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Abstract

In this paper, a new class of soft generalized closed sets in soft topolog-
1cal spaces called soft gab—-closed sets, is introduced and its soft topological
properties is studied and investigated. Moreover, we discussed the relationship
among, gb—closed, ag—closed, sw—closed, sg—closed, s*g—closed, wg— closed,
gp—closed, g—closed, rwg— closed, gpr— closed, rg— closed, gs— closed and nowhere
dense sets. Finally, we defined and discussed the properties of soft gab—open
sets and gab—neighbourhood.

Keywords: Soft gab—-closed, soft a—open sets, soft b—open sets, soft
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1 Introduction

The concept of soft set theory has been introduced in 1999 by Molodtsov [I]
this set designed to solve the sophisticated problems in economic, engineering
environment, etc. It has been applied to several branches of mathematics such
as operation research, game theory and among others.
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The soft set theory and it’s applications increase after time to several re-
searchers, especially in the recent years. This is because of the general nature
of parameterizations expressed by a soft set. Therefore due to these facts, sev-
eral special sets have been introduced in the soft set theory and their properties
have been studied, within the soft topological space. The notion of topological
spaces for soft sets was formulated by Shabir and Naz [2], which is defined
over an initial universe with a fixed set of parameters. Levine [3] introduced
generalized closed sets in general topology. Kannan [4] introduced soft gen-
eralized closed and open sets in soft topological spaces which are defend over
an initial universe with a fixed set of parameters. He studied their some prop-
erties. After then Saziye et al. [5] studied behavior relative to soft subspaces
of soft generalized closed sets and continued investigating the properties of
soft generalized closed and open sets. Nazmul and Samanta [6] introduced
neighborhood properties of soft topological spaces. Hussain and Ahmad [7]
introduced soft topological spaces and the notions of soft open sets, soft closed
sets, soft closure, soft interior points, soft neighborhood of a point and soft
separation axioms. Soft a—open sets and it’s properties were introduced and
studied by Ilango et al. [8]. Akdag and Ozkan [9] introduced soft b—open sets
and soft b—continues functions. Characterization of b-open soft sets in soft
topological spaces were introduced and studied by El-Sheikh and El-latif [10].
Let (F,E) be a soft set over X, the soft closure of (F,E) and soft interior
of (F, E) will be denoted by cl(F, E) and int(F, E) respectively, union of all
soft b—open sets over X contained in (F, F) is called soft b-interior of (F, E)
and it is denoted by bint(F, E), the intersection of all soft b—closed sets over
X containing (F, E) is called soft b—closure of (F,E) and it is denoted by
bel(F, E). In this paper we introduce a new type of generalized closed sets in
soft topological spaces. Further we investigate some soft topological properties
of this set.

2 Preliminaries

In this section, we present the basic definitions and results of soft set theory
which will be needed in the sequel.

Definition 2.1 [1] Let X be an initial universe and E be a set of parame-
ters. Let P(X) denote the power set of X and A be a non-empty subset of E.
A pair (F, A) denoted by Fa is called a soft set over X, where F is a mapping
given by F: A — P(X). In other words, a soft set over X is a parameterized
family of subsets of the universe X. For a particular e € A, F(e) may be con-
sidered the set of e-approzimate elements of the soft set (F,A) and if e ¢ A,
then F(e) = ® i.e Fy ={F(e) :e€ ACE F:A— P(X)}. The family of
all these soft sets over X denoted by SS(X)a.
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Definition 2.2 [11] Let Fa, Gg € SS(X)g. Then Fy is soft subset of G,
denoted by FAoCGp, if

1. ACB, and
2. F(e) C G(e), Ve € A.

In this case, Fy is s~aid to be a soft subset of Gg and Gg is said to be a
soft superset of Fa, FACGp.

Definition 2.3 [11] Two soft sets Fa and Gp over a common universe set
X are said to be soft equal if Fy is a soft subset of Gg and G is a soft subset

OfFA.

Definition 2.4 [12] The complement of a soft set (F, A), denoted by (F, A)°,
is defined by (F,A)* = (FA), F¢° : A — P(X) is a mapping given by
F¢le) = X — F(e), Ye € A and F° is called the soft complement function
of F. Clearly (F€)¢ is the same as F' and ((F, A)°)¢ = (F, A).

Definition 2.5 [13] The difference of two soft sets (F, E) and (G, E) over
the common universe X, denoted by (F, E)—(G, E) is the soft set (H, E) where
foralle € E, H(e) = F(e) — G(e).

Definition 2.6 [13] Let (F, E) be a soft set over X and x € X. We say
that x € (F, E) read as x belongs to the soft set (F, E) whenever x € F(e) for
alle € E.

Definition 2.7 [13] Let x € X. A soft set (x, E) over X, where zg(e) =
{z}, Ve € E, is called the singleton soft point and denoted by x.

Definition 2.8 [71] A soft set (F, A) over X is said to be a NULL soft set
denoted by @ or @4 if for alle € A, F(e) = ® (null set).

Definition 2.9 [11] A soft set (F, A) over X is said to be an absolute soft
set denoted by A or X, if for alle € A, F(e) = X. Clearly we have X = ®4
and ®G = X 4.

Definition 2.10 [71] The union of two soft sets (F, A) and (G, B) over the
common universe X is the soft set (H,C'), where C' = AUB and for all e € C,

F(e), ee A— B,
H(e) = ¢ G(e), e€ B—A,
F(e)UG(e), e€c ANB
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Definition 2.11 [71] The intersection of two soft sets (F, A) and (G, B)
over the common universe X is the soft set (H,C), where C = AN B and for
all e € C,H(e) = F(e) N G(e). Note that, in order to efficiently discuss, we
consider only soft sets (F, E) over a universe X in which all the parameter set
E are same. We denote the family of these soft sets by SS(X)g.

Definition 2.12 [70] Let I be an arbitrary indexed set and L = {(F;, E);
i € I} be a subfamily of SS(X)g.

1. The union of L is the soft set (H, E), where H(e) = U;crF;(e) for each
e € E. We write Uic;(F;, E) = (H, E).

2. The intersection of L is the soft set (M, E), where M(e) = N;erF(e) for
each e € E. We write Nic;(Fy, E) = (M, E).

Definition 2.13 [13] Let 7 be a collection of soft sets over a universe X
with a fized set of parameters E, then 7 C SS(X)g is called a soft topology on
X if

1. X,® €1, where ®(e) =P and X(e) = X, Ve € E,
2. The union of any number of soft sets in T belongs to T,
3. The intersection of any two soft sets in T belongs to 7.

