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1. Introduction

We denote by N, Z, R the set of all natural numbers, integers, and real numbers, respectively.
For a,b € Z, define Z(a) = {a,a+1,...}, Z(a,b) ={a,a+1,...,b} when a <b.
Consider the nonlinear second-order difference equation

A(pn(Axn_l)'S) +quxS = f(n,x,), nez, (1.1)
where the forward difference operator A is defined by the equation Ax, = x,.1 — x, and
A%x,1 = A(Axyq) = Axy — Axyq. (1.2)

In (1.1), the given real sequences {p,}, {g.} satisfy puir = pn > 0, guir = gu for any n € Z,
f 1 ZxR — R is continuous in the second variable, and f(n+T,z) = f(n, z) for a given positive
integer T and for all (n,z) € ZxR. (—1)6 =-1, 6 >0, and 6 is the ratio of odd positive integers.
By a solution of (1.1), we mean a real sequence x = {x,}, n € Z, satisfying (1.1).

In [1, 2], the qualitative behavior of linear difference equations of type

A(pnAxy,) + Guxn, =0 (1.3)
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has been investigated. In [3], the nonlinear difference equation

A(pnAxn—l) + gnXn = f(n/ xn) (14)

has been considered. However, results on periodic solutions of nonlinear difference equations
are very scarce in the literature, see [4, 5]. In particular, in [6], by critical point method, the
existence of periodic and subharmonic solutions of equation

Axy g+ f(n,x,) =0, nez, (1.5)

has been studied. Other interesting contributions can be found in some recent papers [7-11]
and in references contained therein. It is interesting to study second-order nonlinear difference
equations (1.1) because they are discrete analogues of differential equation

() + f(t,u) =0. (1.6)

In addition, they do have physical applications in the study of nuclear physics, gas aerody-
namics, infiltrating medium theory, and plasma physics as evidenced in [12, 13].

The main purpose here is to develop a new approach to the above problem by using
critical point method and to obtain some sufficient conditions for the existence of periodic
solutions of (1.1).

Let X be a real Hilbert space, I € C*(X, R), which implies that I is continuously Fréchet
differentiable functional defined on X. I is said to be satisfying Palais-Smale condition (P-S
condition) if any sequence {I(u,)} is bounded, and I'(u,) — 0 as n — oo possesses a conver-
gent subsequence in X. Let B, be the open ball in X with radius p and centered at 0, and let
0B, denote its boundary.

Lemma 1.1 (mountain pass lemma, see [14]). Let X be a real Hilbert space, and assume that I €
CL(X, R) satisfies the P-S condition and the following conditions:

(I1) there exist constants p > 0 and a > 0 such that I(x) > a for all x € 0B, where B, = {x € X :
lxllx <p};
(I2) I(0) < 0 and there exists xo€ B, such that I(xg) < 0.

Then ¢ = inf per sup se[O,l]I(h(s)) is a positive critical value of I, where
I'={heC([0,1],X) : h(0) =0, h(1) = xo}. (1.7)

Lemma 1.2 (saddle point theorem, see [14, 15]). Let X be a real Banach space, X = X1 ® X, where
X # {0} and is finite dimensional. Suppose I € C*(X, R) satisfies the P-S condition and

(I5) there exist constants o, p > 0 such that I|ap,nx, < 0;

(Iy) there is e € B, (X1 and a constant w > o such that I|e.x, > w.

Then I possesses a critical value ¢ > w and

= inf I 1.
c=inf max (h(w)), (1.8)

where T = {h € C(B, NX1X)|klop, x, = id)-
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2. Preliminaries

In this section, we are going to establish the corresponding variational framework for (1.1).
Let Q be the set of sequences

x={xXn},p= (o) Xopy e, X1, X0, X1, o Xy o), (2.1)
that is,
Q={x={x,}:x, €R, neZ}. (2.2)
Forany x,y € Q, a,b € R, ax + by is defined by
ax +by = {ax, + by, |17 _. (2.3)

Then Q is a vector space. For given positive integer T, Er is defined as a subspace of Q by
Er={x={x,} €Q: xpr =x,, n €ZL}. (2.4)

Clearly, Er is isomorphic to RT, and can be equipped with inner product

T
(x,y) = Z xiyi, Vx,y€Er, (2.5)

i=1
by which the norm ||-|| can be induced by

T 1/2
llx|| = <Z x§> , VxeEr. (2.6)

i=1
It is obvious that Er with the inner product defined by (2.5) is a finite-dimensional Hilbert
space and linearly homeomorphic to RT. Define the functional J on Er as follows:

1 S 6+1 1 % 6+1 -
J(x) = mnz:lpn(Axn—l) - mnz:l%xn + nZ:lF(Tl,xn), Vx € Er, (2.7)
where F(t,z) = fg f(t,s)ds. Clearly, ] € C(Er,R), and for any x = {x,},c; € Er, by using
Xo = XT, X1 = X741, We can compute the partial derivative as

