of dual numbers.

Consider a modification of the Dirac operator [1],

_ no0 o o n
0= —ey=—ec+D, 0=—e—D, =) a6,
kzzg)@xk b 0xg 0 0xg 0 ,;J ok

where D is the Dirac operator. In R, R, -1y and R?n), one has respectively

62

90 =00 = Npy, 90 =Ny, — 00 = Agn-1),

where Agy (k= n,n — 1) is the Laplace operator with respect to the variables
Xo, ..., Tr. From these equalities it follows that the equations

Ou=0, Ou+uh=0, h=const, (1.1)

are elliptic in R,y and hyperbolic in R, 1)
Pluriregular and plurigeneralized regular equations in R(,) and R, ,—1) are
written as

0™u =0, (1.2)
P™u=0, Pu=0u+ th. (1.3)

If u(z) is a solution of (1.2) or (1.3), then it is a solution of the polyharmonic or
the polyHelmholtz equation in R(,) and the polywave equation or the polyKlein—
Gordon equation in R, ,—1):

A"y =0,
(A= |h)"u=0, u=u(), v=(v0,...,7,),
and

(A — g;)mu(x) =0,

(A—hQ—y)mu(x):O Ty =t
at2 Y n — Y-
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1.1. B.V.P. for pluriregular and plurigeneralized regular functions in
elliptic case. Let u(z) be a regular function or generalized regular function,
i.e., a solution of the equation defined by (1.1) in the space R,). Then u(z),

x = (xg,...,2,) is also a solution of the equation
Au=0, or (1.4)
Au — |h|*u =0, (1.5)

n
where h is assumed to be a vectorial constant h = > hpep.
k=0

Solutions of Dirichlet and Neumann problems for equation (1.4) in the half-
space x, > 0 can accordingly be represented as

. wnR[(r2+x$l)"‘z“’ (1.6)
() = — (&) d¢
v m‘””npl (r2 +a2)"z (1.7)

where 7?2 = (mo — 50)2 +---+ (xnfl - fnfl)2?

ou

G = #l6) for & =0.

Here and below the boundary data are supposed to be sufficiently smooth and
vanishing at infinity for the case of a half-space as a boundary.

Solutions of Dirichlet and Neumann problems for equation (1.4) in the ball
|z| < 1 can respectively be represented as

1 (= [eP)u(§) dS;

u(zr) = s (1.8)
wn|§|:1 € — x| (D)
u(z) = _417r|£[1 f(f){ In[1 — rcos(zf) + |x — &[] — mig,}dsﬁ' (1.9)

Dirichlet and Neumann problems for the Helmholtz equation. Let
R"t! be the half-space =, > 0, © = (zq,...,%,-1), and let u(z,z,) be a real
function. In this space the solution of (1.5), vanishing at infinity and satisfying
on the boundary z, = 0 the conditions

u(z,0) = f(z) for the Dirichlet problem, (1.10)

;u = ¢(x) for the Neumann problem, (1.11)
Tn
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can respectively be represented as

1 m+1
u(z, x,) = (=1) 0 ZL‘2 /f e MIrdy for n=2m,

m™h  Odx, O
(1.12)
—1 m+1 a
u(x, x,) = ( 27)rm 0. D xQ /f |h|r)dy for n=2m +1,

and in the case of (1.11) as

( m+1 hl|r
u(z, x,) = ’/Tmh a $2 /gp “Ihrdy for n = 2m,
( 1 m+1
u(z, x,) = 5 /<p |h|7’)dy for n=2m+1,

Rn

where 72 = |z — y|2 + 22. For formulas (1.6)—(1.9) and (1.12) see, e.g., [4], H{"
is the Hankel function of zero order.

From these representations remarkable properties follow: if the given func-
tions f, ¢ are odd with respect to some fixed variable z; (0 < k < n — 1),
then

w(z,z,) =0 for xp=0, xz,>0,
and if they are even, then
ou

=0 =0 n > 0.
aﬂTk ; L ) x

The problems solved above for harmonic functions can be used to solve the
corresponding problems for the regular equation (1.1).

Let u(x) be a pluriregular function in R, i.e., a solution of the pluriregular
equation

"u=0, m>2. (1.13)
Then u(zx) is also a solution of the polyharmonic equation
A"y =0, (1.14)
where A is the Laplace operator with respect to xg, z1, ..., x,.