(X, 1, E) is called a soft topological space over X.

Definition 2.14 [6] Let (X, 7, E) be a soft topological space and (F,E) €
SS(X)g. Define rppy = {(G, E)YN(F,E) : (G, E) € T} which is a soft topology
on (F, E). The soft topology is called soft relative topology of T on (F, E), and
((F, E),T7(rp))ts called soft subspace of (X, T, E).

Definition 2.15 [153] A soft set (F,E) € SS(X)g is called a soft point in
Xg if there exist v € X and e € E, F(e) = {z} and F(e) = ® for each
e € E —{e}, and the soft point (F, A) is denoted by z., the soft point x. is
said to be belonging to the soft set (G, E), 1.€(G, A), if for the element e € A,
F(e) C G(e).

Definition 2.16 [6] A soft set (G, E) in a soft topological space (X, T, E)
is called a soft neighborhood of a soft point F(e) if there exists a soft open set
(H,E) such that F(e) € (H, E)C(G, E).

A soft set (G, E) in a soft topological space (X, T, E) is called a soft neigh-
borhood of a soft set (F,E) if there exists a soft open set (H,E) such that
(F,E)C(H,E)C(G, E). The neighborhood system of a soft point F(e) denoted
by N,(F(e)), is the family of all it’s neighborhood.
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Definition 2.17 [7j] Let (X, 7, E) be a soft topological space and (F, E) €
SS(X)g, (F,E) is said to be b—open soft set if (F, E)Cint(cl(F, E))Ucl(int(F, E))
and it’s complement is said to be b-closed soft. The set of all b-open soft sets
is denoted by BOS(X, 7, E), or BOS(X) and the set of all b-closed soft sets
is denoted by BCS(X, 1, E),or BCS(X).

Definition 2.18 [75] Let (X, 7, E) be a soft topological space and (F, E) €
SS(X)g, (F,E) is said to be,

1. Soft preopen set if (F, E)Cint(cl(F, E)).
2. Soft semi open set if (F, E)Ccl(int(F, E)).
3. Soft a—open set if (F, E)Cint(cl(int(F, E))).

Definition 2.19 [15] A soft set (F, E) in a soft topological space (X, T, E)
is said to_be soft pre generalized closed (in short soft pg—-closed) set, if soft
pcl(F, E)C(G, E) whenever (F, E)C(G, E) and (G, E) is a soft open set in X .

Definition 2.20 [75] A soft set (F, E) in a soft topological space (X, T, E)
is said to be soft generalized pre closed set (in short soft gp—-closed) sets, if
soft cl(F, E)C(G, E) whenever (F,E)C(G, E) and (G, E) is soft preopen set
mn X.

Definition 2.21 [76] A soft set (F, E) in a soft topological space (X, T, E)
is said to be soft generalized a-closed set (in short soft ga—closed) sets, if soft

cl(F, E)C(G, E) whenever (F,EYC(G, E) and (G, E) is soft a—open set.

Definition 2.22 [17] A soft set (F, E) in a soft topological space (X, 7, E) is

said to be soft sxg—closed sets, if soft cl(F, E)C(G, E) whenever (F, E)C(G, E)
and (G, E) is soft semi-open set.

Definition 2.23 [18,[J] A soft set (A, E) in a soft topological space (X, 1, E)
15 called

1. a soft generalized closed set (Soft g—closed) in a soft topological space
(X, 7, E) if cl(A, E)C(U, E) whenever (A, EYC(U, E) and (U, E) is soft
open in (X, 1, E).

2. a soft sg—closed set if sscl(A, E)C(U, E) whenever (A, EYC(U, E) and
(U, E) is soft semi-open.

3. a soft gs—closed set if sscl(A, E)C(U, E) whenever (A, E)Q(U, E) and
(U, E) is soft open.
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4. a soft rwg—closed set if cl(Int(A, E))C(U, E) whenever (A, E)C(U, E)
and (U, E) is soft reqular open.

5. a soft wg—closed set if cl(Int(A, E))C(U, E) whenever (A, E)C(U, E)
and (U, E) is soft open.

Definition 2.24 [79] A soft set (F, E) in a soft topological space (X, T, E)
is called soft generalized preregular closed (in short soft gpr— closed) set, if soft

pcl(F, E)C(G, E) whenever (F, E)C(G, E) and (G, E) is soft reqular open set.

Definition 2.25 [20] A soft set (F, E) in a soft topological space (X, T, E)
is called a soft reqular generalized closed (in short soft rg—-closed) set, if soft

cl(F, E)C(G, E) whenever (F, E)C(G, E) and (G, E) is soft reqular open set.

Definition 2.26 [21] A soft set (F, E) in a soft topological space (X, 7, E) is
called soft Weakly closed (in short soft SW —closed) set, if soft cl(F, E)C(G, E)
whenever (F, EYC(G, E) and (G, E) is soft semi open.

3 Soft Generalized ab—Closed Sets

The present section gives the definition of soft generalized ab—closed set and
investigates some of it’s properties.

Definition 3.1 A soft set (F,E) in a soft topological space (X, T,E) is
said to be soft generalized ab—closed (in short soft gab—closed) set, if soft
bel(F, E)C(G, E) whenever (F, E)C(G,E) and (G, E) is soft a—open. The
collection of all soft gab—closed sets in (X, T, E) is denoted by sgab — C(X).

Definition 3.2 A soft set (F, E) in a soft topological space (X, 7, E) is said
to be soft generalized b— closed (in short soft gb—closed) set, if soft bel(F, E)C(G, E)
whenever (F, E)C(G, E) and (G, E) is a soft open set. The collection of all

soft gb—closed sets in (X, 7, E) is denoted by sgb — C(X).

Theorem 3.3 FEvery b—closed soft set in soft topological space (X, 1, F) is
soft gab—closed.

Proof. Let (F, E) be a soft b—closed set and (U, E') be any soft a—open such
that (F, E)C(U, E), then bel(F, E) = (F, E)C(U, E). Therefore (F, E) is soft
gab—closed.

