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Abstract

In [Dontchev J. Contra-continuous functions andosgly S-closed spaces.
Int. J. Math. Math. Sci. 1996; 19(2) : 303 — 31@ontchev introduced and
investigated a new notion of continuity called cardontinuity. Following this,
many authors introduced various types of new gdizations of contra-
continuity called contrag-continuity [22], contra-semi-continuity [7], cordr
precontinuity [21], contra-super-continuity [23¢pntra-5-continuity [3], almost-
contra-super-continuity  [14], contraprecontinuity [11], almost-contra-
precontinuity [12] and contra sg-continuity [7] angb on [13 and 33]. In this
paper, we investigate a generalization of contratowity by utilizing semi-
generalized closed sets [1].

Keywords sg-closed set, contra sg-continuous map, contrgragh, sg-Tu,
space, sg-normal space, sg-closed-compact space.
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1 Introduction

General Topology has shown its fruitfulness in bole pure and applied
directions. In data mining [38], computational atggy for geometric design and
molecular design [31], computer — aided geometegigh and engineering design
(briefly CAGD), digital topology, information systes, non-commutative
geometry and its application to particle physic®][2one can observe the
influence made in these realms of applied reselayalpeneral topological spaces,
properties and structures. Rosen and Peters B8 hsed topology as a body of
mathematics that could unify diverse areas of CA@id engineering design
research. They have presented several examptls application of topology to
CAGD and design.

2 Preliminaries

The concept of closedness is fundamental with ctsfme the investigation of
general topological spaces. Levine [28] initiated study of the so-called g-
closed sets and by doing this; he generalized thecept of closedness.
Following this, in 1987, Bhattacharyya and Laljifj introduced the notion of
semi-generalized closed sets in topological sphgaseans of semi-open sets of
Levine [27]. In continuation of this work, in 1991Sundaram et al [43] studied
and investigated semi-generalized continuous mapd aemidy-spaces.
Recently, Dontchev and Noiri [7] have defined ttencept of contra-sg-
continuity between the topological spaces. In théper, we investigate the
properties of contra-sg-continuous maps.

In this paper, spaces (%), (Y, o) and (Z,p) (shortly X, Y and Z) mean
topological spaces. Let A be a subset of a spacéof.a subset A of (%), cl(A)
and int(A) represent the closure of A and the iotesf A respectively.

Definition 1. A subset A of a space X is said to be

(i) semi-open [27] if A7 cl(int(A)).

The complement of a semi-open set is cabet-closed.
(i) preopen [30] if AZ7int(cl(A)).

The complement of a preopen set is caltedigsed.
(i) regular open [41] if A =int(cl(A)).

The complement of a regular open is caleglilar closed.
(iv) o-open [44] if it is the union of regular open sets.

The complement of &open set is called-closed

The intersection of all semi-closed sets contaiing called the semi-closure [4]
of A and is denoted by scl(A).
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Definition 2. Let A be a subset of X. Then A is called sg-clgHeid

scl(A) /U whenever A7U and U is a semi-open set.

The complement of a sg-closed set is called arpsg-set.

The intersection of all sg-closed sets containingea A is called the semi-
generalized closure of A and is denoted by sg¢iR) If a subset A is sg-closed
in a space X, then A = sgcl(A). The converse wf ithplication is not true in
general as shown in [2].

The family of all sg-open (resp. sg-closed, closety of X is denoted by SGO(X)
(resp. SGC(X), C(X)). The family of all sg-opessfr. sg-closed, closed) sets of X
containing a point X7 X is denoted by SGO(X, x) (resp. SGC(X, x), OfX, x

Definition 3. Amap f: X— Y is called :

(i)  contra-continuous [6] if (V) is closed in X for each open set V in Y;

(i) contra semi-continuous [7] iffV) is semi-closed in X for each open set
Viny;

(i) contra sg-continous [7] iff(V) is sg-closed in X for each open set Vin Y;

(iv) sg-continous [2] if f(V) is sg-closed in X for each closed set Vin Y;

(v) sg-irresolute [2] if (V) is sg-closed in X for each sg-closed set V:in Y

(vi) preclosed [16] if f(V) is preclosed in Y for eatdbsed set V in X;

(vii) irresolute [4] if f}(V) is semi-closed in X for each semi-closed set¥/

Definition 4. A space X is called :