To consider a b.v.p. for (1.13), first of all we will consider a b.v.p. for (1.14).
A solution of (1.14) can be represented as

x) = m; aFug () (1.15)

u(z) = zo: (r* — DPug(z), = |z|?, (1.16)

where uy(z) are harmonic functions.
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Problem. Define the solution of (1.14) in the half-space z,, > 0 which

vanishes at infinity and satisfies the conditions
7’%__ ( ), k=0,1 —1, for =0 (1.17)
fr(xo, ..., Tpn 1), ,L...,m , lor z, . A7

Solution. By these conditions, using (1.15), we will obtain the boundary
conditions for wug:

U’O(ZE(M sy Tp—1, O) = va
GU,Q
y ey bn— aO = )
u1(Zo Tp—1,0) + o, i
8u1 82’&0
2 2 =
U + oz, + 022 f2,

and so on. Then as the left-hand sides in (1.17) are the boundary data for
harmonic functions, by (1.6) one can determine all of them. For instance, if
m = 2, we obtain

2(n + 1)) fol&)dS 20, [ A(©)dE

u(z) = Fnt3 prtl

Wn+1 Wn+1 o

For any m > 2 u(x) can be represented as

@ =% 2ty ek, [ e %
u(x) = T, - - In k—1 7
= Wkl T F da! rntl

here 7% = (29 — &)? + -+ + (71 — &_1)? + 2. These representations are also
obtained in [4] by using the Fourier integral transform.

For the ball |z| < 1, formula (1.16) will be used.

Problem. Define a polyharmonic function u(z) in the ball |z| < 1 with the
boundary conditions

oFu
k|, = fu(z), k=0,1,....m—1.
Solution. By force of (1.16) for harmonic functions ug(z), k =0,...,m—1,

we have the conditions:

uo(z) = fo(x), |z[=1,
ou 8u0

az?ul%—wzﬁ for r=1, (1.18)
0%u ou,  0%u
o :8uQ+2u1+4a—;+ arf = f» and so on.

First we prove that if ¢ is a harmonic function, then 722 is harmonic too.

or
Indeed,
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and 5 52
()0 n
or XO: 03
Now by the induction method one can prove that if 7#! ‘g;;‘f is harmonic, then
rk‘gl%f is harmonic too, as
o "y _ Ta(rkl ak_190> (k= 1) Oy .
ork or ork ork-1
For this reason (1.18) are boundary conditions for the harmonic functions
auo 8u1 2 82’&0
uo(x), 2u1 +r——, Suo+2uy +4r——+r , and so on.

0( ) 1 + 87‘ 2 + 1 + 87" + (97”2

Hence these harmonic functions are defined by (1.8), and wug, uy, us, ... are de-

fined gradually and correspondingly, by (1.16) w is represented in quadratures.
For instance, for a biharmonic function we have

u(r) = 32 = VP~ (2 = V7 O Pfo+ P,

where

.2
szl r /‘gfffi‘ciil’ rc RV

Wn
l€l=1

Problem. Consider equation (1.13) for m = 2 and n = 2, u = upeg — ure1 —
Uges — Uiseres. Find its solution in the half-space x5 > 0 vanishing at infinity
and satisfying the conditions

ou
U0($0,$170) = fo(l“owl), 78932 o = f1(9€0,$1)7
2 lxg=
ou
U1(9€0>$1, 0) = 900(915075171), 8x12 o = 901(370, 55'1)-
2 lxo=

Solution. Equation (1.13) can be rewritten as
5UZF, EFZO, F:Foeo—F161 —F2€2—F126162.

It is clear that

Ju ou Ju ou ou ou

0, W 2’ F, = W2 _ Ot , Ot
8370 81:1 8:}02 81‘2 6x1 0x0
Thus by the given conditions, Fj, Fy are given for xo = 0. Then F, as a
solution of OF = 0, is defined in the half-space zo > 0 and u is defined from
the nonhomogeneous equation du = F' with the conditions ug = fy, u; = f; for
To — 0.

Thus for the equation 9%u = 0 it is sufficient to have four conditions, i.e., for
this equation one can solve all the above problems solved for the ball.

Now consider the plurigeneralized regular equation of mth order

Py =0, (1.19)

I =
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where

Pu=0u+ah, h= thek.
0

For m = 2 we have the bigeneralized regular equation.

As the solution of the equation Ou -+ @h = 0 with constant A is also a solution
of the Helmholtz equation, from (1.19) one can obtain that u is also a solution
of the polyHelmholtz equation:

(A= |h)"u =0 (1.20)
which, for m = 2, is called the biHelmholtz equation.
Note that if uy (k=0,1,...,m—1) are solutions of the equation Auz—|h|*u=
0, then

m—1
k=0

is a solution of equation (1.20).
Hence the b.v.p. with the conditions

OFu
a—xﬁ:fk(xo,...,xn_l), x,=0, k=0,1,....,m—1,
in the half-space z,, > 0 can be reduced to the Dirichlet problem for u (k =
0,...,m—1) whose solution is represented in quadratures by (1.12). If we have
the boundary conditions (Riquie)
Afu = fi(zo,...,201), k=0,....m—1, x,=0, (1.21)
then equation (1.20) is represented in the form
(A — |n*)"tu = F, (1.22)
AF — |h*F = 0. (1.23)

