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1. Introduction

Being an important tool in the study of differential equations and integral equation, various
generalizations of Gronwall inequality [1, 2] and their applications have attracted great inter-
ests of many mathematicians (see [3-5]). Some recent works can be found, for example, in
[6-9] and some references therein. Along with the development of the theory of integral in-
equalities and the theory of difference equations, more attentions are paid to some discrete
versions of Gronwall-type inequalities (see, e.g., [10-12] for some early works). Found in [13],
the unknown function u in the fundamental form of sum-difference inequality

n-1

u(n) <a(n) + Zf(s)u(s) (1.1)
5=0

can be estimated by u(n) < a(n)]_[;‘;& (1+f(s)). Pang and Agarwal [14] considered the inequal-
ity

u?(n) < P*%(0) + ZnZ_l [auz(s) +Qg(s)u(s)], (1.2)

s=0
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where a, P, and Q are nonnegative constants and u and g are nonnegative functions deﬁned on
{1,2,...,T}and {1,2,...,T - 1}, and they estimated that u(n) < (1 + a)"[Pu(0) + X,i_ Qg(s)]
for all 0 < n < T. Another form of sum-difference inequality,

n-1
u*(n) < c* + ZZ [fi(s)u(s)w(u(s)) + fo(s)u(s)], (1.3)
s=0

where c¢ is a constant, f; and f, are both real-valued nonnegative functions defined on Ny =
{0,1,2,...}, and w is a continuous nondecreasing function defined on [uy, o0) such that w(u) >
0 on (up, o) and w(uy) = 0, for a real constant uy, was estimated by Pachpatte [15] as u(n) <

Qe+ X fz(s) + > f1 ], where Q(u) := f;’o ds/w(s). Recently, discretization (see
[16 17]) was also made for Ou—Yang s inequality [18]. In [16], the inequality of two variables,

m-1 n-1 m-1 n-1
ub(m,n) <+ > > a(s,Hu(s,t) + Do D b(s,Hu(s, t)yw(u(s,t)), (1.4)
s=my t=ng s=my t=ngy

was discussed. Later, this result was generalized in [17] to the inequality

m-1 n-1 m-1 n-1

uP(m,n) <c+ Z Za(s, Hu(s,t) Z Zb(s, Hu(s, Hyw(u(s,t)), (1.5)
s=my t=ng s=my t=ngp
where ¢ > 0 and p > g > 0 are all constant, a and b are both nonnegative real-valued functions
defined on a lattice in Z2, and w is a continuous nondecreasing function satisfying w(u) > 0,
for all u > 0.
In this paper, we establish a more general form of sum-difference inequality

H
N

m-1 n-1

2
¢(u(m,n)) < a(m,n) + Z fi(s, i (u(s, t)) (1.6)

i=1 s=my 0

-
Il
=

for nonnegative integers m, n. In (1.6), we replace the constant c in (1.5) with a function a(m, n)
and replace the functions u”, u9, uiw(u) in (1.5) with the more general form of functions ¢ (1),
@1 (1), p2(u), respectively. Moreover, we do not require the monotonicity of ¢; and ¢,. We em-
ploy a technique of monotonization and use a property of stronger monotonicity to overcome
the difficulty from nonmonotonicity so as to give an estimate for the unknown function u. Our
result enables us to solve the discrete inequality (1.5) and other inequalities considered in [17].
Furthermore, we apply our result to a boundary value problem of a partial difference equation
for boundedness, uniqueness, and continuous dependence.

2. Main result

Throughout this paper, let R denote the set of all real numbers, R, = [0,00), and Ny =
{0,1,2,...}. Given mg,ng € No, M, N € Ny U {0}, consider two lattices I = [my, M) N Ny and
J = [no, N) NNy of integer points in R. Let A = I x J C N%. For any (s,t) € A, let A(sy) denote
the sublattice [my, s] x [ng,t] N A of A.

For functions w(m), z(m,n), m,n € Ny, their first-order differences are defined by
Aw(m) = w(im + 1) —w(m), Aqw(m,n) = w(m + 1,n) — w(m,n), and Arz(m,n) = z(m,n +
1) — z(m, n). Obviously, the linear difference equation Ax(m) = b(m) with the initial condi-
tion x(my) = 0 has the solution ZZ‘:’,}lob(s). For convenience, in the sequel we complementarily

define that 377 'b(s) = 0
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Our basic assumptions for inequality (1.6) are given in the following.

(Hy) ¢ is a strictly increasing continuous function on R, satisfying that ¢s(u) > 0, for all
u > 0.

(Hy) All ¢; (i = 1,2) are continuous functions on R, and positive on (0, o).

(H3) a(m,n) >0on A.

(Hy) All f; (i = 1,2) are nonnegative functions on A.

With given functions ¢1, ¢, and ¢, we define

wy (u) := max {p1(1)}, (2.1)

wo(u) == Trer}oaﬁ] { ZZ((:_)) } w1 (u), (2.2)
(" dx

Wi (u,u1) == . m, (2.3)
" dx

W2 (u, uz) = J‘uz m, (24)

where u; > 0 (i = 1,2) are given constants. Sometimes we simply let W;(u) denote W;(u, u;)
when there is no confusion. Obviously, W; and W, are both strictly increasing in u > 0 and
therefore the inverses W 1 (i = 1,2) are well defined, continuous, and increasing.

