A POINTWISE APPROXIMATION THEOREM FOR
LINEAR COMBINATIONS OF BERNSTEIN POLYNOMIALS
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ABSTRACT. Recently, Z. Ditzian gave an interesting direct estimate for
Bernstein polynomials. In this paper we give direct and inverse results of
this type for linear combinations of Bernstein polynomials.

1. INTRODUCTION

For the Bernstein polynomial

n k n
1.1 Bn f,.’L' = f — nk(T), nk\T) = ( >xk 11—z nika
) B =305 () e pusla) = ()41 )

Berens and Lorentz showed in [1] that
(1.2) B,(f,z)— f(z) =0 ((\}ﬁén(az))a> — Wwl(f,t) = O(tY),

where 0 < a < 1, d,(x) = p(z) + ﬁ, o(r) = Vx(l — ).
Recently, Ditzian [3] gave the following interesting result.
|Ba(f.2) — f(x)] < Cwla(f.n 2p(2)' ™), 0 <A < 1.

However, Ditzian did not consider the inverse result in [3]. We did give such
an inverse result in [6], where we obtained the following equivalence.

Bu(f,2) — f(z) = O((n"Fp(2)' ™)) = w21 (£,1) = O(t), 0 < a <2

In this paper we consider linear combinations of Bernstein polynomials, that
is
r—1

(1.3) Br,r(f,x) =) Ci(n)Bn,(f, ),

=0
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where n; and C; satisfy [5]

(@)n=mnp<ng <---<mn_1 <Kn; Z|C )| < C
(1.4) . 1
i=0 i=0
We recall that
(1.5) WA(f) = sup  sup|A7 L f(a)]

0<h<t e hip (2)€[0,1]

is equivalent to the K-functional

r . r rA (r
(1.6) K (f,1") = g<r71§21f4.cl (1f = glleo,) + "l gt )HC[O,I])'

oc

We write w;A (fit) ~ Koa(f,t"), i.e., there exists a constant C' such that
(17) CilKgo’\(fvtT) < w;)\(fvt) < CK@’\(fvtr)'

Now we state our main result.
Theorem. For f € C[0,1], 0 < a <7, 0 <\ <1, we have

(18)  Buy(f.2) = f(2) = O((n" 20, M(2))?) <= win(f,t) = O(t*),
Remark. In the case r = 1 and A = 0 our result is (1.2) of Berens and
Lorentz [1].

2. DIRECT THEOREM

In this section we prove the direct part of (1.8). We need the K-functional
(see [5], p. 24):

1 N7 Ty : . i A (T) r/(1 (r)
1) Falft)= it (I =gl + 210+ 0/0-Dg0),

which is also equivalent to wl, (f,1).

Theorem 1. For f € C[0,1], 0 <A <1,

(2:2) B o (fo2) = f(2)] < Awr (f,07 20, (2)' ),

Proof. By (2.1), we may choose g, = gn...» for a fixed z and A such that
(2:3) If = gnll < Arwln (£, 2807 ()),

(2.4) (=205 @) [l g < Azw;x(f,n‘%&”(w)),

(2.5) (n=265 () VgD || < Agwin (f.n 20k ().

We recall that [5, p. 134]
(2.6) Bu,((-—2)* 2)=0, k=1,2,---,7r—1
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and that [5, p. 138]

Bo((- =), w) = Y T g (),

where ¢, (x) are fixed bounded polynomials. Therefore
(2.7) Bo((- — )Y, z) < Mn™75% ().
From the definition of the B, , we have

| Bur(f,2) = f(2)] < B (f = gn, ©)| + £ (@) = gn(2)| + | Br,r (90, ) = gn(2)]

(2'8) < (C + 1)||f - gn” + ’Bn,r(gmx) - gn(x)|

As in [4, Lemma 5.3], we obtain

t — r 1
29 |- < [T [t
t — r—1 t
210) | [ wr g < (S5 e .

Using (2.6), (2.7) and (2.9), we get
| Bn,r(gn, @) — gn(2)]

- B"’r((r—ll)! /:(t — )" g (u)du, )

1 [t — x|
< ) A (1) _ < )
(211) — pard ’CZ(n)‘Hén gn HOO(T‘ . 1)'an 55)\(‘1,) y L
r—1
< > 1G5 9 o6, @) Min 287, ()
=0

< CM B0V @)
Similarly, by (2.10) we have
(2.12) | B (gn, %) = gn(@)| < CMin~ 267 ()0~ (@) [l
If x € E, = [+, 1— 1], then 6,(z) ~ ¢(z), and, by (2.4) and (2.12),

- T, A (T
1By (gn, ) — gn(@)| < Ma(n™205 2 (2))" [0 g

(2.13) BT
< MaAgwis (f,n” 26, ().
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If z € B = [0,2)U(1 — 1,1], then 6,(z) ~ ﬁ, and by (2.4), (2.5) and
(2.11) we obtain
B (g @) — ga ()] < Ma(n= 2652 (@) (I gD + [In~ 2 1))
< May((n™ 265 (@) [l
+ (7205 (@) VD))
< MWl (f,n7 207 ().
From (2.3), (2.8), (2.13) and (2.14) we get (2.2). =

(2.14)

3. INVERSE THEOREM

In this section we prove the inverse part of (1.8).
Theorem 2. For f € C[0,1], 0<a<r, 0 <A<, if

|Bur(foz) — f(a)] < B(n~ 361 (a)
then
(3.1) Wwir(f,1) = O(t*).