By conditions (1.21) one can define F for x,, = 0. Thus F is defined by (1.12).
Then u is defined from (1.22) gradually.
It is interesting to consider the equation

AA=|hPu=0, u(z), x=(70,...,2Tn), (1.24)

which can be called harmonic-Helmholtz equation.
Dirichlet Problem. Define a regular solution of (1.24) for z,, > 0, vanishing
at infinity, by the conditions

0%u
w(zo, ..., Ty_1,0) = @(xg,...,Tp 1), ok U(xo, ...y Tuo1), T,=0. (1.25)

n

Solution. Let
Au = F(z), (1.26)
AF —|h|*)F =0, z,>0. (1.27)
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Then by force of (1.25), (1.26) we get

F(zo,...,2y-1,0) = Ap(xg, ..., Tn_1) + V(T0, ..., Tpn_1) = f(To,. .., Tn_1).

Thus with this condition F is defined as the solution of (1.27) by (1.12). Now
with the condition u(zg, ..., z,-1,0) = @(zo,...,Tn_1), u can be defined effec-
tively by (1.26).

As we see, all problems which are solved for the Helmholtz equation can be
solved for equations (1.20), (1.24).

§ 2. HYPERBOLIC AND PLURIHYPERBOLIC EQUATIONS IN CLIFFORD
ANALYSIS

First, consider the wave equation

82
Du="os @ =t u=ulxt), t>0, c€R", n=1l  (21)

Cauchy Problem. Find a solution u(z,t), a function of the class C?(¢t >
0) N CY(t > 0), by the initial conditions

ou

u(z,0) = ¢(x), i v(x), = (T0,T1,- ., Tn_1), (2.2)

t=0

where 1) € L(R"), i.e., are absolutely integrable.
Solution. Without loss of generality one can consider u(z,0) = 0. Indeed,
let uy(z,t), us(x,t) be a solution of (2.1) with the conditions

uy(z,0) =0, Ouy =¢(x), z€ R",
8u2 '
0)=0, — = )
u2($7 ) ) It li—o SD(LE)
Then it is easy to see that the function
w(z,t) = uy(z, t) + %u; (2.4)

is a solution of the problem with conditions (2.2) because by the condition
62
ug(z,0) = 0 and (2.1) one has 2

ot?
(2.1) with conditions (2.3).
Using the Fourier integral transform with respect to the variables g, z1, ...,
z,—1 of equation (2.1) and conditions (2.3) one can obtain [2, 4]

! [tnl 77[}(17 B ty)

st V1l
1 dm—l

u(x,t) = o d(E [t"Q / P(z — ty)dsy] for n=2m+1. (2.6)

= 0. Thus we can consider equation
t=0

u(z,t) =

ly|=1
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For the above representations for u(z,t) to be a regular solution one can
suppose that ¢ (z) is a function with continuous partial derivatives of order up
to (n+1)/2 when n is odd and of order up to (n + 2)/2 when n is even.

Cauchy problem for the Klein—Gordon equation. Find a regular solu-
tion of the equation

0%u
2 n
by the conditions
u(z,0) =0, (?;L =¢(x) for t=0. (2.8)

For equation (2.7) the problem with conditions (2.2) can be solved as for (2.4)
if we know its solution with conditions (2.8).
The solution can be represented as

1 dmt cos hy/t2 — p?
u(w,t) = 2 ()T / Y(z —y) BT dy, n=2m, (2.9)
ly|<t
1 dm
u(e.t) = 5 gy | O =0 R(AGE 1))y, n=2m 1 (2.10)
ly|<t

(see [3], [5]), where Jy is the Bessel function of zero order.
Let u(z,t) : R™' — R, 1) be a solution of the equation

Ou = 0. (2.11)

Cauchy Problem. Find a regular solution wu(z,t) of (2.11), with values in
Ry p—1) for o = (o, ..., Tp-1) € R™ and z,, =t > 0, subject to the condition

u(z,0) = ¢(x), (2.12)

where the given function ¢(x) with values in R(,,_1) has continuous partial
derivatives of required order.
Solution. Condition (2.12) gives that

ou dp
—=— for t=0, k=0,1,...,n—1.
al‘k axk or ) ) Y 7n
By equation (2.11) we can derive
ou 1 Ou
9 e kz:%ek . or (2.13)

As w is also a solution of the wave equation, due the given Cauchy conditions
(2.12), (2.13) it can be represented explicitly in quadratures by (2.5), (2.6).
Consider the hyperbolic h-regular equation

Ou + uh =0, (2.14)
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where h is a vectorial constant. Then u(z) is also a solution of the Klein-Gordon
equation
0*u
2 _ —
Au—|h|u-a—x%, n>1, x,=t>0. (2.15)
Cauchy initial value problem. Define a regular solution u(z,t) of (2.14)
with values in R, ,—1) for € R" subject to the condition

u(z,0) = (x), == (Tg,...,Tn1)- (2.16)
Solution. By (2.16) the following quantities are given:
ou Oy