0] a locally indiscrete [35] if each open subset asXlosed in X;

(i) semidy,-space [1] if each sg-closed subset of X is sepsed in X;

(i)  sg-connected [2] if X cannot be written as a digjanion of two non-
empty sg-open sets;

(iv)  ultra normal [42] if each pair of non-empty dispiclosed sets can be
separated by disjoint clopen sets;

(V) weakly Hausdorff [40] if each element of Xarsintersection of regular
closed sets;

(vi)  ultra Hausdorff [42] if for each pair of digict points x and y in X, there
exist clopen sets A and B containing x aneégpectively, such that A

B=g
Result 5. Let X be a topological space. Then

0] Every semi-closed set of X is sg-closed ibuX,not conversely. [2]
(i)  Every closed set of X is sg-closed in X, it conversely. [2]

Let S be a subset of a space X. Then§et //r: S//U}is called the kernel of S
and is denoted by ker(S). [32]
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Lemma 6 [10]. The following properties hold for the subsets Wf\& space X.

(1) x [7ker(U) if and only if Un F # gfor any closed set F containing x.
(2) U [Jker(U) and U = ker(U) if U is open in X.
(3) U 7V, then ker(U)Y7ker(V).

3 Characterizations of Contra Sg-Continuous Maps
Remark 7. From the definitions we stated above, we obserme th

0] Every contra-continuous map is contra sg-continuous
(i) Every contra semi-continuous map is contra Sg-CoIaus.

However the separate converses of the above raktare not true from the
following examples.

Example 8.Let X =Y ={a, b, c},t ={q@ X, {a}, {a, b}} and 6 = {@ Y, {a}}.
Define f : X— Y as f(a) = c; f(b) = a; f(c) = b. Clearly f i®mtra sg-continuous
map but it is not contra-continuous.

Example 9.Let X =Y ={a, b, c},t = {@, X, {a}, {b, c}} and o = {q@ Y, {a}}.
Define f: X— Y as f(a) = b; f(b) = c; f(c) = a. Clearly fé®ntra sg-continuous
map but it is not contra semi-continuous.

Theorem 1Q Letf: X— Y be a map. The following statements are equitale

0] f is contra sg-continuous.
(i) The inverse image of each closed set in Y is sg-opX.

Proof. Let G be a closed set in Y. Then Y\G is an opehin Y. By the
assumption of (i), f(Y\G) = X\ f}(G) is sg-closed in X. It implies that(G) is
sg-open in X. Converse is similar.

Theorem 11 Suppose that SGC(X) is closed under arbitrary sgetions. Then
the following are equivalent foramap f : X'Y.

() fis contra sg-continuous.

(i)  the inverse image of every closed set &f 3g-open in X.

(iif) For each x/7X and each closed set B in Y with #(XIB, there exists an
sg-open set A in X such thaf/A and f(A)//B.

(vi) f(sgcl(A))7ker(f(A)) for every subset A of X.

(v) sgcl(B)) Zf'(ker B) for every subset B of Y.
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Proof. (i) = (iii)): Let x 0 X and B be a closed set in Y with f(X)B. By (i), it
follows that f1(Y\B) = X\f*(B) is sg-closed and s&'(B) is sg-open. Take A = f
(B). We obtain that I A and f(A) O B.

(iii) = (ii): Let B be a closed set in Y with X f*(B). Since f(x)O B, by (iii)
there exist an sg-open set A in X containing x siheth f(A) O B. It follows that
x OA OfYB). Hence £(B) is sg-open.

(i) = (i): Follows from the previous theorem.

(i) = (iv): Let A be any subset of X. Lety ker(f(A)). Then there exists a
closed set F containing y such that f(A)F =¢. Hence, we have A f'(F) = ¢
and sgcl(A)n f1(F) =¢. Hence we obtain f(sgcl(A)) F =¢@and yO f(sgcl(A)).
Thus, f(sgcl(A)) ker(f(A)).

(iv) = (v): Let B be any subset of Y. By (iv), f(sgcl(B))) O ker(B) and sgcl(f
Y(B)) O f(ker(B)).

(v) = (i): Let B be any open set of Y. By (v), sgci®)) O f*(ker(B)) = f(B)
and sgcl(f(B)) = f}(B). We obtain that¥B) is sg-closed in X.

