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Abstract

In This article a real-life international construoh and building project
network problem is presented, the problem of id@nty the critical path of the
project within fuzzy parameters (the longest pashjormulated by applying a
linear programming approach which incorporates ttencept ofz-cuts into two
(primal and dual) models. In order to determine thelution a code was
developed to solve 22 linear programming models kizal been constructed at
different a-cuts during formulation. Yager's ranking method applied to
compare all paths, and determining the time ofltimgest one.

Keywords. Construction & Building, Critical Path, Fuzzy CPM,inear
Programming, Project Management.

1 Introduction

Scheduling the activities in project managementbecoming increasingly
important to obtain competitive priorities suchastime delivery [7]. By using
project management, managers are able to obtamaghigal display of project
activities (tasks), an estimate of how long thejgmowill take [3]. Critical Path
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Method (CPM) is employed in a wide range of engimgeand management
applications [2,8]. However, there are many cashera/ the activity times may
not be presented in a precise manner. To deal itptardly with imprecise data,
the Program Evaluation and Review Technique (PERT)1] based on the
probability theory can be employed which has detbadritiques illustrated in [10].
An alternative way to deal with imprecise data asemploy the concept of
fuzziness; the main advantages of methodologiesdban fuzzy theory are that
they do not require prior predictable regularities posterior frequency
distributions [13]. The problems of computing tikervals of possible values of
the latest starting times and floats of activitiesth imprecise durations
represented by fuzzy or interval numbers havea#diintensively attentions and
many solution methods have been proposed (e.g1fg)9 Most of them are
straightforward extensions of deterministic CPMwedwer, many issues after had
been aroused considering the drawbacks and faikpesially when estimating
the degree of criticality of each path as welll@sytdid not completely conserve
all the fuzziness of activity times, thus some ubkehsights and valuable
information may be lost [5,6].

Some authors proposed Linear Programming (LP) a@gopes to overcome these
drawbacks mentioned like in [2,4], a lot of modifiilons done since the first LP
approach proposed. In [2] the author combined thedity concept to the-cuts
concept into two LP models to conserve fuzzinesd amercome previous
drawbacks mentioned. In construction and buildimgjgets the processes of
activities’ scheduling, identifying the critical tha determining the whole
project’s duration are very important and crititadks. These tasks must be done
in a very precise manner to avoid extra costs amné tspecially when many
independent construction companies are involvethénproject. In this paper a
real-life project of constructing mall is introdutethe project is formulated into
two LP models; the approach found in [2] is appliedsolve the longest path
problem. This paper is structured as following:teec2 is made for the linear
programming approach, the case study is presentesegtion 3, solution and
illustration are introduced in section 4, and fipakection 5 is made for
conclusion.

2 Linear Programming Approach

Consider a project network S /A8 consisting of a finite seV of nodes
(events) and a sét of arcs with crisp activity times, which are detéred by a
functiont : A —» R" and attached to the arcs. Dengteas the time period of
activity (i, j) belongs toA. An alternative way to determine the total dunatémd
find critical paths is by using LP techniques. Hasic idea of the LP formulation
that it assumes that a unit flow enters the projmttvork at the start node and
leaves at the finish node. Lef Be the decision variable denoting the amount of
flow in activity (i, j) belongs to A. Since only one unit of flow couldibeany arc

at any one time, the variablg must assume binary values (0 or 1) only as shown



The Longest Path Problem in Fuzzy Project... 99

in details in [2,7]. If any of the activity duratidimet;; is fuzzy, the total duration
time D becomes fuzzy as well. The conventional Gitbblem is then modified
into the CPM problem with fuzzy parameters. Consedly, it cannot be
maximized directly [1]. Consider a project netwosk = {V,AT} with fuzzy
activity times.V andA are the same as in the crisp case except thatcthaty
times are approximately known and defined by fuorc# : A — FN(R"), where
FN(R") is the set of non-negative fuzzy numbers. Consetly; the fuzzy CPM
problem has the following form in model (1):
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Unfortunately, most of the existing techniques jmlevonly crisp solutions. If the
obtained objective value is a crisp value, then esdmlpful information for