——=-— for t=0, £=0,1,...,n—1
8{Ek 8Ik or ’ P y 10

Then from (2.14) it follows that
ou =l Oy
i 92 _Gh for t=0. 92.17
e 5 kz:%ek D oh for ( )

As w is at the same time a solution of (2.15), by (2.16), (2.17) it is represented
explicitly in form (2.9), (2.10).
If we consider the nonhomogeneous equation

Ou + uh = f(z,t),

with the condition
u(z,0) =0,

then the solution can be defined by the representation

t
/vxtT

0
where v(z,t,7), t > 7, is a solution of (2.14) with the condition
v(z,7,7) = ey f(x, 7).
For some hyperbolic systems the solvability of Cauchy problem was studied in
[5].
2.1. Boundary-initial value problems for pluriregular, plurigeneral-
ized regular hyperbolic systems, polywave and polyKlein—Gordon

equations. Let u(z,t) : R"™ — Rnn—1) and consider a higher order equa-
tion

Tu=0, m>1. (2.18)
It is clear that u(z,t) is also a solution of the polywave equation
O \™

called the plurihyperbolic equation.
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(2.18) for m = 2 is called the biregular system and (2.19) the biwave equation.
Consider the biwave equation of another form

2 07 2 07
A-at o) (a=8 o )u=o. 2.20
( “ o oz)" (2.20)
This equation has application in the theory of elasticity. Indeed, consider the
moving equations of an isotropic elastic body in displacement coordinates [3]:

00 2
A+ 1) —— + pAuy Uk

=p——>, k=0,1,2
axk p at2 Y ? 9 9 (2 21)
9_8U0+8U1+8U,2. .
n 6.770 8131 8132’
then from (2.21) follows
__» o0
N+ 2u Ot
0A0 02 Auy,
A —_— AAuy, — =0
830 62Auk 84uk
A p—
A1) G TH o P g
i.e., one has
2 2 4
AAUk_£A+3u8Auk+ p 8uk:0

wA+2u  Ot? (A +2u) ot

which can be rewritten as

0? 02
— 2 _— — 2 _— —
(A “ 8t2> (A b éﬁ?)u 0
where a? = 2, b? = oo
M +2p
Cauchy problem for (2.20). Define a regular solution u(z,t) of equation

(2.20) for x = (zg,...,xn1) € R", t = x, > 0, with the conditions

2 3
ww,0) = fow), S| = h@), T = p, TF| = k). @2)
Solution. By these conditions, for ¢ = 0 we can define
0?u ov  0Au u
v(x,t)EAu—wa and E:W_lf@'
Thus for the equation
Av — a? 8721) =0
ot?

we have the Cauchy problem whose solution is given as (2.5), (2.6). Then for

the equation
82
Au — b? a—tg = v(x,t)
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we have the Cauchy problem and its solution is again represented in quadra-
tures.
In such a way the Cauchy problem can be solved for the equation

02 0?
(a-aijs) - (a-ajz)u=0

ou 9*m—1y

u(z,0) = fo(x), i fi(z), ..., o fom—1 for t=0. (2.23)

Now consider (2.18) in the case m = 2.
Cauchy problem for (2.18). Let u(z,t) : R**' — R, ,,_1). Define regular
solution of (2.18) with the conditions

u(z,0) = fo(x), gﬁ: = fi(x) for t=0. (2.24)

with the conditions

Solution. By these conditions one can define Qu for ¢t = 0; thus we have the
Cauchy problem (2.12) for equation (2.11) which is already solved. Then we
obtain a nonhomogeneous equation with the condition u(z,0) = fo(x). Repre-
senting the solution in the form

u(z,t) = &(x,t) + a(x,t),

where %L(I, t) is a solution of the homogeneous equation (2.11) with the nonho-
mogeneous condition ﬁ(x, 0) = fo(z), and 5@, t) is a solution of the nonhomo-

geneous equation with the homogeneous condition i(x, 0) = 0, hence both 111,, &

can be defined in quadratures.
Now consider the plurigeneralized regular equation of mth order:

P"u=0, Pu=O0u+uh, h= thek.
0

In the particular case, for m = 2 we have a bigeneralized regular equation which
can be written as

d(Ju + wh) + (9t + uh)h = 0. (2.25)
u(z,t) will also be a solution of the biKlein-Gordon equation:
82 2
2 _
If m > 2, one can obtain the polyKlein—Gordon equation
92\
2 _

The Cauchy problem for these equations is posed as (2.22) and (2.23) and using
(2.9), (2.10) the solution is represented in quadratures. The Cauchy problem
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for equation (2.25) with conditions (2.24) is also solved as (2.24) for equation
(2.18). For any m one can solve the Cauchy problem in the same way.