3]

ox,
Thus x = {x,},z is a critical point of ] on Er (i.e., J'(x) = 0) if and only if
Alpu(Axa)’] + guxf = f(n,x0), 1€ Z(L,T). (2.9)

By the periodicity of x, and f(n,z) in the first variable n, we have reduced the existence
of periodic solutions of (1.1) to that of critical points of | on Er. In other words, the func-
tional ] is just the variational framework of (1.1). For convenience, we identify x € Er with
X = (xl,xz,...,xT)T. Denote W = {(xl,x2,...,xT)T €Er:x;=v,veR, ieZ(l,T)} and
WL = Y such that Er = Y®W. Denote other norm |||, on Er as follows (see, e.g., [16]):
Ixll, = (X Lilxl")'", for all x € Er and r > 1. Clearly, ||x|l, = ||x|l. Due to ||-]|,, and |||,
being equivalent when 71, > 1, there exist constants c1, ¢, 3, and ¢4 such that ¢; > ¢; > 0,
¢y >c3>0,and

~Alpu(Axy1)°] = guxl + f(n,x,), neZ@,T). (2.8)

cillxll < llxligsa < callxll, (2.10)

csllxll < llxllg < callxll, (2.11)
forallx e Er, 6 >0and g > 1.
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3. Main results

In this section, we will prove our main results by using critical point theorem. First, we prove

two lemmas which are useful in the proof of theorems.
Lemma 3.1. Assume that the following conditions are satisfied:

(F1) there exist constants a1 > 0, ap > 0, and > & + 1 such that
J f(n,s)ds < —a1|z|ﬁ +a,, VzEeR,
0
(F2)
Gn <0, VneZ.

Then the functional

1 4 o+1 1 L o+1 a
J(x) = mﬂ%pnmxn_l) - 6+1nzzlqnxn +nz::1F(n,xn)

satisfies P-S condition.

Proof. For any sequence {x?} c Er, with J(x?) being bounded and J'(x?) —
I — +oo, there exists a positive constant M such that |J(x?)| < M. Thus, by (F),

6+1

6+1
M) = z [ =220 )

T 6+1 6+1
(l
Z= Pn+pn+l)(xn 6+1Z%( —a

6+1

~

26” (P +Pus) = gu] () = an]]x® ||§ +a,T.

Set

_ 6+1 _
Ag = nrerzl?lﬁ) [2°%(pn + Prs1) — Gu)-

Then Aj > 0. Also, by the above inequality, we have

-M < J(xD) < || O)j551 = a |} + asT.

6+1

] +Zi:1—“(n,x£,l))

1 6+1 6+1 1
S<5+1LZP'126H<( ) (ol >5+1Z () +ZF(”x(l)

(3.1)

(3.2)

(3.3)

0 as

(3.4)

(3.5)

(3.6)
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In view of
. T (6+1)/p
£ e srven(Sar) "
n=1 n=1
we have
[[® ||Z > TEH1-0)/6+D)]| (D ||g+1_ (3.8)
Then we get
M < J(x0) € L5 - @ PO+ T, (39)

Therefore, for any I € N,

6+1

@ TE+1-p)/( 6+1)“ (1)||6+1 - 6 1 ” (l)||6+1

<M+ aT. (3.10)

Since § > 6 +1, the above inequality implies that {x(?} is a bounded sequence in Et. Thus {x}
possesses convergent subsequences, and the proof is complete. O

Theorem 3.2. Suppose that (Fy1) and following conditions hold:
(F3) foreachn € Z,

m i3 o, (3.11)
z—>0 25
(Fy)
4a <0, VneZ(,T). (3.12)

Then there exist at least two nontrivial T-periodic solutions for (1.1).

Proof. We will use Lemma 1.1 to prove Theorem 3.2. First, by Lemma 3.1, ] satisfies P-S condi-
tion. Next, we will prove that conditions (I;) and (I») hold. In fact, by (Fs), there exists p > 0
such that for any |z| < pand n € Z(1,T),

_ _Gmax_ _sn
|F(n,z)| < 2(6+1)Z , (3.13)

where gmax = Maxuez(1,1) gn < 0. Thus for any x € Er, ||x|| < p foralln € Z(1,T), we have

T
Jmax 5+1 Jmax 6+1
J(x) 2 5+1Z 2(6+1)§1xn

T e 138 (3.14)
2(6+1) "1t

GJmax 6+1 6+1
> — .
T 26+ 1) iz
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Taking a = %" (gmax /2(6 + 1))p°*!, we have
J(x)lap, 2 a>0, (3.15)

and the assumption (I;) is verified. Clearly, J(0) = 0. For any given w € Er with ||w|| =1and a
constant a > 0,

1 & T
J(aw) = " 12 [P (@ — awn1)* = gu(aw,)®] + Z Fn, aw,)
n=1 ~
= ET: [pn2)*! = g,a®*'] - ali |azw,|P + a,T
To+14” n 2, lawon 616)
1 & )
S5+ 12 [2°"py = qula®a®*! - a, TP 2P 1 a,T

S
I
—

— -, (@a— +o0).