project management may be lost. To identify th&cali paths of the project for
the fuzzy CPM problem the solutions must conseheeftizziness of the fuzzy
CPM problem. In [2] an approach is developed taveathe membership function
of the fuzzy total duration time analysis basecaa@ombination of the concept of
a-cut, two-level mathematical programming. This camakbion resulted in the
following two (primal and dual) linear programmimgodels (maximization and
minimization) as shown below, which can be solvedtiite simplex method,

interior-point algorithms, or other network anayysnethods [2,7]. First, the
primal problem (upper maximization model) presentechodel (2):
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Second, the dual form (lower minimization modedjdd in model (3):
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D= min y,-y,
st. y,zy+ (Tlﬁ/){;'» (Ll e, 3)
¥;,y; unrestricted in sign V(i,/) € 4.

WhereD! andD} are the upper and lower bounds of theut of the membership

function. Note that alk-cuts form a nested structure that is for two pmbsi
levelsa; andag such that O <, < a;< 1. Therefore; the feasible region defined by

a2 is smaller than the one defined bythus D; =D, ,D, <D, , for further
details refer to [2].

3 CaseSudy

Recently, many foreign multinational companies avédling to invest in
construction and building projects in Egypt, maractbrs help this type of
projects to be developed and expanded over tintegypt. Makro is a German
company that works in hyper supermarkets, speeihliz mass trade, selling food
stuffs like: meats, fishes, vegetables, fruits,asugracaroni, rice, and many other
commodities. It has many branches in several cmstike Turkey, Germany,
France, Italy and more than 30 other countries. Vears ago, a feasibility study
was done by the company to enter the Egyptian markewvesting 4.5 milliards
L.E., and building 45 branches all over Egypt ia ttext five years; the estimated
budgeted cost for each mall is 100 millions L.Ee first branch is planned to be
built in Al-Salam City, the mall consists of onedt store of 15000 fnsteel
structure building, a 30000 parking area, and 5000°rbackyard for trucks
maneuvering. The company chose many contractoexecgute this project: the
Egyptian DETAC CO. for concrete and finishes workege Saudi AL-ZAMIL
CO. for steel structure and external cladding, ltaéian ECO CO. for air
conditioning and fire fighting, the German SIEMEN®. for electrical works,
the Italian VERCOS CO. for internal panels for calea, the Polish RINOHL
CO. for floorings, the Turkish 3K CO. for the imeat huge racks. The company
chose the Egyptian consultant M.A. CONSULTANTS #the project manager
for the whole project.

3.1 Problem definition

As being the responsible of the co-ordination betwthe companies working in
the project and scheduling the whole project’svéats, the Egyptian consultant
should be so precise in scheduling the times oathtieities and the whole project
duration. The consultant should have interactivecubsions, agreements, and
decisions with the executive companies to optinbiath the time and the cost of
the project, any deviation in the assessment ofattivities’ times will lead to
extra cost and time. The activities’ duration timies the project are not
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deterministic and imprecise so the concept of fuzzs is employed to deal with
the vague activity times. The Egyptian consultaritesluled the project into 30
activities and represented their times by fuzzys s#ter asking the experts,
interacting with the companies to build the membigréunctions used. As shown
in Table 1. the 30 activities are listed; theirAuoperation times are illustrated by

L-L fuzzy number type [15] where L,U, Is, and r& dor the lower, upper, left
spread and right spread respectively.