2.2. Plurielliptic-hyperbolic equation. Consider the equation

om (a + gten>mu(x, t)y=0, m>1, (2.26)

where

n

- n—1 a
8:Z—ek, er=—ey, k=1,....n—1, e =ep.
0 &ck

This equation is called the plurielliptic-hyperbolic equation. It is clear that
u(z,t) is at the same time a solution of the equation
A (A — 8152) u(z,t) =0,
which can be called the polyharmonic-wave equation.
Like of biharmonic, biwave equations it is interesting to consider m = 1, i.e.,

82
A(A — at2>U(SU, t) = O, T = (.CC(), c. ,:cn,l). (227)
called harmonic-wave equation. The following problems are correctly posed and
are solved in quadratures.

Dirichlet—Cauchy problem. Define a regular solution of (2.27) for ¢t > 0,
Zn—1 > 0, vanishing at infinity, by the conditions

ou
u(@,0) = @u(2), o =eal2), t=0, (2.28)
u(z,t) = o(To, ..., Tpno,t), x,_1=0,t>0. (2.29)
Solution. Let
Au(z,t) = F(x,t), (2.30)
0?F
AF ——=0 2.31
ot? ’ (2:31)
then by force of (2.28), (2.30) the unknown function F satisfies
OF
F(2,0) = Api(2) = filz), - = Aps(@) = fo(z), t=0,

i.e., to determine F' we have the Cauchy initial value problem for the wave
equation and it is represented in quadratures as above.
To define u(x, t) we have the Dirichlet problem for the nonhomogeneous equa-
tion (2.30) with condition (2.29). The solution is given above too.
Neumann—Cauchy problem. Find a solution of (2.27) for ¢t > 0, z,,_1 > 0,
vanishing at infinity and satisfying conditions (2.28) and

ou
axnfl

=@(Tg,. ., Tp_o,t), -1 =0, t>0. (2.32)
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The solution can be reduced to the Neumann problem for equation (2.30)
and is represented in quadratures.

It is obvious that all problems which are considered for harmonic functions
can be considered here in a similar manner.

In the same way, the harmonic-Klein—-Gordon equation

,  0°
can be considered, for which problems (2.28), (2.29) or (2.30) can be solved.
It is clear that this equation is connected with the elliptic regular and hyper-
bolic generalized regular equation

— (= ou
a(a .o Nh) 0.
u+e 1 +u
Moreover, we can consider the Helmholtz-wave equation or the Helmholtz—
Klein—Gordon equation

2

(A= kf)(A - gﬁ)u(x, £) =0,

32
(A= kf)(A K- atQ)u(x,t) 0.
For such equations problems (2.28), (2.29) or (2.32) are correctly posed and can
be solved in quadratures too.
For equation (2.26), boundary-initial value problems can be considered simi-
larly, for instance, in the case m =1

=(= O
8(8 + 87fen>u(:c,t) =0,

which can be rewritten as

Ou = F(z,t), (2.33)
(a+ gten>F — 0. (2.34)

It is clear that the corresponding problems for (2.33) and (2.34) will be correctly
posed and solved in quadratures.

The boundary-initial value problems for nonhomogeneous equations corre-
sponding to the above homogeneous equations will be solved too. In this case
the boundary-initial conditions can be supposed homogeneous. We will consider
only one of them since others can be solved in the same way.

Problem. Define a solution of the equation

A(A _ g;>u(w,t) _ F(x,t),

Tr = (ZL'(), s uxn—1> € Rnu t> O) Tp-1 > 07
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which vanishes at infinity and satisfies the conditions:

ou

0) = — =0, t=0 2.35

u(w,0)=0, =0, 1=0, (2.35)

w(z,t) =0, z,1=0, t>0. (2.36)

Solution. Let
Au = Fi(z,t), (2.37)
0*Fy
AF; — BTE = F(x,t), (2.38)

then by force of (2.35) for Fj(z,t) one has Cauchy homogeneous conditions for
the nonhomogeneous wave equation (2.38), thus the solution will be given in
quadratures. Hence u(zx,t) is a solution of (2.37) with condition (2.36).

