ON THE RATE OF THE VOLUME GROWTH FOR
SYMMETRIC VISCOUS HEAT-CONDUCTING
GAS FLOWS WITH A FREE BOUNDARY

ALEXANDER ZLOTNIK

Received 6 June 2005; Accepted 10 July 2005

The system of quasilinear equations for symmetric flows of a viscous heat-conducting
gas with a free external boundary is considered. For global in time weak solutions hav-
ing nonstrictly positive density, the linear in time two-sided bounds for the gas volume
growth are established.
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1. Introduction

We consider the system of quasilinear equations describing symmetric flows of a viscous
heat-conducting perfect polytropic gas [1]

ne = ('), (1.1)

Ve = rkax, (1.2)

ey, = (rkm) +o(rkv) - 2ku(r*1v?) , (1.3)
=", (1.4)

o=vp(r*v), —Rpl, m=3prk,, p= %, (1.5)

in the domain Q := Q X R* = (0,M) X (0,0). The system is supplemented with the
boundary and initial conditions

V]x—0 =0, (0—2ky£> M=O, (rkrr)|x=0)M=0 fort >0, (1.6)
e

{7,v,0,7}H =0 = {7°(x),v°(x),0%(x),r°(x)} forx € Q. (1.7)

The parameter k takes the values 1 or 2 accordingly to the cylindrical or spherical sym-
metry.
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2 The rate of the volume growth

The unknown functions # >0, v, 6 = 0 and r = r; depend on the Lagrangian mass
coordinates (x,t) and denote the specific volume, the velocity, the absolute temperature
and the Eulerian coordinate that is the radius of a gas particle. The functions p, 0 and —n
are the density, the stress and the heat flux. We consider flows around a hard core so that
1o > 0 is its radius, and the internal boundary (x = 0) is one with the core. The external
boundary (x = M) is free; both boundaries are thermally isolated, see (1.6).

The quantities v > 0, 4, R > 0, ¢y > 0 and »¢ > 0 are physical constants; M > 0 is the total
mass of the gas. We impose the standard condition on the viscosity coefficients v and p

v1:=v—£y>0. (1.8)

0

The initial function #° is not arbitrary but rather connected to 7° by the physical rela-

tion
(ro)kﬂ(x) = r§+1+(k+l)an0(f)dE for x € Q. (1.9)
0

In the simpler case of the planar symmetry (k = 0), the asymptotic behavior of solu-
tions was studied in detail in [5] and more recently in [6, 7] for other boundary condi-
tions. In the case of the spherical symmetry, some results on the growth of the (scaled)
gas volume V (t) := [ 1(x,t)dx as t — oo are available in [2].

We prove the sharp result establishing the linear growth of V both in the cases of the
spherical and cylindrical symmetries like that for the planar one. In contrast to [2, 5-
7], we treat essentially more general global in time weak solutions to the problem whose
density is non-strictly positive only.

2. Results
We introduce the integration operators

M

Iz(x):= J zZ(&)dE, TI*z(x):= J z(§)d¢  forz € L'(Q). (2.1)
0 X
They are connected by the identity
J (Iz1)zdx = I z1I*z,dx  forany z1,z; € L'(Q). (2.2)
Q Q

Let V,;(Qr) be the space of functions w € L (Qr) having the derivative w, € L1(Qr), for
q=1,2and Qr := Q x (0, T); recall that [|wllasqr) = lllIwllzac)lls0,1)> for g,s € [1,00].
We study global in time weak solution to the problem (1.1)—(1.7) such that:
(1) the properties

e € L2(Qr),s %eLW(QT), v eV (Qr),

6 e Vi(Qr), 7,11 € LY (Qr)

(2.3)

together with 7 >0, 8 = 0, r = ry (almost everywhere in Qr) and v|,—o = 0 are valid;
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(2) equations (1.1) and (1.4) together with the initial conditions #7],—¢ = #° and r|;,—¢ =
are satisfied;
(3) the integral identities