Table 1. Makro construction project (time in days)

Activity Activity PrecedencE&uzzy Operation Times
Item Description Item L U Is rs
P1 Concrete works foundation - 28 30 3 5
P2 Insulation work: P1 4 4 1 1
P3 Parking area + Roads + LandscapeP?2 29 30 4 5
P4  Back filling works P3 7 12 4 3
P5 Sub-base P4 6 6 1 4
P6  Steel structure erection P5 30 35 4 5
P7 Under ground drainage system P5 10 10 3 3
P8 Water tank — civil works - 21 21 6 4
P9 Steel structure testing P6 3 4 1 1
P10 Roofing works P6 10 12 1 3
P11 Water tank - finishing P8 7 8 1 2
P12 HVAC works — 1 fix P9 14 12 2 2
P13 Fire fighting works ifix P9 9 1 2 1
P14 Electrical system works 2 fix P12,P13 6 7 1 3
P15 Flooring P14 9 11 2 1
P16 HVAC work — 2° fix P9 14 12 2 2
P17 Fire fighting works —" fix P9 9 1 2 1
P18 Cladding works P9 24 25 9 5
P19 Electrical system works 2%ix ~ P16,17 6 7 1 3
P20 Water tank - MEP P11 11 12 2 2
P21 Finishing works P15 18 18 3 2
P22 HVAC works — % P9 14 12 2 2
P23 Fire fighting work —"8 fix P9 9 1 2 1
P24 Electrical system works “3ix P22,P23 6 7 1 3
P25 Plumbing works —1fix P14 6 6 1 2
P26 Plumbing works —"2fix P19 6 6 1 2
P27 Plumbing works —8fix P24 6 6 1 2
P28 Water tank testing P20 2 2 1 1
P29 Testing and commissioning P28 2 2 1 1
P30 Snag list and Initial handling P29 7 7 2 2

Many LP approaches tried to solve the problemmdifig the critical path of the
project (the longest path) within these fuzzy pastars, in next subsection the
problem is formulated into two LP models, applythg approach found in [2] to
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the problem. The project is plotted using the AtgtiOn Arc (AOA) method as
shown in Fig.1, dotted arcs are for dummy actisitie

pll

Fig.1 Macro project’s network
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3.2 Problem formulation

In addition to thex-cuts concept used in [2], the linear referencetion method

and fuzzy numbers of L-L type as shown in [14] weneorporated in the
formulation process resulted in 11 different lingmogramming models to be
solved for each model (maximization and minimiza}io

The upper (maximization) illustrated in model (4):

D' =max 35 % P+ Ga P2 (35698 (15039 + @F004P)H5 (4ar Py 6
(13 BP ¥ (5P 48 & P)49 @5 P)40 (@ P }11-06) A2+
(120 P 18 (9BP) ¥ @2 P) 45 A&)PL6+(12-a P17 (36 & P 18
(16 @D 10 (Ha2P) 20 00P) R16€ P22+ (120 P23 (10 B P 24
8 @P 25 (8 @P 26 {8a2P) 27 8 P) £8—@ P)+29-(@ PO 3

st.
PiP8 1
P£P 2
P2P3
P3P 4
P4P5
P5P 6P 7
P&P 9P 10
P&P 1l
P1EP 20
P 26P 28
P 28P 29
P 28P 30
P &P 12P 18P 16P 7P 18P £22P 23 )
P 12P 13P 14
P 14P 1P 25
P15P 21
P 16P 1P 19
P18P 26
P 22P 23P 24
P24P2
P #P 18P 18P 1P 25P 26P 27P 30 1

R2 0, i =123..30
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The lower (minimization) presented in model (5):
D;:min Yor = Y4
S.t.
y=2 y+ (25 & )
¥z yt+ (3a)
y = y+ (25 & )
¥z y+ (3 &)
¥2 y+ (5ta )
Yy 2Ye+ (26+ 4a)
¥z y+ (2ta)

Yo2 ¥+ (A0 2 )
Y2 p+ (#+ 2 )
Y12 Yo

Yo2 ¥, t (5ta )
Ye 2 Y.+ (A 2 )
Yis2 Yot (10+ 2r )
Yoz %t (A 2Zr) (5
YiZ Y3

Yo2 Y,t (5ta )
Y. 2 y+ (100 2 )
Vig2 Yot (7+ 2r )
Ys 2 X7

o= Ygt (Sta )
y2 y+ (15 @& )
Ys 2 %+ (6ta )
%12 Y+ (9 2 )
%2 %t (Fa)
¥:2 ¥t (Ba)
%22 Y, *+ (5ta )
¥s2 Yot (15 & )
¥i2 Yot (Sta )
Y, 2 %+ (A5 @ )
¥s2 %ot (5ta )
Yos 2 ¥, + (9% )
.2 %t (* &)
¥s2 %t (5t 2 )
y unrestricted in sign, i =213,...,24.