Theorem 12.Letf: X— Y be amap and g : % X x Y the graph function of f,
defined by g(x) = (x, f(x)) for everyX X. If g is contra sg-continuous, then f is
contra sg-continuous.

Proof. Let U be an open setinY. Then X x U is an openin X x Y. It follows
that f1(U) = g*(X x U) is sg-closed in X. Thus, f is contra sgitnuous.

Foramap f: X— Y, the subset {(x, f(x)) : X0 X} OO X x Y is called the
graph of f and is denoted by G(f).

Definition 13. The graph G(f) of a map f : X% Y is said to be contra sg-graph if
for each (x, yY7(X x Y)\G(f), there exist an sg-open set U in Xitaming x and
a closed set Vin Y containing y such that (U x(VG(f) = @

Proposition 14. The following properties are equivalent for the giaG(f) of a
map f:

0] G(f) is contra sg-graph.
(i) For each (x, y)Z7 (X x Y)\G(f), there exist an sg-open set U in X
containing x and a closed V in Y containing y stnat f(U)NV = ¢

Theorem 15.1f f : X — Y is contra sg-continuous and Y is Urysohn, G(Bantra
sg-graph in X x Y.

Proof. Let (x, y)[O (X x Y)\G(f). It follows that f(x)# y. Since Y is Urysohn,
there exist open sets B and C such that {8, y [0 C and cl(B)n cl(C) = .
Since f is contra sg-continuous, there exists anpsm set A in X containing X
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such that f(A)d cl(B). Therefore f(A)n cl(C) =@ and G(f) is contra sg-graph in
XxY.

Theorem 16.Let {Xi /i [/} be any family of topological spaces. If f : =X /7Xi
is a contra sg-continuous map, then rf : X — Xi is contra sg-continuous for
each i € |, where Pri is the projection @¥X; onto X.

Proof. We shall consider a fixedli I. Suppose Us an arbitrary open set of.X
Since Pr is continuous, PT(U;) is open imX;. Since f is contra sg-continuous,
we have by definition, Pr(U;)) = (Pr o f)(U) is sg-closed in X. Therefore
Pro f is contra sg-continuous.

Definition 17. A space X is said to be sg-$pace if every sg-closed set of X is
closed in X.

Lemma 18.Let (X, 1) be a topological space. Then sg-{U //X : sgcl(X\U) =
X\U} is a topology for X.

Theorem 19.Let (X, 7) be a topological space. Then every sg-closedssadosed
if and only if sgF=r.

Proof. Let A O sgi. Then sgcl(X\A) = X\A. By hypothesis, cl(X\A) =
sgcl(X\A) = X\A and Al t. Conversely, let A be a sg-closed set. ThenAydl
A and hence X\A sg1 =1. Hence, A is closed.

Theorem 20.Let f : X— Y be a map. Suppose that X is a ggflace. Then the
following are equivalent.

() f is contra sg-continuous .
(i) f is contra semi-continuous.
(ii) f is contra-continuous

Proof. The proof is obvious.

Definition 21. A space X is said to be locally sg-indiscrete drg\sg-open set of
X is closed in X.

Theorem 22 If f : X — Y is contra sg-continuous with X as locally sgisockete,
then f is continuous.

Proof. Omitted.

Theorem 23.1f f : X — Y is contra sg-continuous and X is sgspace, then f is
contra-continuous.
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Proof. Omitted.

Theorem 24.1f f : X — Y is a surjective preclosed contra sg-continuaite X
as sg-T, space, then Y is locally indiscrete.

Proof. Suppose that V is open in Y. Since f is congr@sntinuous, (V) is sg-
closed in X. Since X is a S, space, #(V) is closed in X. Since f is preclosed,
then V is preclosed in Y. Now we have cl(V) =wt(V)) O V. This means V is
closed in X and hence Y is locally indiscrete.

Theorem 25. Suppose that X and Y are spaces and SGO(X) isdclasder
arbitrary unions. If a map f : X> Y is contra sg-continuous and Y is regular,
then f is sg-continuous

Proof. Let x be an arbitrary point of X and V be an ogehof Y containing f(x).
Since Y is regular, there exists an open set G goMaining f(x) such that cl(G)
V. Since fis contra sg-continuous, there eXists SGO(X) containing x such
that f(U) O cl(G). Then f(U)J cl(G) O V. Hence f is sg-continuous.