Theorem 3.4 A soft set (F,E) is a soft gab—closed, iff soft bel(F, E) —
(F, E), does not contain any non-empty soft a—closed sets.
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Proof. Suppose that (F, E) is a soft gab-closed and (Fi, F) is a non-empty
a—closed soft set such that (Fy, E)Cbel(F, E)—(F, E). = (Fy, E)Cbcl(F, E)A(F, E)°.
= (Fy, E)Cbcl(F,E) and (Fy, E)C(F,E)¢, (F,E)C(Fy,E)° since (Fy, E)° is
soft a—open and (F, E) is gab—closed bel(F, E)C(Fy, E)¢ = (Fy, E)C[bel(F, E)]°.
Thus (Fy, B)Cbel(F, E)Abel(F, E))° = ®. That is (F}, E) = ®. = bel(F, E) —
(F, E) = ® contains no non empty a—closed set.

Conversely: Suppose that soft bel(F, E) — (F, E), does not contain any non-
empty soft a—closed sets, (F), E)E(G, FE) and (G, E) is a soft a—open, If it is
possible that bel(F, EYZ (G, E), then bel(F, E)A(G, E)° is not empty a—closed

set of bel(F, E) — (F, EY) which is a contradiction. Therefore, bel(F, E)C(G, E).
Hence (F, E) is soft gab—closed.

Theorem 3.5 If (F, E) is a soft gab—closed set, then (F, E) is gb—closed
iff bel(F, E) — (F, E) = ® is closed.

Proof. Assume that (F,FE) is soft gab—closed. Since bel(F, E) = (F,E),
bel(FLE) — (F,E) = & is gb—closed and hence closed. Now assume that
bel(F,E) — (F, E) is closed. By (Theorem bel(F,E) — (F, E) does not
contain any non-empty soft a—closed set. That is bel(F, E) — (F, E) = ®, thus
bel(F,FE) = (F, E). Hence, (F, F) is gb—closed.

Theorem 3.6 [fa set (F, E) is soft gab—closed in X then bel(F, E)—(F, E)
contains only null soft closed set.

Proof. Let (F, E) be a soft gab—closed in X and (H, E) be a soft closed set
such that (H, E)Cbcl(F, E) — (F,E). Since (H,E) is soft closed its relative
complement is soft open, (H, E)C(F, E). Thus (F, E)C(H, E)°. Consequently
bel(F,E)C(H, E)¢. Therefore, (H, E)C(bel(F,E))¢. Hence (H,E) = ® and
thus bel(F, E) — (F, E') contains only null soft closed set.

Lemma 3.7 In a soft topological space we have the following:

1. Fvery soft reqular open set is soft gab—closed.
Every soft reqular closed set is soft gab— closed.
Every soft semi-closed set is soft gab— closed.
Fvery soft pre-closed set is soft gab— closed.

Every soft a—closed set is soft gab—closed.

S v e e

If (F, E) is soft a—open and soft gab—closed then (F, E) is soft b—closed.

Proof. Obvious.



On Soft Generalized ab— Closed Sets... 61

Theorem 3.8 If (F, E) is a soft gab—closed and (G, E) is a soft a—closed,
then (F, E)N(G, E) is gab—closed.

Proof. To show that (F, E)N(G, E) is gab—closed, it is enough to show that
bel(F NG, E)C(U, E), where (U, E) is a soft a—open and (F'N G,E)C(U, E).
Let (H, E) = (G, E)° then (F, E)C(U, ) (H, E) since (H, E) is a—open set
and (F, E) is gab— closed then bcl(F A)C (U, E)U(H,E).

Now bel (F, A)N(G, E)C[(U, E)O(H, E)N(G, E)C (U, E), since every a—closed
is b—closed then bel(F, E)ﬁbcl(G E)C (U E), by Theorm 3.3 [10], bel[(F, E)N(G, E)]
C(U, E), this implies that bel(FOG, E)C (U, E). Hence (FOG, E) is gab—closed
set.

Theorem 3.9 If (F, E), (B, E) are two soft sets in a soft topological space
(X,7,E), (B.E) C (F,E), (B, E) is soft gab—closed set relative to (F, E) and
(F,E) is a soft gab—closed set in (X, 7, FE). Then (B,E) is a soft gab—closed
set relative to (X, 1, F).

Proof. Let (B, E)N(U E) and (U, E) be a soft a—open set in (X, 7, E'). Given
(B, E)C(F,E)C(X,7,E), then (B, E)C(F, E) and (B, E)C(U, E) this implies
(B,E)C (FNUE) given (B, E) is a soft gab—closed set relative to (F, £),
bel(B, E)C(F N U, E)C(U, E) hence (F, E)chl(B E)C(U,E).

Now [(F, E)U(bel(B, E))]N(bel(B, E))CC(U E)N(bel(B, E))°

= [(F, E)N(bel(B, E))* }U[(bcl(B E)A(bel(B, E))|C(U, E)A(bel(B, E))°

= (F, E)N (bel(B, E))° C(U, E)D(bel(B, E))¢ since (F, E) is a soft gab—closed
set and (B, E)C(F, E) we get bel(B, E)Cbel(F, E)C(U, E)A(bel(B, E))°

= bel(B, E)C(U, E) (bel(B, E))*

= bel(B, E)C(U, E) but bel(B, E)Z (bel(B, E))°

= (B, E) is a soft gab—closed set relative to (X, 7, E).

Theorem 3.10 If (F, E) is a soft gab—closed set in a soft topological space
(X, 7, E) and (F,A)C (B, E)Cbcl(F, E), then (B, E) is a soft gab—closed set.

Proof. Let (B,E)C(U,E), (U, E) be a soft a—open, then (F, E)C(B,E
and (F, E)C(U, E). Since (F, E) is a soft gab—closed, bel(F, E)C ( , ) since
(B, E) Cbel(F, E), this implies bel(B, E)Cbel(F, E). Thus bel(B, E)Cb I(F, E)C(U, E).
Therefore, bel(B, E)C(U, E), and (U, E) is given soft a—open. Hence, (B, E)

is soft gab—closed.

Djtij

Theorem 3.11 If (F, E) is a soft set in soft topological space (X, T, E),
(F,E) C(Y,A)X(X,7,E) and (F,E) is soft gab—closed in (X, 1, E), then
(F, E) is soft gab—closed relative to (Y, 1y, E).
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Proof. Let (F,E)C(Y,E)C(X,7,E) and (F, E) is soft gab—closed set in soft
topological space (X, 7, F). To show that (F, E) is a soft gab—closed set rela-
tive to subspace (Y, 7y, E), suppose that (F, E)C(Y, E)N(U, E) where (U, E) is
soft a—open set in (X, 7, E), then bel(F, E)C(U, E) and bel(F, E)A(Y, E)C(U, E)A
(Y, E). Thus, bel(F, E)N(Y, E) is b—closure of (F,E) in (Y, 7y, E). Hence,
(F, F) is soft gab—closed set relative to (Y, 7y, F).