70

T
J { — v+ o(rkq))x}dxdt = J v0<p|t:0dx+2k‘uj (vrk=1) lx=m@lxepdt, (2.4)
T Q 0
for any ¢ € H'(Qr) with ¢|x—o = 0 and ¢|;—r = 0, as well as
J { — ey Oy, +rkmy, — [o(rkv)x - 2ky(rk*1v2)x]1//}dxdt = I cv0yl—odx, (2.5)
Qr Q

for any y € C'(Qr) with y|i—r = 0, are valid, where relations (1.5) are assumed to hold.
Hereafter T > 0 is arbitrary and it is assumed that #° € L'(Q),+° € L?(Q), 8° € L' (Q)
as well as #° > 0 and 6° > 0 (almost everywhere in Q).
We have to justify correctness of the definition of the weak solution. First notice that
actually # € L (Qr) and r € L®(Qr) according to properties (2.3). Next, we recall that
(1.1) and (1.4) together with relation (1.9) imply the following relation between r and 4

= (k+ DI (2.6)
In particular, actually r > ry and pr, = r~*. Consequently
o = p(vrfv, — RO) +vkr v € 1*(Qr), (2.7)

where the embedding V,(Qr) C L*(Qr) is taken into account. Moreover, for any ¢ €
V>(Qr), we have

o(rke) = arke, + kr~ ! (vr*v, — RO) @ + vK*r* 21 v, (2.8)

and since V»(Qr) € L=*(Qr) [4], we obtain

o(r'p), € L'(Qr). (2.9)
If in addition ¢, € L>*(Qr), then
a(r*e), € L"*(Qr). (2.10)
Furthermore
(rF12) = 2rk v+ (k= Drf2rv? € LY2(Qr). (2.11)

Consequently identities (2.4) and (2.5) are well-defined.
Notice also that

on = vr*ve — RO+ vkr vy € LY (Qr). (2.12)

Concerning the existence of strong and weak solutions, see in particular [1, 3, 8].



4 The rate of the volume growth

We will need the energy conservation law. Let us set or := 2ku(v/r)|<-; notice that
or € L4(0, T)

LemMA 2.1. The total kinetic energy (1/2) [ v*dx and the total internal energy [, cv6dx
are absolutely continuous functions on [0,T] for any T >0 having the derivatives

Al oae__ — o) (K EJ' _ J _ K
72 JQV dx = J;)(g or)(rv), dx, i chﬁdx— Q(cr or) (r*v) dx.
(2.13)
Consequently the total energy conservation law holds
%:=J (%v2+cve>dx5%0 onR", (2.14)
Q

where €° := [ ((1/2)(v°)? + ¢y 0°)dx is the total initial energy.

Proof. Though results of the stated type are known, we prefer to present an independent
proof.

(1) We first notice that if a function w € L?(Qr) has the derivatives wy, (I*w); €
L2(Qr) and wl|x—o = 0, then the function [, w?dx is absolutely continuous on [0, T] and
has the derivative

a J wldx = ZJ (I*w) ,wydx. (2.15)
dt Jo Q
Actually, under the additional condition w; € L2(Qr), by exploiting identity (2.2) we

have

t

153
ZJ J (I*w)thdxdt=J w?dx (2.16)
v Jo Q

I3}

forall0 <t <t < T.In the general case, by applying (2.16) for w mollified with respect
to t and passing to the limit there, we establish (2.16) for almost all #; and #, such that
0<t; <t, <T.Thisleads to (2.15).

(2) We rewrite identity (2.4) in the form

J ! { —vgi+ (0 —or) (rk(p)x}dxdt = J;) Voli—odx. (2.17)

Since (rk@), = rkg, + (r*) ¢, by choosing ¢ := I{ with { € C'(Qy) having {|;—or = 0 and
applying (2.2), we get

j [ = (I )G+ (0 - o) ¢+ 11 [(0 - o) (), 11 Jxde =0, (2.18)

T
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Thus by definition there exists the weak derivative

(I*v), = = (0 —or)r* = 1*[ (0 — o) (+¥),] € L2(Qr), (2.19)

see properties (2.7) and (2.10) for ¢ = 1. By integrating over Q this equality multiplied
by v, we have

JQ (I*vi)vedx = — JQ {(0 —op)r*ve + (0 — or) (rk)xv}dx =- L) (o —or) (rkv)xc(lx, |
2.20

where property (2.9) for ¢ = v is also taken into account. This together with formula
(2.15) imply the first formula (2.13).