§ 3. PLURIPARABOLIC EQUATIONS IN CLIFFORD ANALYSIS

Systems of parabolic equations are related to heat and polyheat equations.
First consider the heat equation

ou
Au:a, u=u(z,t), xr,=t, t>0, x€R", n>1, (3.1)
where A is the Laplace operator with respect to xq, ..., Zp_1, £ = (g, ..., Tp_1)-

Cauchy problem. The solution of (3.1) with the condition
u(x,0) = o(z)

can be represented in the form

o) = o [ e[~ 2 Way (32)

RTL
It is known as Poisson’s formula.
Now the Cauchy problem for the nonhomogeneous equation

du
5 = Aut f(a1) (3:3)

can be solved easily. Indeed, if v(x,t,7) is a solution of the homogeneous equa-
tion (3.1) for t > 7, x € R", with the condition

v(x,1,7) = f(z,7)
then the solution of (3.3) with the condition
u(z,0) =0

can be defined as

u(z,t) = /t’U(.CE,t,T)dT
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i.e., by force of (3.2) it is represented as

uant) = o / ; _d;n/gR[ fren [ - 5oy ()

Consider Clifford algebras R{) (n > 1) and the equation [4]

ou— Pu=0, u(x)=u(xe,1,...,7,), Tp=t, (3.5)
where the linear operator P, is defined by the relation

ou

i.e., the solution of (3.5) is a solution of the heat equation (3.1) too. u(x) can
be represented in the form

u(z) = Z useq + Z UAU{n}€ACR- (3.7)

Let u(x) : R**' — R{ ) be a solution of equation (3.5), where

Pu=— Z (—1)‘A‘uAu{n}eA (3.8)
AC{1,....,n—1}

and |A| stands for the cardinality of a set A. Then (3.6) takes place. Moreover,
by (3.6) P,u is defined uniquely.
Equation (3.5) with (3.7), (3.8) can be rewritten as

n—1
ou
Z a—AejeA + Z (—1)‘AIUAU{n}€A =0, (39)
=0 Lj AC{1,...;n—1}
AC{d,..n—1}
ou OUAUR
AC{1,...n—1} 9%n AC{l,..n—1} Lo
sy OU AL}
— ; (—1)‘!“'67%@]@:0. (3.10)
]_
AC{1,...n—1}

Let u satisfy (3.9) and each of uy, A C {1,...,n — 1}, be a solution of the
heat equation (3.1), then w is a solution of (3.10) too (cf. [4]).

Cauchy problem. Find a regular solution of (3.5) for z = (x¢,...,z,-1) €
R™ t > 0 with 27! initial conditions

ua(x,0) =pa(z), AC{L,...,n—1}. (3.11)

Solution. As each u4 is at the same time a solution of the heat equation, by
conditions (3.11) all ug, A C {1,...,n—1}, are defined by (3.2). The remaining
2"t unknowns uaugny, A € {1,...,n — 1}, are defined from equation (3.9).
Then wa, waupy satisfy (3.10) too.
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If conditions (3.11) are replaced by
Uaumy(2,0) = pa(x), AC{L,...,n—1}, for z € R", (3.12)
then waygny(z,t), t >0, A C {1,...,n — 1}, is represented by (3.2). Then by
equation (3.10) the derivatives 38UtA are defined for each A C {1,...,n — 1},
e, all ug, AC{l,...,n— 1}, can be represented as
ua(z,t) = falz,t) +uy(z), AC{l,...,n—1},

where fa(z,t) are known and v/, (x), € R™, must be defined by equation (3.9).
By putting u4 and uaugny into equation (3.9) one will obtain, for v/y(x), z € R",
an elliptic equation in R(,_1)

o'=0, v'= Y  ujea. (3.13)
AC{1,...,n—1}

To obtain this equation we have used the fact that fa(x,t) are defined from
(3.10) by integration with respect to ¢t. Then taking into consideration that
uAu{ny are solutions of the heat equation we have

-1
n Ofa
) afejeA == Y (=DMuapmea
=0 Lj AC{l,...,n—1}

AC{i,..;n—1}

Thus «/(z) with values in R,y is a solution of the regular elliptic equation
(3.13) in all R™, and so by Liouville’s theorem it is zero. Hence w4, u Au{n} are
uniquely defined by (3.12).

Let u(z,t) be a solution of the nonhomogeneous equation in R?n)

ou — Pyu= f(x,t), (3.14)

where
flz,t) = Z fa(z,t)eqs (3.15)

or

f(xv t) = Z fAU{'rL} (:Ca t>eA€n-

AC{l,..n—1}

In this case, u(z,t) is at the same time a solution of the nonhomogenous heat
equation

A(n)u - = = 6’f, 3f = Z FAeA. (316)
ot AC{1,..,n—1}

Problem. Define a regular solution of (3.14) subject to the 2! conditions

ua(z,0)=0, AC{l,...,n—1}, == (zo,...,Tpn1). (3.17)
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Since by (3.16) uy4 is a solution of the equation

0
A(n)uA—%:FA, Ag{l,...,n—l},

by condition (3.17) us can be represented by (3.4), where f(x,t) is the right-
hand side of the last equation. Then the remaining unknowns w4y, are defined
by equation (3.9) with the right-hand side of (3.15). Hence, the solution of the
problem will be defined completely.