Theorem 3.12 The intersection of any two soft gab—closed sets in a soft
topological space (X, T, F) is soft gab—closed.

Proof. Let (F,E) and (B, FE) be two soft in gab—closed sets in (X, 7, F),
(F, E)C(U, E) then bel(F, E)C(U, E), (B, E)C(H, E) and bel(B, E)C(H, E)
where (U, E) and (H, E) are any soft a—open sets in (X, 7, E), we obtained
that (F, E)N(B, E)C(U, E)A(H, E) = (V, E) where (V, E) is any soft a—open
set, since (F, E)A(B, E)C(F, E) and bel[(F, EYA(B, E)|Cbel(F, EYC (U, E), (F, E)A
(B, E)C(B, E) and bel[(F, E)\(B, E)|Cbel(B, E)C(H, E), therefore bel[(F, E)Q
(B, E)]ébcl(F, E)Nbcl(B, E)C(V, E) where (V, E) is any soft a—open set, (F, E)
C(U,E), (B,E)C(H,E), bel(F,E)C(U,E) and bel(B, E)C(H, E) whenever
(F,E) A(B,E)C(U,EYN(H,E) = (V,E). Hence, (F,E)\(B,E) is a soft
gab—closed sets in (X, 1, F).

The union of two soft gab—closed sets generally need not be soft gab—closed
set as shown by the following example:

Example 3.13 Let X = {hy,ho,h3} and E = {ej,ea} be a set of pa-
rameters and Fy, Fy, F3, Fy, F5, Fg are mappings from E to P(X) defined by
(Fb E) = {(617 {hl})> (627 {h1}>}7
<F2= E) = {(617 {h2})7 (627 {h2})}7 (F37 E) = {(617 {hh h2})7 (627 {hh h2}>}7
(F47 E) = {(617 {hQ’ h3})7 (627 {h27 h3})}7 (F57 E) = {(617 {hla h3})7 (627 {hla h3})}7
(FGv E) = {(617 {h3})v (62’ {h3})}7 then T = {CI), X, (Flv E)v (FQ’ E)v (F37 E>}
is a soft topology over X . The family of all soft open sets is {®, X, (Fy, E), (Fy, E),
(F3, E)}, and the family of all soft closed sets is {®, X, (Fy, E) = (F1, E)°, (Fs, E)
= (Fy, E)¢, (Fs, FE) = (Fs, E)°}, where (F1, E), (Fy, E) are soft open sets and
also are soft a—open set, bel(Fy, E) = (F1, E) and bcl(Fy, E) = (Fy, E), then
(F1, E) and (Fy, E) are soft gab—closed sets. (Fy, E)U(Fy, E) = (F3, E), which
is soft a-open sets and (Fy, EYC(Fy, E) but bel(Fy, E) = XZ(F3, E). Hence,
Their union is not soft gab—closed set.

Theorem 3.14 If a soft set (F, E) of a soft topological space (X, T, FE) is
soft nowhere dense, then it is soft gab— closed.

Proof. Suppose that (F, E) be a soft set nowhere dense and (U, E) be a soft
a—open set in (X, 7, E) such that (F, E)C(U, E), bel(F, E) = sscl(F, E)Nspcl(F, E)
= [(F, E)Uintcl(F, E)]N[(F, E)Uclint(F, E)] since int(cl(F, E)) = ®. Then
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bel(F, E) = (F, E). Therefore, bel(F, E)C (U, E), which implies that (F, E) is
gab—closed in (X, 7, E).

The converse of the above theorem generally need not be true as shown by
the following example:

Example 3.15 Let X = {hy, ho, hs, hs} and E = {e1,es} be the set of pa-
rameters and T = {®, X, (F1, E), (Fy, E)} where (Fy, E) = {(e1,{h1, hs}), (e,
{h1,hs})}, (F2, E) = {(e1, {h2, ha})(e2, {ho,hu})}, so (F1, E), (F3, E) are soft
open sets and also are soft a—open set, bel(Fy, E) = cl(Fy, E) = (F1, E) and
bel(Fy, E) = cl(Fy, E) = (F3, E), then (F1, E) and (Fy, E) are soft gab—closed
sets in (X, 7, E), but not soft nowhere dense.

Theorem 3.16 If a soft set (F, E) of a soft topological space (X, T, FE) is
gab—-closed, then it 1s gb—closed.

Proof. Let (F, E) be a soft gab—closed set in (X, 7, E) and (U, E) be any soft
open set such that (F, E)C(U, E). Therefore, bel(A))C(U, E) and (U, E) is a
soft open. Thus, (F, E) is a soft gb—closed.

(i) Opposite direction of the above theorem can be achieved if every soft
a—open set is soft open set.
(ii) The converse of the above theorem generally need not be true as shown by
the following example:

Example 3.17 Let X = {hy, ho,hs} and E = {e1,es} be the set of pa-
rameters with a soft topology T = {®, X, (F1, E), (F,, E), } where (F1,E) =

{(er, {M}), (e2, {M})}, (F2, E) = {(ex,{h1, hs}), (e2, {1, hs})}. (F3 E) =
{(e1 ,{h1,h2}), (e2,{h1,h2})} is a soft gb—closed set but not soft gab—closed.

Theorem 3.18 let (F, E) be a soft set of (X, 7, E). If clint(F, E)Q(U, E),
whenever (F, E)YC(U, E) and (U, E) be a soft a—open set, then (F, E) is soft
gab—closed.

Proof. Assume that clint(F, E)C(U, E), whenever (F, E)C(U, E) and (U, E) is
asoft a—open subset of (X, 7, E), bel(F, E) = [(F, E)U(clint(F, E)Nintcl(F, E))]
= [(F, E)Uclint(F, E)|N[(F, E)Jintcl(F, E)|C[(F, E)Uclint(F, E)|C[(F, E)U(U,

E)], since (F, EYC(U, E), then bel(F, E)C (U, E). Hence, (F, E) is a soft gab—closed

set.