The second formula (2.13) arises simpler after choosing v € C'[0, T] with Yle—o,r =0
in identity (2.5). O

Let us establish the key equality in the paper. We set V := r§™!/(k+1).

LEMMA 2.2. The following equality holds

aw _ 1 ’_O)kﬂ 2
T Q{k+1|:1+k<r v*+ RO dx, (2.21)
where the function
W=y V+—2k Volog (V +V)+J Y Indx (2.22)
o PERLAGCIMY ark ’

is absolutely continuous on [0, T] for any T > 0.

Proof. Equation (1.1) and the definition of ¢ imply
iy = on+ RO = ory + (0 — or)n + R6. (2.23)

By integrating this equality over Q we get

vd—V :arV-i—J (J—Ur)?]dx-f—J ROdx. (2.24)
dt Q Q

Let us transform the first and second summands in the right-hand side. By integrating
(1.1) over Q we get

av
= = () leem. (2.25)
Using this equality together with (2.6) for x = M, we obtain

(Fv)lemy, 2k VAV _ 2k d
Ay L k1P Ver v odt  k+1tar

orV =2ku [V —Volog(Vo+V)].

(2.26)
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Let { € C'(Qr) and (li—o,r = 0. By choosing ¢ := I{/r* in identity (2.17), using the
formula

(%), S I (2.27)
(see (1.4)) and applying identity (2.2), we find
v v2
JQ,‘ { - (1* ﬁ)q ; k<I* W)“ (0 ar)(}dxdt —o. (2.28)
This means that there exists the derivative
(1*%)t - —kl*(rZi) — (0 —or) € L*(Qr). (2.29)

Moreover, (I*(v/r¥)),q € L»*(Qr) according to property (2.12). By integrating over Q
the last equality multiplied by 7 we have

d d Y ) nd 2 ) pd kit (2 Vnd
L)(a—or)q xz—a Q(I ﬁ)” x+jQ (I r—k)m x—L) 1 (rk“)ﬂ x.  (2.30)

Therefore by applying identity (2.2), equalities Iy, = r*v and I = (r**1/(k + 1)) —
(rE/(k +1)), see (1.1) and (2.6), we obtain

J (0 — or) dx——ij aay dx+J 11/2+k1/2(r0>k+1 dx (2.31)
Q rax = dt Qi’kl/l ol k+1 k+1 r ' )

Inserting equality (2.26) together with the last one into (2.24), we complete the proof.
O

Now we are in a position to prove the main result. Let V° := [, 7%x be the initial
volume.

ProrosriTioN 2.3. The following two-sided bounds for the gas volume hold
ocuféot+,3hE <V(t) < a28%0t+,32£ foranyt >0, (2.32)

with any 0 < e < v and

min {2/(k+1),R/cy} max {2,R/cy}
Hie := > KHe i = —————

nte n-e (2.33)
/jis :/jie(vo)%o,v"u’M’Vo)’ i=1,2.
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Proof. By virtue of the energy conservation law we have

k+1
min{i,ﬁ}‘éosj L 1+k(m) v>+ RO dxsmax{Z,E}%o,
k+1 ¢y aolk+1 r cy

(2.34)
Ivlla < v2€°. (2.35)
The latter bound and equality (2.6) together with the Young inequality imply
v In )k/(kﬂ) V(k+1)
—1 < 1 V
‘ JQ * ndx| < vl (rkﬂ o
1
0 1/(k+1) 2.36
<V2Mé eV (2.36)
1 0,—1/k
< P (e0V + 5 "),

with ¢ := cor (ME?) k1K) and ¢o > 0 depending on k only, for any & > 0. Therefore
1 _
|[W-»V| < m[(Zklylsl +e0) V +2klul Vo(| log Vo | +ce) +eg Vk], (2.37)

with ¢, :=log(e;") + & — 1, for any & > 0. This inequality remains valid for W and V

replaced by W (0) and V°.
By integrating the key equality (2.21) and applying inequalities (2.34) and (2.37) with
suitable ¢y and ¢, together with condition (1.8), we obtain the two-sided bounds (2.32).
O

Notice that the assumption 7y > 0 has been not so crucial, the quantities 3;¢ in (2.32)
are bounded as ry — 0 and thus the case without core, that is, ry = 0, could be also covered
(at least for classical solutions) but we would not like to come into these details here.
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