3.1. Pluriparabolic systems and polyheat equations. Let u(z,t): R"™ —
R(()n) and consider high order equations

(O—P)"u=0, m>1. (3.18)
By force of (3.5), (3.6), u(x,t) is also a solution of the polyheat equation
8 m
(A—at) u=0, z=(z0...,Tp-1) (3.19)

In the case m = 2 it will be called the biheat equation. The Cauchy problem
for (3.19) will be formulated as follows:
Define a solution u(z,t) of (3.19), ¢ > 0, by the conditions

ou o1y
u(x,0) = po(z), ot =oi1(2),..., opm—1 = pm-1(v), t=0.

First solve this problem for m = 2, i.e., for the equation

(A - ;>2u 0, (3.20)
with
ou
u(z,0) = @o(z), 5= e1(z), t=0. (3.21)

Solution. From (3.20) follows
ou

Au — 5 F(z,t), (3.22)
OF
AF S =0, (3.23)

where F' is defined for ¢t = 0 from (3.21), (3.22). Thus F'(x,t) is represented as
(3.2). Then the solution of (3.22) is represented as

w(z,t) = uy(z,t) + us(z, t),

where 11, us are solutions of the equations

0

Auy — % =0, with the condition u,(x,0) = ¢o(z),
8u2 . o

Aug — —= = F(x,t), with the condition wus(x,0) = 0.

ot
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Thus wuy(z,t) is represented as (3.2), and uy is defined by (3.4). Then for any
m > 2 the problem can be solved by the induction method.

Now for equation (3.18) in the case m = 2 consider
Cauchy problem. Define a solution of (3.18) for ¢ > 0 by the conditions

ua(r,0) = oa(x), vaumy(2,0) =a(z), AC{Ll,...,n—1}, (3.24)

i.e., all components of u are given.

Solution. Let

ou— P,u=F, (3.25)
JF — P,F =0, (3.26)

In this case the right-hand side of (3.9) is F4 which by force of (3.24) is defined
for t = 0. Thus by force of (3.26) it will be represented as a solution of (3.18) in
quadratures. Then by the first conditions (3.24) the solution of (3.25) is defined
as one of corresponding problems for a nonhomogeneous equation.

3.2. Elliptic-parabolic, hyperbolic-parabolic and elliptic-hyperbolic-
parabolic equations. Consider the equations

3(u —|—Pu)—0 (3.27)
((‘3 en_1 8wn 1)(8u+Pnu) =0, (3.28)
(0 + e 15 )(au + Pu) =0, (3.29)
-1
where in (3.27)
5 0 2 2
0= —en e=—e, k=1,...,.n—1, el =0, (3.30)
8xk
while in (3.28) and (3.29)
. n—2 B B!
0=) —ep+ €n,
— ), " O, (3.31)
2 =0, e2=—¢y, k=1,...,n—2, ¢ | =eq.

It is obvious that 90 = A where A is the Laplace operator with respect to
variables xg, ..., z,_1 in case of (3.30) and to variables xy,...,x,_» in case of
(3.31), P,u is defined by (3.6). Then one can see that the solutions of (3.27),
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(3.28), (3.29) are also the solutions of the equations correspondingly

A(A _ a)u(x,t) =0, z=(r0,---,%p_1), T, =t>0, (3.32)

i
52 )
(A N 872) (A - at)u(x’ mt) =0, (3.33)
= (Zo,...,Tp-2a), Tpn1 =T, Tp=1>0,
o2 B
A(A _ w) <A _ m)u(a;, 1) =0, (3.34)

respectively. Equations (3.32), (3.33), (3.34) are called harmonic-heat, wave-
heat and harmonic-wave-heat equations, respectively.
First we will consider the boundary-initial value problems for (3.32).
Dirichlet—Cauchy and Neumann—Cauchy problems. Define a regular
solution of (3.32) for z,,_y > 0, t > 0, (zg,21,...,%Tn_2) € R"! vanishing at
infinity, by the conditions

u(z,0) = (x), Tp_1>0, == (20,...,Tpn-1), (3.35)
U(QJ,t) = w(l’oy L1y .- 7‘rn727t>7 Tp-1 = 07 t> 07 (336)

or (3.35) and
ou

o =(xo, ..., Tpo,t), Tp1 =0, t>0. (3.37)
Solution. Let
Au(z,t) = F(x,t), (3.38)
oFr
AF — — = )
BT 0, (3.39)

then by force of (3.35) the unknown function F'(x,t) satisfies
F(x,0) = Ap(z) = f(z)

and for (3.39) one has the Cauchy initial value problem which is represented by
(3.2). To define u(x,t), we have the Dirichlet problem (3.36) or the Neumann
problem (3.37) for equation (3.38), and thus solutions are given above. It is
clear that all problems which are solved for harmonic functions can be solved
correspondingly for equation (3.32).

Cauchy problem for equation (3.33).