Theorem 26 A contra sg-continuous image of a sg-connectedesfgaconnected.

Proof. Letf: X — Y be a contra sg-continuous map of a sg-connesppade X
onto a topological space Y. If possible, let Ydisconnected. Let A and B form
a disconnection of Y. Then A and B are clopen ¥nd AOB where AnB = @.
Since f is a contra sg-continuous map, X%y = f}(AOB) = f}(A) O f4B),
where f(A)and f(B) are non-empty sg-open sets in X. Also

f3A) n fYB) = . Hence X is not sg-connected. This is a conttamti.
Therefore Y is connected.

Theorem 27.Let X be sg-connected. Then each contra sg-canisimaps of X
into a discrete space Y with atleast two points c®@nstant map

Proof. Letf: X - Y be a contra sg-continuous map. Then X is calésesg-
open and sg-closed covering'(fy}) : y O Y}. By assumption 1({y}) = ¢@or X
foreach yO Y. If fX{y}) = ¢for all yOY, then f fails to be a map. Then there
exists only one point ¥ Y such that f({y}) # ¢ and hence™({y}) = X which
shows that f is a constant map.

Theorem 28.1f f is a contra sg-continuous map from a sg-cotegspace X onto
any space Y, then Y is not a discrete space.

Proof. Suppose that Y is discrete. Let A be a propeengty open and closed
subset of Y. Then*{A) is a proper nonempty sg-open and sg-closedesidisX,
which is a contradiction to the fact that X is sipoected.
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Definition 29. A space X is said to be sg-normal if each pairaf-empty disjoint
closed sets can be separated by disjoint sg-opsn se

Theorem 3Q If f : X - Y is a contra sg-continuous, closed, injection ahds
ultra normal, then X is sg-normal.

Proof. Let F, and K be disjoint closed subsets of X. Since f is dosead
injective, f(R) and f(R) are disjoint closed subsets of Y. Since Y isauttormal,
f(F1) and f(R) are separated by disjoint clopen sets ahd \s respectively.
Hence FO f1(V)), f}(V)) is sg-open in X for ~ i=1, 2 and

(V) n (Vo) =@ Thus, X is sg-normal.

Theorem 31.If f : X - Y is contra sg-continuous map and X is a seynsface,
then f is contra-semi-continuous.

Proof. Omitted.

4  Composition of Two Maps

Theorem 32. The composition of two contra sg-continuous mapsd ngot be
contra sg-continuous.
The following example supports the above theorem.

Example 33.Let X =Y =Z={a, b, c},1 ={g, X, {a}, {b}, {a, b}}, c={q@ Y,
{a}, {b, c}} and p ={@ Z, {a, b}}. Then the identity map f: X Y is contra
sg-continuous and the identity map g =Y Z is contra sg-continuous. But their
compositiongo f : X» Z is not contra sg-continuous.

Theorem 34.Let X and Z be any topological spaces and Y bera-$g space.
Let f: X - Y be an irresolute map and g : -Y Z be a contra sg-continuous map.
Thengof : X» Z is contra semi-continuous map.

Proof. Let F be any open set in Z. Since g is contracsgiguous, J(F) is sg-
closed in Y. ButY is senil-, space. Therefore'¢F) is semi-closed in Y. Since
f is irresolute,f(g*(F)) = (g o f }X(F) is semi-closed in X. Thus, g o f is contra
semi-continuous.

Theorem 35.Let f : X - Y be sg-irresolute map and g : ¥ Z be contra sg-
continuous map. Then g o f: XZ is contra sg-continuous.

Proof. Let F be an open set in Z. Thefl(g) is sg-closed in Y because g is
contra sg-continuous. Since f is sg-irresolutégt(F)) = (g o f)*(F) is sg-closed
in X. Therefore g o f is contra sg-continuous.
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Corollary 36. Let f : X - Y be sg-irresolute map and g : ¥ Z be contra-
continuous map. Then g o f:XZ is contra sg-continuous.

Definition 37. Amap f : X- Y is said to be pre sg-open if the image of esgry
open subset of X is sg-openinY.

