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By means of a variational structure and Z,-group index theory, we obtain multiple pe-
riodic solutions to a class of second-order nonlinear neutral delay equations of the form
Xt —1)+A() f(t,x(8),x(t — 7),x(t — 27)) = x(t), A() >0, 7> 0.
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1. Introduction

Recently, the existence and multiplicity of periodic solutions for second-order neutral
delay equations have received a good deal of attention (see, e.g., [3, 4, 7]). In [4], Wang
and Yan studied the second-order neutral delay equation

[x(t)+cx(t—T)]”+g(t,x(t—0)) = p(t), (1.1)

where 7, 0, and ¢ are real constants with 7 >0, 0 >0, [¢| < 1, g(t,x) is a T-periodic
function for ¢ >0 and, for an arbitrary bounded domain D C R, g(t,x) is a Lipschitz-
function on [0, T] X D. Moreover, p € C(R,R), p(t+T) = p(t) and foTp(t)dt = 0. They
obtained sufficient conditions which guarantee the existence of at least one T-periodic
solution for the above system.

However, for the existence of periodic solutions of functional differential equations,
previous authors have used, mainly, fixed point theory, coincidence degree theory, Fourier
analysis, and so forth. They have rarely used critical point theory. In [5, 6], the authors ob-
tained multiple periodic solutions for a class of retarded differential equations by means
of critical point theory and Z,-group index theory. These results were obtained by reduc-
ing retarded differential equations to related ordinary differential equations.

The purpose of this paper is to establish a variational framework with delayed vari-
ables for a class of neutral differential equations. Unlike the papers [5, 6], our approach
enables us to obtain by critical point theory and Z,-group index theory the existence of
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2 Periodic solutions of neutral delay equations

nontrivial periodic solutions to such equations without reducing them to ordinary differ-
ential equations. To this end, we give below some preliminary material about Z,-group
index theory and critical points.

In what follows, E is a real Banach space with norm || - ||.

Definition 1.1. A “critical point” of f € C!(E,R) is a point x € E for which f'(x) = 0. A
“critical value” of f is a number ¢ such that f(x) = ¢ for some critical point x. The set
K ={x€E]| f'(x) =0} is the “critical set” of f. We denote by K, theset {x € E | f'(x) =
0, f(x) = c}. The “critical level” set f. of f is defined by f. = {x € E | f(x) < c}.

Definition 1.2. Let f € C'(E,R). We say that f satisfies the “Palais-Smale” condition if

every sequence {x,} C E such that { f(x,)} is bounded and f'(x,) — 0 as n — o has a
convergent subsequence.

We say that a closed symmetric set A C E satisfies property % if, for some n € Z*, there
exists an odd continuous function ¢ : A — R"\ {8}. Let Ny C Z be defined as follows:
n € Ny if and only if A satisfies property % with this #.

Definition 1.3. Let E be real Banach space,and > = {A | A C E\ {0} a closed, symmetric
set}. Define y: > — Z" [J{+0co} as follows:

minNA lfNA -7‘/= @,
p(A) =10 ifA =0, (12)
+00 ifA+ @, butNy = Q.

We say that “y is the genus of >..” We let i1 (f) = limy— o p(fz) and i>(f) = lims— o y(fa)-

LemMma 1.4 (Chang [1]). Let f € CY(E,R) be an even functional which satisfies the Palais-
Smale condition and f(0) = 0. Then
(F1) if there exists an m-dimensional subspace X of E and p > 0 such that

sup f(x) <0, (1'3)
x€XNS,

then we have i (f) = m;
(F,) if there exists a j-dimensional subspace X of E such that

inf f(x) > —oo, (1.4)

xeXt

we have i,(f) < j.
Ifm= j and (F,), (F,) hold, then f has at least 2(m — j) distinct critical points.