Define solutions of equation (3.33) for t > 0, 7 > 0, z € R"!, by the
conditions

u(z,0,t) = @1(x,t), — = oz, t), T7=0, (3.40)
u(z,7,0) = (x, 7). (3.41)



PLURIREGULAR, PLURIGENERALIZED REGULAR EQUATIONS 635

Solution. Let

0
Au — a—“ = F(z,1,1), (3.42)
0*F
AF — — =0. 4
572 0 (3.43)
Then by force of (3.40) the unknown function F'(x,7,t) satisfies
t
F(2,0,t) = Apy (2, 1) — ‘99018(25’) = fi(z,t), T=0,
or B Opa(z,t) B
E—A@Q(I,t)—T:f2($7t), T=0.

Thus for the wave equation (3.43) we have the Cauchy problem whose solution
is given above. After defining u(z,7,t), we have the Cauchy problem for the
nonhomogeneous heat equation (3.42) with condition (3.41). The solution is
represented in the form

w(z, 7, t) = uy(x, 7,t) + us(x, 7, ),

where wuy (z,7,t) is a solution of the homogeneous heat equation with the condi-
tion uy (z,7,0) = ¢y (z, 7) and us(x, 7, t) is a solution of (3.42) with the condition
ug(z,7,0) = 0. Thus using (3.2) and (3.4) the solution can be represented in
quadratures.

It is obvious that one can consider the heat-Klein—-Gordon equation

9 , P -

with conditions (3.40), (3.41) and the solution will be represented in quadra-
tures.
In the same way one can consider the Helmholtz-heat equation

(A1) (A - (,i)u(x,t) —0

with conditions (3.35), (3.36) or (3.35), (3.37). The solutions can be represented
in quadratures too.

Now consider the problem for the harmonic-wave-heat equation (3.34) for
t>0,7>0, x,_o >0 with the conditions:

u(z,0,t) = fi(zx,t), g:_b = fo(z,t), 7=0, (3.44)
u(z,T,0) = @z, 1), (3.45)
w(z, 7,t) = Y(xo, ..., Tpog, T,t), Xp_o=0. (3.46)
Solution. Let
Au = F(z,1,1), (3.47)

(A - ;:2) <A - (i)F 0, (3.48)
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then by force of (3.44), (3.45) F satisfis conditions (3.40), (3.41), i.e., F as a
solution of (3.48) is constructed effectively. Hence u as a solution of (3.47), by
condition (3.46) or the condition of the Neumann problem can be represented
in quadratures too.

Note that if we consider the problem for the equation

0? 0
(A — 8t2> (A — m)U(.CE,t) = O, t> O, Tr = (.Z'[), s 7xn—1)7 (349)

with the conditions

0 0?
u(z,0) = fi(v), 8%: = fa(z), 87;; = fs(z), t=0,

U(Z',t) :f<l'0,...,£l?n,2,t), Tpo1 =0,

the solution is defined in an analoguus way to the equation (3.33) with condi-
tions (3.40), (3.41).

We think equations (3.33), (3.34) are more interesting than (3.49) because
first of all they are related to equations (3.28), (3.29), i.e., they are suggested by
Clifford analysis, and, secondly, it is natural that the time in wave processes and
the time in heat processes are different. That is why equations (3.27), (3.28),
(3.29), (3.32), (3.33), (3.34) may have important applications in physics.

Now it is clear that to formulate the boundary-initial value problems for
equations (3.27), (3.28), (3.29) all conditions considered for each multiplier op-
erator, must be given. Thus using a solution of each problem one can obtain
the corresponding solutions in quadratures.

The boundary-initial value problems for nonhomogeneous equations which
correspond to the above considered homogenous equations will be solved too.
It is obvious that in this case the boundary-initial conditions can be supposed
homogeneous. We will consider only one of them as others can be solved in the
same way.

Problem. Define a solution of the equation

Acﬁ—éﬂ>(A—-a>Mx7t)—F%rTﬂ
87_2 8t y Iy - y Iy 9
= (x9,...,0p0) ER", 7>0, t>0, z,_9>0,

which vanishes at infinity, and satisfies the conditions:

)
w(z,0,6) =0, =0, r=0, (3.50)
or

u(z,7,0) =0, (3.51)
u(z,7,t) =0, zp_o=0. (3.52)
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Solution. Let

Au = Fi(x,T,t),
0?Fy
AFl—W = Iy(z,7,1), (3.53)
E:
AFy — 667_2 = F(x,T,t),

then by force of (3.50), (3.51) for Fj, F, one has the Cauchy homogeneous
conditions for nonhomogeneous wave and heat equations, thus the solution are
given in quadratures.

Hence u(z,7,t) is defined as a solution of (3.53) with condition (3.52).

It seems to me that these equations are beautiful and, as Paul Dirac said
about beautiful formulas, their success in applications is ensured.
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