Theorem 3.19 let (F, E) be a soft set of (X, 7, E), if intcl(F, E)C(U, E),
whenever (F, EYC(U, E) and (U, E) be a soft a—open set ,then (F, E) is soft
gab—closed.
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Proof. Assume that intcl(F, E)C(U, F), whenever (F E)C(U,E) and (U, E)

be a soft a—open set of (X, 7, E), bel(F, E) = [(F, E)U(clint(F, E)Nintcl(F, E))] =
[(F, E)U(clint(F, ENN[(F, E)Uintcl(F, E)|C[(F, E)Uintcl(F, E)C[(F, E)O(U, E)],
since (F, E)C(U, E) then bel(F, E)C(U, E). Hence, (F, E) is a soft gab—closed
set.

Theorem 3.20 If a soft set (F, E) of a soft topological space (X, T, FE) is
soft gp—-closed , then it is soft gab—closed.

Proof. Let (F,E) be a soft gp—closed and (F, E)C (U, E), such that (U, E) is
a soft a—open set and also soft preopen set, since every soft closed set is soft
b—closed set, bel(F, E)Ccl(F, E)C(U, E). Then, bel(F, EYC(U, E) and (U, E)
is a soft a—open set. Therefore, (F, E) is soft gab—closed.

The converse of the above theorem generally need not be true as shown by
the following example.

Example 3.21 Let X = {hy,ho,hs}, E = {e1,e2} be a set of parame-
ters and T = {®, X, (F1, E)} where (F1,E) = {(e1,{h1,ha}), (e2,{h1,h2})}.
A soft set (Fy, E) = {(e1,{h1}), (e2,{h1})}, is soft gab—closed, but not soft
gp—closed, because (Fy, E)C(Fy, E), bel(Fy, E) = (Fy, E) but cl(Fy, E) = XZ(Fy, E).

The following examples show that the concepts of soft gab—closeness and
soft pg—closeness are independent.

Example 3.22 Let X = {hy, ha, hs, hy} and E = {e1, ex} be a set of param-
eters with a soft topology 7 = {®, X, (F1, E), (F3, E), (F3, E), (Fy, E), (F5, E), (Fs
>E>7 (F7> E>} where (Fb E) = {(617 {hl})7 (627 {h1}>7 }, (F2> E) = {(617 {hQ})7 (62’
{h2})}7 (F37 E) = {<€17 {h3})7 (627 {h3})}7 <F47 E) = {(617 {hb hZ})v <€27 {h17 h2})}7
<F5= E) = {(617 {hh h3})7 (627 {hb h3})}7 (FG? E) = {<€17 {h27 h3})7 (627 {h27 h3}>}7
(F7, ) {(61, {hl, h27 hg}) (62, {]’Ll, hg, hg})} A SOft set (Eﬁ, E) = {(617 {hg, ]’L3}),
(€2, {h2, h3})} is soft open, also is soft a—open and (Fs, E)C(F, E), bel(Fs, E) =
(F6, E), pcl(Fs, E) = {(e1, {h2, hs, ha}), (€2, {h2, h3, ha}) YL (Fs, E). Then it is
gab—closed but not soft pg—closed.

Example 3.23 Let X = {hy, ha, hs} and E = {eq, ea, €3} be a set of param-
eters with a soft topology T = {®, X, (F1, E)} where (F1, E) = {(e1,{h1}), (€2, {h1}),

(63, {hl})} A soft set (FQ, E) = {(€1> {hl, hQ}), (62, {hb h2})’ (63, {hl, h2})} is
soft pg—closed but not soft gab— closed.

Theorem 3.24 If a soft set (F, E) in a soft topological space (X, T, E) is
soft ga—closed, then it is soft gab— closed.
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Proof. Let (F, E) be a soft ga—closed and (U, F) is a soft a—open set such that
(F, E)C(U, E). Now bel(F, E)Ccl(F, E)C(U, E), implies that bel(F, E)C(U, E),
and (U, F) is a soft a—open set. Thus, (F, E) is gab—closed.

The converse of the above theorem generally need not be true as shown by
the following example.

Example 3.25 Let X = {hy, ho,hs} and E = {ey,es} be a set of param-
eters with a soft topology 7 = {®, X, (F1, E), (F2, E), (Fs, E)} where(Fy, E) =
{(61’ {h1}>? (627 {hl})}7 (F27 E) = {<€17 {h2})> (627 {hQ})}f (F3> E) = {(61? {hlﬁ h2}>7
(e2,{h1,ha})}, the family of all soft closed sets is { X, ®, (Fy, E), (Fy, E)¢, (F3, E)°},
where <F17 E)C = {<€17 {h27 h3})7 (627 {h27 h3}>} ) (F2? E)C = {(617 {hh h3})> (627
{hi, hs})}, (Fs, E)° = {(e1, {hs}), (e2, {hs})}, (F1, E), is a soft open sets and
also soft a—open set, bel(Fy, E) = (F1, E)C(F1, E) but cl(Fy, E) = (Fy, E)° =
{(e1, {h1, h3}), (e, {h1, hs VYL (Fy, E). Thus (Fy, E) is soft gab—closed but not
soft ga—closed.

Theorem 3.26 If a soft set (F, E) in a soft topological space (X, T, F) is
soft s*g—-closed, then it is soft gab— closed.

Proof. Let (F, E) be a soft s*g—closed set and (U, E') be a soft a—open set
such that (F, E)i(U, E). Since every soft a—open set is soft semi-open,
then cl(F, E)C(U, E), bel(F, E)Ccl(F, E), this implies to bel(F, E)C(U, E),
and (U, F) is a soft a-open set. Thus, (F, E) is gab—closed.

The converse of the above theorem generally need not be true as shown by
the following example.

Example 3.27 Let X = {hy, ho, h3,hy} and E = {e1,es} be a set of
parameters with a soft topology 7 = {®, X, (F1, E), (F,, E), (F3, E)}, where
(Fh E) = {(617 {hl})v (627 {hl})}7 (F27 E) = {(617 {hQ})v <627 {hg})}, (F37 E) =
{(e1,{h1, ha}), (e, {h1, ha})}, the family of all soft closed sets is
{0, X, (F1, E), (Fy, E), (F3, E)°}}, where (Fy, E)° = {(e1,{ha, hs, ha}),

(62, {h27 hs, h4})}7 (F27 E)c = {(617 {hlﬁ hs, ha }>7 (627 {hb hs, h4})} and (F?n E>C =
{(e1,{hs, ha}), (€2, {hs, ha})}. (F1, E), is a soft open set, soft a—open and
also soft semi open, bel(Fy, E)C(Fy, E) where (Fy, E)C(Fy, E) but cl(Fy,E) =
(Fy, E)Z(Fy, E). Thus a soft set (Fi,E) is soft gab—closed, but not soft
s*g—-closed.