In this paper, we use Lemma 1.4 to show the existence of multiple periodic solutions
of the following second-order neutral delay equations:

x"(t—1)+A0) f(6x(8),x(t — 7),x(t —27)) =x(t—17), At) >0, T>0. (1.5)

Our basic assumptions are the following:
(Al) f(t,X1,x2,X3) € C(R4)R)) and af(t>xl>x2)x3)/at :/é 0)
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(A;) there exists a continuously differentiable function F € C!(R3,R) with such that
F, (t,u1,uy) + F, (t,uz,us) = f(tu1,u2,u3); (1.6)

(A3) F(t+1,u1,up) = F(t,u1,uy) for all uy,u; € R, and A(t) is T-periodic in t.
(A4) F satisfies: F(t,—uy,—u,) = F(t,u1,u,), and

f(t,—ur, —uz,—uz) = — f (t,u1,uz,u3). (1.7)
By assumption (A;), we have
F, (tx(t—1),x(t = 27)) + F,, (t,x(t),x(t = 7)) = f(t,x(t),x(t — 7),x(t - 27)).  (1.8)
Thus, under assumptions (A;)—(A4), we only need to study the following equation:

X'(t—1)—x(t— 1)+ AMO)[Fy, (6x(t — 1), x(t — 27)) + F, (6,x(2),x(t — 7)) ] = 0. (1.9)

2. Variational structure

Fix y >0, 7 > 0, and consider

H),={xe L*[0,2y7] | x(t) is a continuously differentiable 2yz-periodic function in ¢}.

(2.1)
It is obvious that Hzly, is a Sobolev space with inner product and norm defined by
2yt
oy, = | Iy +x 0y @),
0 2.2)
2yt 5 5 1/2 ( :
i, = | [ [0+ ¥ @1 ]dt| vy eHd,
0
Moreover, x € Hzlyf can be expressed as follows;
x(t) = ap+ Z (akcosk—ﬂt+bksink—ﬂt>. (2.3)
k=1 re re

Let us consider the functional I(x) defined on Hzlyr as follows:

2yt
I(x) = Ly 5 (15 OF+ 1x017) - A0F@xOxe-) |a. @4
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Forallx,y € Hzlyr and & > 0, we know that

297
I(x+ey) =1(x) +£Ly [x(t)y(t) +x" ()Y ()

—A(t)(F,, (t,x(t) +€0(t) y(£),x(t — 7)) y(1)
+F,, (t,x(t),x(t — 1) +e0(t)y(t — 1)) y(t — 7)) ]dt

82 2y1 5 ) 5 1
+5L [}’ "+ |y (0] ]dt Vx,y € Hy, 0<0(8) < 1.
(2.5)

It is easy to see that

29T
(I'(x),y) = Ly [x"()y"(t) + x(t) y(t) = A(t)Fy, (t,x(),x(t — 7)) y(t)
—AMt)F,, (t,x(t),x(t — 7)) y(t — 7)]dt.

(2.6)

By the periodicity of F(t,u;,u,), A(t), x(t), x(t — 7), and y(t), we get

2yt 2y-Dr1
ABF,, (t,x(t),x(t — 1)) y(t — 7)dt = I A(t+1)F,, (t+7,x(¢ +7),x(1)) y(¢)dt

-T

= 2YT)L(t)F,;2(t,x(t+T),x(t))y(t)dt.
’ 2.7)
Hence,
2yt
(I,(X),y> _ J;) [_x//(t)‘f‘x(t)—)L(t)(F,;l(t,X(t),X(t—T)) (28)
+F,, (t,x(t+71),x(1))) | y(t)dt.

Therefore, the Euler equation corresponding to the functional I(x) is

x"(t) —x(t) + A(t)[F,, (t,x(t),x(t — 1)) + F, (t,x(t +1),x(¢))] = 0. (2.9)

It is easy to see that (2.9) is equivalent to (1.9). Thus, system (1.9) is the Euler equation of
the functional I(x). It follows that it is possible to obtain 2y7-periodic solutions of system
(1.5) by seeking critical points of the functional I(x).

3. Main results

THEOREM 3.1. Let assumptions (A1 )—(A4) be satisfied and assume, further, that the function
F(t,uy,u,) satisfies the following:

(C1) F(t,0,0) =0, Vt € [0,7];

()

F(t,ul,uz)
im ————=
-0 |ul?

=1, (3.1)

where |u| = \Ju} +u3;
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(Cs) there exists a > 0 such that F(t,uy,u,) < 0 whenever u? +u3 > a, t € [0,7].
Let m = minye(o,,) A(t) > 0. Then, for
n(n +y*1%)

m > ““‘ia;;i““*, (3.2)

problem (1.5) has at least 2n nontrivial 2yt-periodic solutions.