Theorem 38 Let f: X - Y be surjective sg-irresolute pre sg-open andrg— Z
be any map. Thengof: X Z is contra sg-continuous if and only if g is tan
sg-continuous

Proof. The ‘if’ part is easy to prove. To prove the ‘oiffypart, letgof: X- Z

be contra sg-continuous and let F be a closed sabs Then (g o f}(F) is a
sg-open subset of X. That i&(§™(F)) is sg-open. Since fis pre sg-open, ~ f( f
Y(g*(F))) is a sg-open subset of Y. Sd(g) is sg-open in Y. Hence g is contra
sg-continuous.

Theorem 39.1f f : X - Y is sg-irresolute map with Y as locally sg-icdete
space and g : Y- Z is contra sg-continuous map, then g o f .-XZ is sg-
continuous.

Proof.  Let F be any closed set in Z. Since g is contracsginuous, g(F) is
sg-open set in Y. But Y is locally sg-indiscregé(F) is closed in Y. Hence g
Y(F) is sg-closed set in Y. Since f is sg-irreseldt(g(F)) = (g o f)*(F) is sg-
closed in X. Therefore g o fis sg-continuous.

5 Some New Separation Axioms
Definition 40. A space X is said to be :

0] sg-compact [2] (strongly S-closed [6] ) if every-aggen (respectively
closed) cover of X has a finite subcover;

(i) countably sg-compact (strongly countably S-closefl gvery countable
cover of X by sg-open (resp. closed) sets hasta Bubcover;

(i) sg-Lindel6f (strongly S-Lindeldf) if every sg-ofdessp. closed) cover of
X has a countable subcover

Theorem 41.The surjective contra sg-continuous images of sgpaxt [2] (resp.
sg-Lindelof, countably sg-compact) spaces are glso8-closed [6] (respectively
strongly S-Lindel6f, strongly countably S-closed).

Proof. Suppose that f: X5 Y is a contra sg-continuous surjection. Let{Mx
0 1} be any closed cover of Y. Since f is contracsmtinuous, then {f(V4) : o
[ I} is an sg-open cover of X and hence there exastinite subseflof | such
that X =0{f (V) : a O lg}. Therefore, we have Y £{V4:a Olg} and Y is
strongly S-closed.
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The other proofs can be obtained similarly.
Definition 42. A space X is said to be :

0] sg-closed-compact if every sg-closed cover dfas<a finite sub cover;

(i) countably sg-closed-compact if every countable cove X by sg-closed
sets has a finite sub cover;

(iii) sg-closed-Lindelof if every sg-closed cover ohas a countable sub
cover.

Theorem 43.The surjective contra sg-continuous images of eged-compact
(resp. sg-closed-Lindelof, countably sg-closed-amt)p spaces are compact
(resp. Lindelof, countably compact).

Proof. Suppose that f: X Y is a contra sg-continuous surjection. Let{\Mx

[ I} be any open cover of Y. Since f is contracemiinuous, then {f(Vy) : a O

I} is a sg-closed cover of X. Since X is sg-cldsmmpact, there exists a finite
subsetd of | such that X =3{f (V) : a O Ig}. Therefore, we have Y E{V ¢ : o

O lg} and Y is compact.

The other proofs can be obtained similarly.

Definition 44. A space X is said to be sg{B0] iff for each pair of distinct points
x and y in X, these exist sg-open sets U and Varong x and y, respectively,
such that y7U and x/7V.

Definition 45. A space X is said to be sg{B0] iff for each pair of distinct points
x and y in X, there exist WSGO(X, x) and V/SGO(X,y) such that b V = @

Theorem 46.Let X and Y be topological spaces. If

0] for each pair of distinct points x and y in X, thexists a map f of X into Y
such that f(x} f(y),

(i) Y is an Urysohn space and

(i)  fis contra sg-continuous at x and y,

then X is sg-4

Proof. Let x and y be any distinct points in X. Then,réthexists a Urysohn
space Y and a map f: X Y such that f(x)}# f(y) and f is contra sg-continuous at
xand y. Let z =f(x) and v = f(y). Then#zv. Since Y is Urysohn, there exist
open sets V and W containing z and v, respectielgh that cl(V)n cl(W) = @.
Since f is contra sg-continuous at x and vy, themetexist sg-open sets A and B
containing x and vy, respectively, such that f(A)xI(V) and f(B) O cl(W). We
have An B =@since cl(V)n cl(W) =¢. Hence, X is sgd
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Corollary 47. Let f : X - Y is a contra sg-continuous injection. If Y is an
Urysohn space, then sg-T