The Longest Path Problem in Fuzzy Project... 105

4  Solution and Illustration

Elevena-cuts (0, 0.1, 0.2,..., 1) were used in the two m®¢), and (5) resulting
in 22 different linear programming models to beved] MATLAB software was
employed to develop a code to solve these lineadetsp building the
membership functions, determining the lower andeagmunds for each model,
and estimate the degree of criticality for eacthpeging yager’s ranking method
[12]. Table 2. shows the solution of the 22 linpaygrams corresponding to aH
cuts for both models, it is obvious that the palhFR2-P3-P4-P5-P6-P8-P9-P12-
P14-P15-P21 is the only solution for all linear gnams, also the path gives the
highest degree of criticality in Table 3. which wset for comparing all paths
found of the project after been ranked. The sotusioould lies between the values
of 203 and 152 days (upper and lower), after ramKigields to be 163 days.

Table 2: Critical path (solution) at eacticut for upper and lower models

Alpha
(a)

Upper bound
(Maximization model)

Lower bound
(Minimization model)

Duration Critical path Duration
P1-P2-P3-P4-P5-P6-P8-P9-P12-P14-P15-P2203

Critical path
P1-P2-P3-P4-P5-P6-P8-P9-P12-P14-P15-P2126

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

PZ-P2-P3-P4-P5-P6-P8-P9-P12-P14-P15-P2128.6
P1-P2-P3-P4-P5-P6-P8-P9-P12-P14-P15-P2131.2
P1-P2-P3-P4-P5-P6-P8-P9-P12-P14-P15-P2133.8
P1-P2-P3-P4-P5-P6-P8-P9-P12-P14-P15-P2136.4
P1-P2-P3-P4-P5-P6-P8-P9-P12-P14-P15-P2139

P1-P2-P3-P4-P5-P6-P8-P9-P12-P14-P15-P2141.6
P1-P2-P3-P4-P5-P6-P8-P9-P12-P14-P15-P2144.2
P1-P2-P3-P4-P5-P6-P8-P9-P12-P14-P15-P2146.8
P1-P2-P3-P4-P5-P6-P8-P9-P12-P14-P15-P2149.4
P1-P2-P3-P4-P5-P6-P8-P9-P12-P14-P15-P2152

P:-P2-P3-P4-P5-P6-P8-P9-P12-P14-P15-P21199.8
P1-P2-P3-P4-P5-P6-P8-P9-P12-P14-P15-P2D6.6
P1-P2-P3-P4-P5-P6-P8-P9-P12-P14-P15-P293.4
P1-P2-P3-P4-P5-P6-P8-P9-P12-P14-P15-P200.2
P1-P2-P3-P4-P5-P6-P8-P9-P12-P14-P15-P2187

P1-P2-P3-P4-P5-P6-P8-P9-P12-P14-P15-P283.8
P1-P2-P3-P4-P5-P6-P8-P9-P12-P14-P15-P280.6
P1-P2-P3-P4-P5-P6-P8-P9-P12-P14-P15-P277.4
P1-P2-P3-P4-P5-P6-P8-P9-P12-P14-P15-P2T74.2
P1-P2-P3-P4-P5-P6-P8-P9-P12-P14-P15-P2171

Table 3: Degree of criticality for all paths

No. Path Duration  Deg. Of criticality Solution
1 P1-P2-P3-P4-P5-P7 89.25 0.547546