It is not difficult to see that x(¢) is a solution of system (1.5), then —x(t) is also a
solution of system (1.5) by assumption (A4), that is, the solutions of system (1.5) is a set
that symmetric with respect to the origin in Hzlyr. On the other hand , if we let #(t,x) =
F(t,x(t),x(t — 1)), it is easy to see that #(t,x) is an even function in x, so I(x) an even
function in x and we can show that Theorem 3.1 holds by Lemma 1.4.

In order to exploit Lemma 1.4 to find the critical points of function I(x) in (2.4), one
need to verify all the assumptions. First of all, we point out that the functional I(-) defined
on H%YT satisfies the Palais-Smale condition, that is, we have the following lemma.

LemMa 3.2. Under assumptions (A1)—(As) and the conditions (C,)—(Cs), I(u) satisfies the
P.S. condition.

Proof. Let {u,} C Hzly, and the constants ¢y, ¢, satisfy

a1 <1(u,) <c (3.3)
I'(u,) — 0 (n— o). (3.4)
The above equality is equivalent to
2yt 1 , ) )
o< j [E<|un(t)| F lua(0)]7) = MOF (t100(8), (8~ r))]dt <a (35)
0
2yt 2yt
sup ‘ J [, (V' (1) + un()v(t)]dt — | MOF,, (tun(t), ua(t — 7)) v(t)dt
0 0
2yr (3.6)
- [ AOEL e+ D)0t | — 0 — ),
0
where v(t) € Hzlyp [lv]l = 1. Inequality (3.6) is equivalent to
2yt 2yt
sup | [ [0 () + (OOt = | AOF, (6 (0,1 = ) w1
0 0
2yt (3.7)
- ABF,, (tun(8),u,(t — 1)) v(t - T)dt' —0 (n— o)
0
with v(t) € Hy,, [Iv]l = 1.
Letting z,, = I'(u,) and &, = ||z, ||, we have &, — 0 as n — oo.
Replacing v by u, in (3.7), we have
5 2yt ,
il = [, DO (a0 = )0 .

+MOF,, (6un(t),un(t — 1)) ttn(t — 1) ]dt + (2, ).
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By condition (Cs), we know that F(t,u,(t),u,(t — 7)) has an upper bound. Thus, by

max F (¢, u,(t),u,(t — 1)) = max F(t,u1,ur) =R >0, (3.9)

(tur,u2)E[0,7] X [—ao,a] X [—a,a]

we get that fozyTF(t, u,(t),u,(t — 7))dt < 2y7R. Let M = 2y7R, Q = max;e[oA(t) > 0,
then

2yt
() = Ly [%(|u;(t) 2 () 2) = MOF (b0 (0), 0~ T))]dt o

1 2
> Sl - QM.

By (3.5) and (3.10), it is easy to see

lluanl [, = J2QM +2¢;, (3.11)

that is, [|u,|f; , is bounded.

Since H,,, is the Hilbert space of all continuously differentiable 2y7-periodic functions
and for a continuously 2y7-periodic functions convergence sequences {x,} converges to
a 2y7-periodic function, it is not difficult to proof that conjugate space of HzlyT is

Hzly*T = {x(t) € L*[0,2y7] | x(t) is continuously

. . . oo (3.12)
differentiable 2y7-periodic function in t}.

Since Hzlyf is a reflexive Banach space, that there exists a subsequence of {u,} which is
weakly convergent in HzlyT. We denote, again, by {u,} and suppose that u, — ug in HzlyT
asn — oo,

By (3.8) and the boundedness of ||, ||, we get

2yt
linllig, = [ AOF, (60,10t = )t (0
VT 0

2yt

- ABF,, (tun (), un(t — 1)) un(t = 7)dt — 0 (n— ).
0

(3.13)

On the other hand, the weak convergence of {u,} of H2]y1 implies the uniform conver-
gence of {u,} in C([0,1],R)(see [2]). Hence,

291
lsallZy — JO " NOE, (bunt), it — ) un(1)dt

2yt

+ | ABE, (Lua(t),un(t — 7)) un(t —7)dt  (n— o).
0

(3.14)