To prove Theorem 2 we need some new notation and some lemmas. We use
the following notation.

Co={f €C0,1], £(0)=f(1)=0},
Iflo= sup [653D (@) f(2)l,

z€(0,1)
CY={f €Co, |fllo < oo},
Il = Sup) or e () f) (),

z€(0,1
O} = {f € Co, |Ifllr < o0, f""V € ACioc}.
For f € Cy we define the K-functional as follows:
(3.2) KX (f,t") = inf {[[f —gllo +t"llgll-}.
geOA

We also need the following lemmas which will be proved in the next section.

Lemma 3.1. Ifne N, 0 < «a <r, then

(3.3) IBufllr < Bin| fllo (f € CY).
and
(3.4) IBufllr < Ballfllr  (f €CR).

Lemma 3.2. For0<t<8, H<r<1-% and0< 3 <r, we have

(3.5) /

Now we prove (3.1).

B+ Z ug)duy - - - du, < C(B)t78,° (x).

t t
2 ) k=1
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Proof of (3.1). Since B,(f, ) preserves linear functions, we consider only
feCoforr>1. If r=1, f(x) =ax+bthen w}pk(am—i—b,t) = ap(z)t <
at® (0<a<l).

So, we may assume f € Cp. From (3.2) we have

(3.6) KX (f:1") < 1Bnw(f) = fllo + " [| Bpyr flr
and we may choose g € C} such that

_1 _r a _1
(3.7) If —gllo <2KX(f,n"2) and n7zlgl, <2KJ(f,n"2).
By the assumption of Theorem 2, one has
(3.8) 1Bnr (f,2) = f(@)lo < Bn™%.

Using Lemma 3.1 and (3.7) we have

| B (Ollr < B (f = 9 llr + | Brrgll

(3.9) <Mz f—glo+llglr)
< 2Mn2K{(f,n"%).

From (3.6), (3.8) and (3.9) we obtain

KS(ft7) < My(n™% +'n2 KR (f,n" %))
and this implies, via the Berens-Lorentz lemma [1], that if & < r then
(3.10) KS(f,t") < Mat®.
On the other hand, notice that 53(1_>\)(CC) is concave. So, we have, for g € C7,

A7 79| < llglo Y- () 50V (a4 - Dt @)
(3.11) o \J 2
< llglo2" 05"~ ().

Using Lemma 3.2 for g € C%, 0 < tp(z) < 8%‘ and %A(x) <z<l-— 7“75%4’7;(%)7

we have

8 0)9()
Lo () Lo a)
—5¢M @) A )
57 (@)
(312) <. [°
—5¢*(2)

Lot (x)
/ 6;T+°‘(1_)‘)(:c+u1 + - 4 up)dug - - duy
(

< Mst" " ()8, "+ (@) |lgll, < Mat"62 7" ()| gl,-
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From (3.9)-(3.12), 0 < tp*(x) < &, "0 < 5 < 1@ 45 by

choosing an appropriate g, we have
[0 @) < Ao (F = @)+ |Afsy0()
< M5y (@) {1 = gllo +t7“6:;“ ()llgl }

tT‘
< 2M6 N K§ ( 1, )
AT 50N ()
ot
1= ()

< 2M62 0N ()

= M5t
The proof of (3.1) is complete.
4. PROOFS OF THE LEMMAS
Proof of Lemma 3.1. We first prove (3.3). Suppose that E,, = [%, 1-— %}
For x € ES = (0, 1) U(l — 1.1), we have [5] by Hélder’s inequality

‘n

BO (. \—| ,Z Kot (5) pura(o)
<Ln7“|nyoani ( )5“0 A (k”r;_j) Pn—rk(T)

k=0 7=0

a(l-=X)/2r

n—r r

- LlnerHO (Z Zer <k+7:_j> Pn— rk( ))

k=0 7=0
For n > 4r we have
n—r k+1

kz:;) ‘PQT (TL)pn—r,k(x)
(£ 8 ) (e

k=0 k=2r+1 k=n—3r+1
=11 + Is + Is.
Obviously I; + I3 < 2((3r + 1)!)"/n" and, by simple computation, we have

L= "i (k;:l) (n—:—1)r . (nT—TZ:!)!klxk(l_x)nrk

k=2r+1

ni?fr (n_r)_..(n_Sr—i—l)' (k"‘l)r

=27 (1 =2)"
(1 - ) n2r k-o-(k—r+1)

k=2r+1
(n—k-1)"
n—r—k)--(n—2r—k+1)
<2x 2" x 37 (z).