The following examples show that the concepts of soft gab—closeness and
soft gs—closeness are independent.

Example 3.28 Consider X = {hy,ho, hs, Fy} and E = {ey,es} be the
set of parameters with a soft topology T = {®, X, (Fy, E)}, where (F1,E) =

{(er, {h1, ha }), (€2, {h1,ha})} (F2, E) = {(e1, {hs, Fu}), (€2, {hs, Fu})}, and
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(F3, E) = {(e1, {h1}), (e2, {h1}), }. The family of all soft closed sets is {®, X, (Fy, E)}.
(F3, E) is a soft set, whenever (Fy, EYC(F\, E), (F\,E) is soft open, also is

soft a—open and scl(Fy, E) = XZ(Fy, E), bcl(Fy, E) = (F3, E)YC(Fy, E), then

it 18 gab—closed but not soft gs—closed.

Example 3.29 Let X = {hy,hs,h3, hy} and E = {ey,ea,e3,e4} be the
set of parameters with a soft topology 7 = {®, X, (F1, E)} where (F1,E) =
{(e1,{h4a}), (e2,{h4}), (e3,{h4}), (es,{ha})}. The family of all soft closed sets
18 {(I), X, (Fl, E)C} where (Fl, E)c = {(61, {hl, hQ, hg}), (62, {hl, hg, hg}),

(€3> {hla h27 h3})> (647 {hb h27 h3})}' (F27 E) = {(61’ {h27 h4})’ <€27 {h?n h4})7
(e3,{h1,ha}), (e4,{ha})} is soft a—open and also soft semi open and X is the
only soft open set which containing (Fy, E), bel(Fy, E) = scl(Fy,E) = XCX
but (Fy, E)C(Fy, E) and bel(Fy, E) = XZ(Fy, E). Hence, (Fy,E) is soft
gs—closed but not soft gab— closed.

Theorem 3.30 If a soft set (F, E) of a soft topological space (X, T, FE) is
soft sg—closed,then it is soft gab—closed.

Proof. Let (F,E) be a soft sg-closed and (F, E)C(U, E), where (U, E) is a
soft a—open set and also soft semi open set, since every soft semi-closed set
is soft b—closed set, then bel(F, E)Cscl(F, EYC(U, E). Therefore (F, E) is soft
gab—closed.

The converse of the above theorem generally need not be true as shown by
the following example.

Example 3.31 Let X = {hy, ho, hg} and E = {e1,ea}} be the set of param-
eters with a soft topology T = {®, X, (F1, E)}, (F1, E) = {(e1,{h1, ha}), (e2,{h1,
ho})}. (B, E) = {(e1,{h1}), (e2, {h1})} is soft gab—closed, but not soft sg—closed,
since (Fy, E)YC(Fy, E), bel(Fy, E) = (Fy, E) but scl(Fy, E) = XZ(F, E).

The following examples show that the concepts of soft gab—closeness and soft
gpr—closeness are independent.

Example 3.32 Let X = {hy, ho,hs, [y} and E = {ej,ea,e3} be the set
of parameters with a soft topology 7 = {®, X, (F1, E), (F2, E), (F3, E)}, where
(Fb E) = {(617 {hl})> (627 {h1}>7 (637 {hl})}7 (F27 E) = {<617 {hQ})v (627 {h2}>7 (637
{ha})}, (B3, E) = {(e1, {h1, ha}), (ea, {h1, ha}), (€3, {h1, ha}) }. (F1, E) is soft

regular open, (Flvfj)i(Fla E): pCl(Fl, E) = {(617 {hlv hs, h4})’ (627 {hlv hs, h4})7

(63,{h1,h3,h4})}%(F1,E), bCl(Fl,E) = (Fl,E)§<F1,E) H@TLCG, (Fl,E) 1S a
gab—closed, but not soft gpr—closed.

Example 3.33 Let X = {hy, ha, h3} and E = {e1,e3} be the set of param-
eters with a soft topology T = {®, X, (F1, E), (F2, E), (Fs, E), (Fy, E)} where
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(Flv E) = {(617 {hl})’ (627 {hl})}f (F27 E) = {(617 {h3})v (62’ {h3})}? (F37 E) =
{(er, {h1, hs}), (e2, {h1, hs})} and (Fy, E) = {(e1, {h1, ha}), (€2, {1, ho})}.
(F1, E) is soft gpr—closed, but not soft gab—-closed, since (Fy, E) is the only
soft reqular open set which containing (Fy, E) and pcl(Fy, E) = bcl(Fy, E) =
(Fy, EYC(X,E), (F, E)C(Fy,E) and (Fy,E) is soft open and also a—open,
bel(Fr, E) = (Fy, E)Z(Fy, E).

The following examples show that the concepts of soft gab—closeness and
soft rg—closeness are independent.

Example 3.34 Let X = {hy, ho,hs, Fy} and E = {ej,ea,e3} be the set
of parameters with a soft topology 7 = {®, X, (F1, E), (F2, E), (F3, E)}, where
(Fb E) = {(617 {hl})> (627 {h1}>7 (637 {hl})}7 (F27 E) = {<617 {hQ})v (627 {h2}>7 (637
{ho})}, (F5,E) = {(e1,{h1, ha}), (€2, {h1, ha}), (€3, {h1, h2})} and (Fy, E) =

{(e1,{h1}), (e2, @), (e3,{P1})}. (F1, E) is soft reqular open, (Fy, E)C(Fy, E),

Cl(Féb E) = {<€17 {vhlv h’37 h4})7 (627 {hb h37 h4})7 (637 {hla h37 h’4}>}i<F17 E)7 bel
(Fy, E) = (Fy, E)YC(F1, E). Hence, (Fy, E) is gab— closed, but not soft rg— closed.