This means that [|u,| is convergent in Hzlyf, that is, the function I satisfy P.S. condition.
O
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LemMA 3.3. Under assumptions (A1)—(As) and conditions (Cy)—(Cs), there exists an n-
dimensional subspace E, 0fH21yT and p > 0 such that

sup I(x) <0, (3.15)
x€E,NS,
that is, we have i) (f) = n.
Proof. Let fi(t) = (yt/km)cos, (kn/yT)t, k = 3,...,M,..., then
2yt ) YZTZ 2yt , )
| 1B e = E oy, L B0t = y. (3.16)

We define the n-dimensional linear space E,, as follows:

E, = span{Bi(1),f2(t);....Ln(t)}. (3.17)

Obviously, E, is symmetric. Suppose that p > 0. Then

E.()S, —{zbkﬁk Zbky7(1+](2§> :pz]». (3.18)

On the other hand, we may choose € > 0 such that 0 < & < (mn*n2/y*12)(2y*1%/n? — (n> +
y212)/m). Then, by condition (F,), we know that there exists > 0 such that

MOF (6,x(8),x(t = 1)) = (M) =) [ [x(0) | + [ x(t = 1) ]

(3.19)
= (m—e)| |x(0)|"+ [x(t—1)|] vte[0,2y1],

whenever (||lx,(t)[1& + llx(t = Tl1&) < 8, where [|x,(£)|&: = maxo<;<ayr |x(¢)]. Thus, when
we choose p = §, we get, by the periodicity of x(t), x(t — 1),

I(x) = jjw |5 (15O + 1x017) = A0 Ftx(0,x(~ ) |ae

291
(m—e)Ly [1x(6) |2+ | x(t —1)| 2]dt

2.2
] S
koy‘rbk<1 + k2ﬂ2>
1 n 5 ﬁ - B J»Zyr 5
< zkz_oyrbk<1+k2ﬂ2 2m=e) | =] de
L i iz Y P (3.20)
SE;)/Tbk 1+W —2(1’”—8)2)1‘[ka
=0 k=0
1 & yAr? n Y272
< Ekzoyrbi <1 + 7) —2(m—s)k:0yrbﬁ "

myt ( n?+y*7? 4y212 y27?
< — <0 Vxe€E,[ ]S,
2m? ( m 2 mmn? * M

that is, Lemma 3.3 holds true. O
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Remark 3.4. The above equality makes use of

n? (% + p*12) mn2m? (2)/212 s +y212>. (3.21)

m>————= 0<e<
4yr2 7 Y272 n? m

From (3.10) we know that I(x) has a lower bound, that is, i,(I) = 0. On the other hand,
by condition (C, ), we get I(0) = 0. So, by Lemmas 3.2 and 3.3, we obtain Theorem 3.1.

Example 3.5. Let
. t
F(t,uy,uy) = ud +uj — [1+s1n2ﬂ7](u%+u%)2. (3.22)

Then
F, (t,x(t —1),x(t —21)) + F,, (t,x(t),x(t — 7))

—ax(t—1) - [1 + sin’ ”{] (402t — 1)+ 22(t — 20))x(t — 7)

3.23
+4(x2 () +x2(t—1))x(t — 1)) (3:23)
=4x(t—1) — 4[1 +sin? ﬂ?t] (x2(t) +2x%(t — 1) + x%(t = 27) ) x(t — 7).
Let
fi(tx(t),x(t — 1), x(t - 21))
3.24
:4x(t—r)—4[1+sin2ﬂ7t](xz(t)+2x2(t—T)+x2(t—21))x(t—T). (3.24)
It is easy to see that fy(t, —uy,—uz, —u3s) = — fi(t,u1, s, u3) and
2, .2 -2 2 2)2
. F(t,uy,uy) i A +u; [1+51;1 (ﬂ;f/f)](u1+u2) . (3.25)
lul-0  |ul? lul—0 ut +u3
Since
F(t,u,uy) <0, Vte[0,7], (3.26)

whenever u% + u% > 1, all the conditions of Theorem 3.1 hold true. By Theorem 3.1, we
get that the problem

X't —=1)+A@) filt,x(8),x(t — 7),x(t — 27)) = x(t — 1), (3.27)

with A(t) continuous and positive, has at least 2n nontrivial 2y7-periodic solutions when
m > n*(n? +y*1?)/4y1?. Where m = minse(o ] A(£).
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