Pn—3rk—r ($>
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By this and 62 (F7=9) ~ 2 (EHL) 4 (1) one has

B (f,2)| < Lan” | flo05 " ().

Recalling that « € ES implies d,,(z) ~ see that

1
T, we
(4.1) 50D (@) | B (f,2)| < Lan? | fllo-
For x € E,, we use the expression (cf. [5])

BO)(f,2) = (o(1 - 2)) Zszn Z(i—x)if(fl)pn,k(m

k=0

with Q;(n, z) a polynomials in nx(1—x) of degree [(r—i)/2] with nonconstant
bounded coefficients. Thus,

(r+14)/2
n ) for x € E,.

z(l—x)

If z € E, then 6,(z) ~ ¢(z) and, recalling that 62(£) ~ ¢?(£) + 1 we have
by using Holder inequality twice

|(2(1 = 2) 7 Qiz,n)n'| < Ly (

. r (r+1)/2 n Lk i ol k
B ] < 13 (=) S| o 8207 () puata) £l
<3 () (2 (5-e) pu)
=0 k=0

(5 (2 () o)

Proceeding as in (4.1), we obtain
n k 1 T
S (¢ (5)+3) pusto) < Co¥ @),
n n
k=0
It is known that for m € N [5]

zn: (S - fE) 2mPn,k(ﬂf)

k=0

< Len "@?™(z) for x € E,.

Consequently, with z € E,,, d,(x) ~ ¢(z) and

r (r4d)/2 [, 2 3
] <o) () (Fa) e

(4.2) = 1) r/2 "
< Lo(r+1) (JZ@) "0 (@) o

Hence, using d,(z) ~ ¢(x) we obtain (3.1) for z € E,. We complete our
proof by using (4.1) and (4.2).
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Proof of (3.4). We recall that [5]

(43) O] <3 |85 7 (5)] pucrate
k=0

For 0 < k <n—r, by [5, p. 155],

k k k k
(-5 en(t o) (1-5 ). oyt
n n n n n

therefore 6, (%) < Ri4, (% + y) . Hence we have, as in [5],

r

'AT ) < Ron~ 7”H/ ik (k—i-u) du
0 n
(1.4 < Ron Pl [0 (2 ) d
—-Tr -Tr Oé k
< Ron U, S0 ().

For k = 0, note that u € (0, 7-) implies 6, (u) ~ ﬁ Thus, we have

K470 < 7o [T w0 Wl
n 0

< RS”f"TAn ur7165T+a(17)\)(u)du

< R4n—(r+a(1—)\))/2‘|f”r‘

(4.5)

Similarly for k = n — r we have

= n—r —(r+a(l—
(4.6) K% f(F—=)| < Ryn 02 g
From (4.3)-(4.6) we get, with 8,(%) ~ 5n(nﬁi2)’
5,70V (@) BY) ()|
. o e —rta(-1)
ap S Ren 1 £1lr65 A1 () [n > (Pnr0(®) + Pr—rm—r(2))

n—r—1

+ n—'r&gr—s—oz()\—l) @ S— ] )
’;1 (n) Pr—rk(T)

[2])

1

By a simple computation, it is easy to get (cf. [2

n— n)r
Z 7 pn—r,k:(x) < 077
=1 <k X

and
1
(1 —a)

nfl <n ﬁ

<
& k‘) pn—r,k(x) = C

—_
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Hence
n—r—1
k
> o (5 pamrsla)
(48 k=1 "
. n—r—1 n\" n r
<2 ) ((k) +<H> )pn_nk@)ngm@.
k=1

Note that 5n(%) ~ max{«p(%), ﬁ}, and that by (4.7) and (4.8) we have

50D (@) BY ()|

< Rgllf 116, (2) [m (Pr-r0() + Pr—rn—r())

r—a(l—X)

n—r—1 k 2r
+ > 552”( )pn—r,k(x)]
k=1

n

r—a(l—X\)

n—r—1 Bl
< Rel £ 1,870 a) (mm{nﬂ > o (5) pnr,m)})
k=1

< Rg||f -6, ()8, 70N (@) = R |-

Now we have proved the inequality (3.4). This finishes the proof of Lemma
3.1.

Proof of Lemma 3.2. It is known that, for 0 < t < 8%, %t <zr<l1l-— %t
(cf. [7]),

t t
/zt ”./215 o (x4 ur + - Fu)duy - du, < Co " (2).
2 2

Using this and Hoélder’s inequality we obtain

t t
/2 Sl 5N (g fouy 4wy duy - - duy

t
2

[SIES

r—a(l—X\)

i3
"/2 min{¢_r($+u1+---+uq«),ng}du1-~-du7ﬂ) te1=2)

r—a(1-X)
< Oy (tr min {gofr(x), na }) o pe(1=A)

< CBtr(S;T—i-a(l—)\) (:E),
which is the stated result.
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