Example 3.35 Let X = {hy, ho, h3} and E = {e1,e3} be the set of param-
eters with a soft topology T = {®, X, (F1, E), (F2, E), (Fs, E), (Fy, E)}, where
(F1, E) = {(e1,{h}), (e2, {m})}, (F2, E) = {(ex, {hs}), (e2, {hs})}, (F3, E) =
{(er, {h1, hs}), (e2,{h1, hs})} and (Fy, E) = {(e1, {h1, ha}), (€2, {1, ho})}.
(F1, E) is soft rg—closed, but not soft gab——closed,since X itself is the only
soft regular open set which containing (Fy, E) and cl(Fy,E) = bcl(Fy, E) =
(Fy, E)Q(X, E), (Fy EYC(Fy, E) and (F1, E) is soft open and also soft a—open,

Y

bel(Fy, E) = (Fy, EYLZ(Fy, E). Hence, (F1, E) is not soft gab—closed set.

Theorem 3.36 If a soft set (F, E) of a soft topological space (X, T, E) is
soft SW —closed, then it is soft gab— closed.

Proof. Let (F, E) be a soft SW—closed set and (F, EYC(U, E), where (U, E) is
a soft a—open set and also soft semi open, cl(F, E)C(U, E), bel(F, E)Ccl(F, E)
C(U, E), bel(F, EYC(U, E). Therefore, (F, E) is soft gab—closed.

The converse of the above theorem generally need not be true as shown by
the following example.

Example 3.37 Let X = {hy, ha, hg} and E = {e1, ex} be the set of parame-
ters with a soft topology T = {®, X, (F1, E)}, where (F1, E) = {(e1,{ha, h3}), (e2, { ho,
hs})}. (Fo, E) = {(e1,{ha}), (e2,{ha})} is soft gab—closed, but not soft SW —
closed, since (Fy, E)C(Fy, E) and bel(Fy, E) = (Fy, E), cl(Fy, E) = X.

The following examples show that the concepts of soft gab—closeness and
soft g—closeness are independent.
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Example 3.38 Let X = {hy, ho,h3} and E = {e1,e2} be a set of parame-
ters with a soft topology T = {®, X, (F1, E)} where (F, E) = {(e1,{h1}), (e2, {h1})}.
(Fy, E) = {(e1,{h1, ha}), (e2,{h1, ha})} is soft g-closed, but not soft gab— closed,
since the only soft open set containing (Fy, E) is X and bel(Fy, E) = cl(F3, E) =
X.

Example 3.39 Let X = {hy, ho,hs} and E = {e1,e2} be a set of param-
eters with a soft topology 7 = {®, X, (F1, E), (F», E), (F3, E)}, where (F1, E) =

{(ex, {M}), (e2, {M})}, (F2, E) = {(ex, {ha}), (e2, {hs})} and (F3, E) = {(e1, {ha,
hs}), (es,{h1,hs})}. (F1, E) is soft gab—closed, but not soft g— closed.

The following examples show that the concepts of soft gab— closeness and
soft wg—closeness are independent.

Example 3.40 Let X = {hy, he, h3} and E = {e1,es} be a set of parame-
ters with a soft topology T = {®, X, (F1, E)} where (Fy, E) = {(e1, {h1}), (e2, {h1})},
(Fy, E) = {(e1,{h1,ha}), (e2,{h1, ha})} is soft wg—closed, but not soft gab—
closed, since X is the only soft open set containing (Fp, E) and bel(Fy, E) =
clint(Fp, F) = X.

Example 3.41 Let X = {hy, ho,hs} and E = {ey,es} be a set of param-
eters with a soft topology T = {®, X, (F1, E), (F3, E), (F3, E)}, where (Fy, E) =

{(ex, {M}), (e2, {M})}, (F2, E) = {(e1, {ha}), (e2, {hs})} and (F3, E) = {(e1, {ha,
hs})}, (e2,{h1,hs})}. (F1, E) is soft gab—closed but not soft wg— closed.

The following examples show that the concepts of soft gab— closeness and
soft rwg—closeness are independent.

Example 3.42 Let X = {hy, he, h3} and E = {e1,e2} be a set of parame-
ters with a soft topology T = {®, X, (F1, E)} where (F, E) = {(e1,{h1}), (e2, {h1})},
(Fy, E) = {(e1,{h1, ha}), (e2, {h1, ha})} is soft rwg—closed, but not soft gab—
closed, since X is the only soft reqular open set which containing (Fy, E) and

bel(Fy, E) = clint(Fy, E) = X.

Example 3.43 Let X = {hy, he, h3} and E = {e1, e} be a set of parame-
ters with a soft topology T = {®, X, (F1, E), (F3, E), (F3, E)}, where (F1, E) =
{(617 {h1}>’ ) (62’ {hl})}7 (F27 E) = {(617 {h3})7 (627 {h3}>}; (F3’ E) = {<617 {hh
hs}), (ea, {h1,h3})}. (F1, E) is soft gab—closed, but not soft rwg— closed, since
the soft sets ®, X, (F1, E) and (Fy, E) are soft reqular open sets of X, and
bel(Fy, E) = (Fy, E)C(Fy, E), clint(Fy, EYZ(Fy, E).

Figure (1] gives the implication relationship of soft gab—closed sets based
on the above results, where
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1. A — B represent A implies B,
2. A 44 B represent A and B are independent,

3. A B represent A does not implies B.
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Figure 1: Implication of soft gab-closed sets

4 Soft Generalized ab—Open Sets and Soft Gen-
eralized ab—Neighbourhoods

This section introduces the concept of soft generalized ab—open sets in soft
topological space and studies some of their properties.

Definition 4.1 A soft set (F,E) of a soft topological space (X,T,E) is
called a soft generalized ab-open (briefly soft gab—open) set, if its complement
(F, E)¢ is soft gab—closed. The collection of all soft gab—open sets in (X, 1, )
is denoted by sgab—O(X).

Theorem 4.2 A soft set (F, E) of a topological space (X, T, E) is soft gab—open
if and only if (U, E)Cbint(F, E), whenever (U, E) is a soft a—closed and (U, F)
C(F, E).
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Proof. Let (F, E) be soft gab—open and (U, E) be a soft ab—closed contained in
(F, E). Then (F, E)¢ is soft gab—closed and (U, E)¢ is soft a—open containing
(F, E)¢, bel(F, E)*C(U, E)°. Therefore, (U, E)C bint(F, E).

Conversely: Let (U, E)Chint(F, E) whenever (U, E)C(F, E) and (U, E) is
a soft a—closed. Let (G, E) be a soft a—open set containing (F, E)¢, then
(G, E)Chint(F, E), bel(F, E)°C(G,E). Hence, (F,E)° is soft gab—closed.
Therefore, (F, E) is soft gab—open.