2 P1-P2-P3-P4-P5-P6-P10 1235 0.757669

3 P1-P2-P3-P4-P5-P6-P9-P18 139 0.852761

4 P1-P2-P3-P4-P5-P6-P9-P22-P24-P27  141.75 0.869632

5 P1-P2-P3-P4-P5-P6-P9-P23-P24-P27 1385 0.849693

6 P1-P2-P3-P4-P5-P6-P9-P16-P19-P26  141.75 0.869632

7 P1-P2-P3-P4-P5-P6-P9-P17-P19-P26  138.5 0.849693

8 P1-P2-P3-P4-P5-P6-P9-P12-P14-P15-P21 163 1 v
9 P1-P2-P3-P4-P5-P6-P9-P12-P14-P25  141.75 0.869632

10 P1-P2-P3-P4-P5-P6-P9-P13-P14-P15-P21148.25 0.909509

11 P1-P2-P3-P4-P5-P6-P9-P13-P14-P25  138.5 0.849693

12 P8-P11-P20-P28-P29-P30 101.5 0.622699
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5 Conclusion

A fuzzy CPM real-life construction problem is inticed, aggregating many
international companies working together. We applyLP approach which
employs thex-cuts concept to two-linear programs which contdio far a new
approach in the field [2].The main idea behind gghis new approach because of
it superiority over the related previous work imserving the fuzziness of the
activities which had been the main drawback of fodvand backward recursions
proposals. A code was developed; also some motiditawere made for this
case study concerning the formulation.

Acknowledgements

The authors would like to acknowledge engineer Aynta-Farmawy for
providing the data, being so helpful, also forvatuable discussions and support.

References

[1] J.J. Buckley and T. Feuring, Evolutionary aijum solution to Fuzzy
problems: Fuzzy linear programmirfgzzy Sets and Systerti®9(2000),
35-53.

[2] S.P. Chen, Analysis of critical paths in ajpct network with Fuzzy
activity times, European Journal of Operational Researct83(2007),
442-4509.

[3] C.T. Chen and S.F. Huang, Applying Fuzzy moethfor measuring
criticality in project network,Information Sciencesl77(2007), 2448—
2458.

[4] S.P. Chen and Y.J. hsueh, A simple approach-uzzy critical path
analysis in project network&pplied Mathematical Modeling32(2008),
1289-1297.

[5] S. Chanas and P. Zielinski, Critical pathlgsia in the network with fuzzy
activity times,Fuzzy Sets and Systerh22(2001), 195-204.

[6] D. Dubois, H. Fargier and V. Galvagnon, One$t starting times and
floats in activity networks with ill-known duratisnEuropean Journal of
Operational Researgl147(2003), 266—-280.

[7] F.S. Hillier and G.J. Liebermarntroduction to Operations Reseatch
(Seventh Edition)McGraw-Hill, (2001).

[8] L.J. Krajewski and L.P. Ritzmam®perations Management: Process and
Value Chains, (Seventh Editio®rentice-Hall, (2005).



The Longest Path Problem in Fuzzy Project... 107

[9]

[10]

[11]

[12]

[13]

[14]

[15]

A.l. Slyeptsov and T.A. Tyshchuk, Fuzzy temglocharacteristics of
operations for project management on the networiteisdbasisEuropean
Journal of Operational Research47(2003), 253—-265.

M.F. Shipley, A. de Korvin and K. Omer, BIFPEnethodology versus
PERT in project management: Fuzzy probability iadteof the beta
distribution, Journal of Engineering and Technology Management
14(1997), 49-65.

H.A. Taha, Operations Research: An Introduction, (Seventh i&ulit
Prentice Hall, (2003).

R.R. Yager, A procedure for ordering fuzzybsets of the unit interval,
Information Science4(1981), 143-161.

L.A. Zadeh, Fuzzy sets as a basis for arshed possibility, Fuzzy Sets
and Systemd (1978), 3—-28.

P. Zielinski, On computing the latest stagtitimes and floats of activities
in a network with imprecise duratiorfazzy Sets and Systerhi50(2005),
53-76.

H.J. Zimmermann,Fuzzy Set Theory and Its Applications, (Fourth
Edition), Kluwer-Nijhoff, (2001)