Thus we can easily choose a sufficiently large a such that « > p and for x = aw € Er, J(x) < 0.
Therefore, by Lemma 1.1, there exists at least one critical value ¢ > a > 0. We suppose that X is
a critical point corresponding to ¢, thatis, J(X) = ¢, and J'(X) = 0. By a similar argument to the
proof of Lemma 3.1, for any x € Er, there exists X € Ey such that J'(X) = ¢max. Clearly, x #0. If
X # X, and the proof is complete; otherwise, X = X and ¢ = cmax. By Lemma 1.1,

¢ =inf sup J(h(s)), (3.17)

heT se[0,1]

whereI' = {h € C([0,1], Er) | h(0) =0, h(1) = x}. Then for any h € T, cmax = max se[o,11J (h(5)).
By the continuity of J(h(s)) in s, J(0) < 0 and J(x) < 0 show that there exists some sy €
(0,1) such that J(h(sp)) = cmax- If we choose hy,hy € T such that the intersection {hi(s) |
s € (0,1)}N{h2(s) | s € (0,1)} is empty, then there exist 51,5, € (0,1) such that J(hi(s1)) =
J(h2(52)) = Cmax- Thus we obtain two different critical points x = hy(s1), x*> = hy(s2) of J in
Er. In this case, in fact, we may obtain at least two nontrivial critical points which correspond
to the critical value cmax. The proof of Theorem 3.2 is complete. When f(n, x,,) = h,, we have
the following results. O

Theorem 3.3. Assume that the following conditions hold:

(G1)
gn <0, VneZ(,T); (3.18)
(G2)
L/ N2 N
F <Z ”lsl> Z (_qn) < (pmin )L§5+1)/2 _ Qmax> <Z hn> , (319)
1 n=1 n=1 n=1
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where Pmin = MIN yez(1,T)Prs Gmax = MaX pez(1,T)Gn, C1 15 a constant in (2.10), and A, is the minimal
positive eigenvalue of the matrix

2 -1 0 0 -1
-1 2 -1+ 0 0
A R e20)
0 0 O 2 -1
-1 0 0 -1 2/.+
Then equation
A[pubx, ]’ +guxl=h, nez, (3.21)
possesses at least one T-periodic solution.
First, we proved the following lemma.
Lemma 3.4. Assume that (G1) holds, then the functional
_ 6+1 5 1
]( ) 6+1an nl 6+1Z% * +nzlhnxn (322)

satisfies P-S condition on Er.

Proof. For any sequence {x} ¢ Er with J(x?)) being bounded and J'(x"') — 0 as n — +oo,
there exists a positive constant M such that |J (x")| < M. In view of (G3) and

T 1/2 1/2
3 x| < <Z h2> (Z (x1) > , (3.23)
n=1

we have

6+1

6+1
M > J(x?) 6+1Z[pn(Ax(l) 6+1Z Gn (2 (l +Zh X

1 6+1
2_6+1Z (x) Z|hnxn

n=1

1 T en T 172 , 1 Lo 1/2
> _mqmaxz (xi(’l)) - <Z hi) <Z (xl('l)) > (324)
n=1 n=1

n=1
Jmax (l) 6+1 I > 12 0
- ot () )
n=1
Jmax 5+1 () 15+1 u 2 v )
> g - () IO
n=

By 6 + 1 > 1, the above inequality implies that {x"} is a bounded sequence in Er. Thus {x}
possesses a convergent subsequence, and the proof of Lemma 3.4 is complete. Now we prove
Theorem 3.3 by the saddle point theorem. O
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Proof of Theorem 3.3. For any w = (z, z,..., z)T € W, we have

— 1 o 6+1 Y
J(w) = “5+1 ;an + z:: hyz. (3.25)
Take z= (S /S g and p = o] = TV T 1/ S 140", then
(6+1)/6
_ fo) <Z z;:lhn> 3.96
](w) - 6 + 1 T 1/6 ( . )
| n:lqﬂ
Set
(6+1)/6
6 (i) 3.27
B 6 +1 T /6 7 ( ’ )
| n=1q"
then we have
J(w) =0, YwedB,()Y. (3.28)
On the other hand, for any x € Y, we have
6+1 x6+1
](x 6+1an(Axn 1) 6+1an +nzlh nXn
T
Pmin 6+1 Jmax 5+1 _
_6+1Z(A nl) 5+1zlxn nZ:l|hnxn|
(3.29)

 Pmin T (6+1)/2 g T 1/2
min 5 1 2 max 6+1 2
> 501 [Zl (8x;-1) ] -5y lsh - <Zlh> i

T
_ Pmin 541, 7T (6+1)/2 _ gmax 5+1
= 6+1Cl (x" Ax) 5+1” ||6+1_nz_|hnxn|/

where xT = (x1,x2,...,x7).