Theorem 4.3 If bint(A, E)C(B, E)C(A, E) and (A, E) is soft gab—open
then (B, E) is soft gab—open.

Proof. bint(A, E)C(B, E)C(A, E) implies (A, E)°C(B, )CCbcl((A, E)°) and
(A, E)¢ is soft gab—-closed. By the Theorem. (B, E)¢ is soft gab—closed.
Hence (B, E) is soft gab—open.

Theorem 4.4 If (A, E) and (B, E) are soft gab—open in X then (A, EYJ(B, E)
1s also soft gab—open.

Proof. Since (A, E) and (B, F) are soft gab—open and by the Definition
their relative complements are soft gab—closed sets and by Theorem [3.12
(A, E)DN(B, E)¢ is soft gab—closed. Hence (A, E)U(B, E) is soft gab—open.

Definition 4.5 A soft set (N, FE) in a soft topological space (X, T, F) is
called a soft gab—neighborhood of the soft point F(e)€(X, T, E) if there ex-
ists a soft gab—open set (H,E) such that F(e)€(H, E)C(N,E). A soft set
(N, E) in a soft topological space (X, T, E) is called a soft gab—neighborhood
of the soft set (F,E) if there exists a soft gab—open set (H,E) such that
(F.E)C(H, E)C(N, E).

A soft gab—neighborhood generally need not be soft gab—open as shown
by the following example.

Example 4.6 Let X = {a,b}, E ={ey,ex} and1 ={®, X, ([}, E), (F3, F),
<F37 E)> (F47 E)} where (Fla ) - {(617 {a})7 (62, {Cl, b})}7 (F27 E) = {<€17 {av b})7
(e2,{a})}, (F5, E) = {(e1,{b}), (€2, @)}, (Fi, E) = {(e1,{a}), (e2,{a})} the
family of all soft closed sets is { X, ®, (F1, E), (Fy, E)¢, (F3, E)¢, (Fy, E)°}, where
(Flv ) = {(617 {b}) (627 )}7 (FQv E>C = {(617 CI))? (627 {b})}v (F?n E)c = {<€1’ {a})7
(e2,{a,0})}, (Fy, ) = {(e1,{b}), (€2, {b})} and soft a—O(X) = {®, X, (F1, E),
(Fy, ), (F3, E), (Fy, E)}. A soft set (N, E) such that (N, E) = {(e1{b}), (e2,{b})},
is not soft gab—open, but it is soft gab—neighborhood of a point G(ey) = {b},
and also it is soft gab—neighborhood of a soft gab—open set (G, E), where
(G, E) ={(e1,{b}), (€2, ®)}. Hence, (G,E) C(N, E).

Theorem 4.7 FEvery soft neighborhood is a gab—neighborhood.
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Proof. Let (N, E) be a soft neighborhood of a soft point F'(e )E(X, T, E), then
there exists a soft open set (G, F) such that F(e)e(G, )Q( E). As every
soft open set (G, E) is a soft gab—open set, such that F(e)e (G E)C(N, E).
Hence, (N, F) is soft gab—neighborhood of F'(e).

A soft gab—neighborhood generally need not be a soft neighborhood as
shown by the following example.

Example 4.8 Let X = {a,b} and E = {e1, ex} ba a set of parameters with
w soft topology 7 = {®, X, (Fy, E), (Fs, E), (Fs, E)} (Fy, E) = {(ex, {0, b}), (e2, {a})},
(F2, E) = {(e1,{b}), (e2,{a, b})}, (F5, E) = {(e1,{b}), (e2,{a})} the family
of all soft closed sets is {X,®,(F1, E)¢, (Fy, E)°, (F3, E)°} where (Fy, E) =
{(617 CI))? (627 {b}>}7 (FZ’ ) = {(617 {CL}) (627 )}7 (F37 E)C = {(617 {a})v (627 {b})}
and soft « — O(X) ={®, X, (F\, E), (Fy, E), (F3, E)}. A soft set (N, E) such
that (N, E) = {(e1, ®), (e, {a,b})} is soft gab—open set and also soft gab—
neighborhood of a point G(ey) = {b} since G(ey) = {b}E(N, E)C(N, E). How-
ever, the soft set (N, E) is not a soft neighborhood of the point G(es) = {b},
since (Fy, E) is the only soft open set containing G(ey) = {b} without X and

G(ez) = {b}é(Fl, E),CZ(N, E).

Theorem 4.9 A soft gab—-closed set is a soft gab—closed neighborhood of
each of it’s soft points.

Proof. Let (N, E) be a soft gab—closed subset of a soft topological space
(X,7,E) and Fe€(N, E), it can be claimed that (N, E) is a soft gab—closed
neighborhood of Fe. (N, E) is a soft gab—closed set such that Fe€(N, E)C(N, E),
since F'(e) is an arbitrary point of (IV, F), then (V, F) is a gab—closed neigh-
borhood of each of it’s points.

The converse of the above theorem generally need not be true as shown by
the following example.

Example 4.10 Let U = {a,b,c,d}, E = {e1,es} be a set of parameters
and 7 = {®, X, (F1, E)} is a soft topology over X, where (Fy, E) = {(e1,{a,
b}, (e2,{a,b})}, the family of all soft closed sets is {X,®,(Fy, E)}, where
(Fy, E) = {(e1,{c,d}, (ea, {c,d})}, the soft set (Fs, E) = {(e1, {a,b,d}, (e2,{a,b,d})}
is a soft a—open set , (Fy, E) = {(e1, {a,d}, (es, {a,d})} and (F5, E) = {(e1, {b, d},
(e, {b,d})} are soft gab—closed sets, (Fy, EYC(Fs, E) and (Fy, E)C(F3, E),
then the soft set (F3, E) = {(e1,{a,b,d}, (e2,{a,b,d})} is a soft gab—-closed
neighborhood of of each of its points but bcl(F3, E) = Xi(Fg,E). However,
(F3, E) is not soft gab—closed in X .

5 Conclusion

In the present, we have introduced soft generalized ab—closed and soft gener-
alized ab—open sets in soft topological spaces which are defined over an initial
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universe with a fixed set of parameters. We have presented it’s fundamen-
tal properties with the help of some counterexamples. In future these results
may be extended to new types of soft generalized closed and open sets in soft
topological spaces.
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