Theorem 48.1f f : X — Y is a contra sg-continuous injection and Y iskie
Hausdorff, then X is sg:T

Proof. Suppose that Y is weakly Hausdorff. For any ddtpoint x and y in X,
there exist regular closed sets A, B in Y such thatd A, f(y) O A, f(x) O B and
f(y) O B. Since f is contra sg-continuous(A) and f'(B) are sg-open subsets of
X such that xd f1(A), y O fY(A), x O £}(B) and yd f(B).

This shows that X is sg1T

Theorem 49.Let f : X - Y have a contra sg-graph. If fis injective, thérs sg-
T;.

Proof. Let x and y be any two distinct points in X. Thear have (x, f(y)J (X
x Y)\G(f). Then, there exist an sg-open set U ircofitaining x and E1 C(Y,
f(y)) such that f(U)n F =@ hence Un f*(F) = . Therefore, we have i U.
This implies that X is sg-T

Theorem 50.Let f : X - Y be a contra sg-continuous injection. If Y isudina
Hausdorff space, then X is sg-T

Proof. Let x and y be any two distinct points in X. Théx) # f(y) and there
exist clopen sets A and B containing f(x) and fgspectively, such that A B =

@. Since f is contra sg-continuous, théliA) 0 SGO(X) and ¥(B) O SGO(X)

such that (A) n f(B) = ¢. Hence, X is sg-T

Definition 51. Amap f: X- Y is said to be :

) perfectly continuous [36] if (V) is clopen in X for every open set V of Y;
(i) RC-continuous [7] if #(V) is regular closed in X for each open set V of

Y!

(i) Strongly continuous [26] if the inverse image oérgvset in Y is clopen in
X;

(iv)  Contra R-map [15] if (V) is regular closed in X for every regular open
setVofY;

(V) Contra super-continuous [23] if for each/X X and each F7 C(Y, f(x)),
there exists a regular open set U in X containirsgigh that f(UY/F;

(vi)  Almost contra-super-continuous [14] if(/) is &closed in X for every
regular open set V of Y;

(vii) Regular set-connected [9, 24] it(¥) is clopen in X for every regular
opensetViny;
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(viii)  Almost s-continuous [37] if for each/XX and each V/SO(Y, f(x)), there
exists an open set U in X containing x such thay f{scl(V);

(ix) (6, s)-continuous [24] if for each ¥/ X and each /7 SO(Y, f(x)), there
exists an open set U in X containing x such tha} f{cl(V).

Remark 52.The following diagram holds fora map f: XY :

Strongly continuous = almost s-continuous
Perfectly continuous= regular set-connected

RC-continuous = contra R-map
Contra super-continuous = almost contra-super-continuous
Contra-continuous = (6, s)-continuous

Contra-semi-continuous = contra sg-continuous

Remark 53. None of these implications is reversible as shawp4, Ex.3.1 and
13, Remark 9].

Remark 54. (6, s)-continuity and contra sg-continuity are indegent of each
other. It may be seen by the following examples.

Example 55.Let X ={a, b, c}, 1 ={¢, X, {a}, {a, b}, {a, c}} and o = {@, X, {a},
{a, b}}. Then the identity map f : (X1) - (X, 0) is (©, S)-continuous map
which is not contra sg-continuous.

Example 56.Let X ={a, b, c},T = {q@, X, {b}, {c}, {b, c}} and o ={q X, {a},
{b}, {a, b}, {a, c}}. Then the identity map f: (X1) - (X, 0) is contra sg-
continuous map which is ndd{s)-continuous.

Definition 57. Amap f: X- Y is called B-continuous if‘{V) is B-open in X for
every open set V of Y.

Theorem 58.If X is sg-T;, then the following equivalent for a map f - -XY :

) f is RC-continuous.

(i) f is 3-continuous and contra sg-continuous.
(iii) f is R3-continuous and contra g-continuous.
(iv) f is 3-continuous and contra-continuous.

Proof. Follows easily from the proof of [ 7, Thm 3.11].
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