Clearly, A; = 0 is an eigenvalue of the matrix A and ¢ = (v, 7, ... ,U)T € Er is an eigen-
vector of A corresponding to 0, where v#0, v € R. Let A5, \A3,..., A7 be the other eigenvalues
of A. By matrix theory, we have A; > 0 for all j € Z(2,T). Without loss of generality, we may
assume that0 =1y <Ay < -+ < Ay, thenforany x €,

T 1/2

Pmin o+ (6+1)/2 5+1  qmax 6+1 2

J(x) 2 =7 A Ix]I7 - x5 — < h > flIl
5+1° 5+1 * % "

T /2
Pmin 6+ max
eI o ?H] I - <Zhi> " 3

5 T 1/2 <Z T_1h2>1/2
2541 <Z hg‘) < 1,6+)/2 5 1>
+ n=1 Pmin 1+ )l ~ {max C1+

1/6
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as one finds by minimizing with respect to ||x||. That is
6 <Z nea

6+1 (6+1)/2 1/6
(Pmin )‘2 ! - qmax>

>(6+1)/26(1/C1)(6+1)/6

J(x) > -

Set
(6+1)/26 .
5 (Zham) T a/en@ne

6+1 (5+1)/2 1/6
<pmin )‘2 " - qmax>

Wy = —

7

then by (G;), we have

J(x)>wy >0, VYxeY.

(3.31)

(3.32)

(3.33)

This implies that the assumption of saddle point theorem is satisfied. Thus there exists at least
one critical point of | on Er, and the proof is complete. When g, > 0, we have the following

result.

Theorem 3.5. Assume that the following conditions are satisfied:
(G3) 2% py + pus1] < Gn, gn > O0foralln € Z(1,T);

(5+1)/26 1/6
(Ga) (ZnaB)™ (2 02

where Ay = maxuezq,1) [2°" (P + Pus1) = Gal-
Then (3.21) possesses at least one T-periodic solution.

Co < —Ay(S T k),

Before proving Theorem 3.5, first, we prove the following result.

Lemma 3.6. Assume that (Gs) holds, then J(x) defined by (3.22) satisfies P-S condition.

O

Proof. For any sequence {x"} € Er with J(x?) being bounded and J'(x) — 0 as

n — +oo, there exists a positive constant M such that [J(x®)| < M.
Thus

1 () \6+1 (1 5+1
_M<](x())<6+1zp"(A ) 5+1an( +th

6+1 T

| /\

T

IN

n=1

o+1
sl () 180

IN

6+1
<SP (S8) O

6+1Z (pn+pn+1)(x )6+1 6+1an l) 6+1+Z |hnxn

n=1

1/2
) - aa] () (th) 0]

(3.34)
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That is,

1/2
e 61?-01 IE (l>||“5+1 <Z h2> [P <M, VneN. (3.35)

By 6 + 1 > 1, the above inequality implies that {x()} is a bounded sequence in Er. Thus {x"}
possesses convergent subsequences, and the proof is complete. O

Proof of Theorem 3.5. For any w = (z, z,..., z)T € W, we have
T T

1
J(w) = —mz Gnz®t + Z hy,z. (3.36)

n=1 n=1

1/6
Take z = (31 1hn/ 3 b 1dn), p = lwll = T3S h_iha/ 3 5|, then

(6+1)/6
6 (Z £:1hn>
J@w) = = — Vw € 0B, (| W. (3.37)
| n=19n
Set
(6+1)/6
6 (Snam)
=3 T (3.38)
1S gal?
then J(w) = o for all w € 0B, (| W. On the other hand, for any x € Y, we have
T 1/2
+Prt) — Gulx + <Z h2> [l
A ) T 1/2
0 _6+1 6+1 2
< — 3.39
—= 6+1C2 ”.'X'” + <;hn> ”x” ( )
1/6 (6+1)/6 / T (6+1)/26
@ @)
6+1 Ag C2 ]

Set wy = ~6/(6 + 1)(1/A40)"°(1/c) T8 (2T 12)*™"* then J(x) < wy < 0. Thus —J (x)

satisfies the assumption of saddle point theorem, that is, there exists at least one critical point
of J on Er. This completes the proof of Theorem 3.5. O
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