Theorem 2.1. Suppose that (H1)-(Hy) hold and u(m,n) is a nonnegative function on A satisfying
(1.6). Then,

m-1 n-1
u(m/ n) < (,U_l {Wz_l [WZ (YZ(m/ n)) + Z ZfZ(S/ t)] } (25)
s=myg t=ny
for (m,n) € A, ny), a sublattice in A\, where

m-1 n-1
Ya(m,n) = W, [Wl (Y1(m,n)) + Z Zfl(s, t)],

s=my t=ny

(2.6)
m-1 n-1
Yi(m, n) := a(mo,ny) + Z |a(s+1,n9) —a(s,no)| + Z|a(m,t +1) —a(m,t)|

and (mq,m1) € A is arbitrarily given on the boundary of the lattice
{() )+ S Shs s [T }
U:=4{(m,n)eA:W;(Yi(m,n)) + i(s,t Sj ——,i=1,2%. (2.7)
s=my t:ngf Ui wi((p‘_l(x))

Remark 2.2. Different choiceSNOf u; in W; (i = 1,2) do not affect our {gsults. For positivgv con-
stants v; # u;, i = 1,2, let Wi(u) = f: dx/w;(¢1(x)). Obviously, W;(u) = Wi(u) + W;(u;)
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and W lw) = (v - W(ul)) It follows that W [W Yi(m,n)) + Zs oty Dt nofz(s,t)

[W (Yi(m, n)) + ZS i~ i o fl s,t)], that is, we obtain the same expression in (2.5) if we
replace W; with Wl. Moreover, by replacing W; with Wi, the condition in the definition of U in
our theorem reads

mi—1n;-1

Wi(Yi(my,m)) + >0 > fils, b) < f ﬁ (2.8)

s=my t=ng
the left-hand side of which is equal to Wi(ui) + Wi (Yi(my,ny)) + Z?Imi I, fl s, t) and the
right-hand side of which equals

= Wi(w) + (29)

J‘”" dx +J‘°° dx J‘°° dx
v; wi(‘lrl(x)) u; wi(¢71(x)) u; wi((lrl(x))'

Comparison between both sides implies that (2.8) is equivalent to the condition given in the
definition of U in our theorem with (m,n) = (my, ny).

Remark 2.3. If we choose ¢(u) = uP, p1(u) = ul, po(u) = wiw(u), fi(s,t) = a(s,t), and
fa(s,t) = b(s,t) with p > g > 0 in (1.6) and restrict a(m, n) to be a constant ¢, then we can
apply Theorem 2.1 to inequality (1.5) as discussed in [17].

3. Proof of theorem

First of all, we monotonize some given functions ¢; in the sums. Obviously, w1 (s) and w-(s),
defined by ¢; and ¢, in (2.1) and (2.2), are nondecreasing and nonnegative functions and
satisfy w;(s) > ¢;(s), i =1,2. Moreover, we can check that the ratio w,(s) /w:(s) is also nonde-
creasing. Therefore, from (1.6) we get

¢ (u(m,n)) < a(m,n) + i lfl (s, hywi(u(s,t)), VY(m,n)eA. (3.1)

i=1 s

3
3

Il
3

0 I=ng

We first discuss in the case that a(m, n) > 0, for all (m, n) € A. It means that Y (m, n) > 0,
for all (m,n) € A. In such a circumstance, Y; is positive and nondecreasing on A and satisfies

m-1 n-1

Y:1(m, n) = a(mo,ng) + Z la(s+1,n9) —a(s,no)| + Z|a(m,t+ 1) —a(m,t)| > a(m,n).
s=my t=ng
(3.2)
Because ¢ is strictly increasing, from (3.1) we have
m-1 n-1
u(m,n) < ¢ [Y1 m, n) +Z Z Zfl(s Hw; (u(s, t))]
i=1 s=myg t=ny (33)

= ¢ (Yi(m,n) + z(m,n)), Y(m,n) €A,

where

m-1 n-1

z(m,n) = Z Z Zfl(s, w;(u(s,t)). (3.4)

i=1 s=mg t=ny
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From the properties of f; and w;, we see that z is nonnegative and nondecreasing in each
variable on A. Since Y; is nondecreasing, for arbitrarily fixed pair of integers (K, L) € A, ny),
we observe from (3.3) that

u(m,n) < ¢ (Y1(K, L) + z(m,n)), Y(m,n) € Axr). (3.5)

Moreover, we note that w; is nondecreasing and satisfies w;(u) > 0, foru > 0 (i = 1,2), and that
Y1(K, L) + z(m,n) > 0. It implies by (3.5) that

Al(Yl (K/ L) + z(m, 1’1)) Z:l:_r}[,fl (m/ t)wl (u(mr t)) Z?:_V}(]fz(ml t)wz(u(m/ t))

wi (¢ (Y1(K, L) + z(m,n))) Cw (¢ (Y1(K,L) + z(m,n))) " w1 (¢ (Y1(K, L) + z(m,n)))

n-1 n-1
< S film )+ 3 folm, D8y (Yi(K, L) +2(m,1))),

t=ngy t=ngp
(3.6)
where
_wa(u)
O(u) = o1 0)’ (3.7)

On the other hand, by the mean-value theorem for integrals, for arbitrarily given (m, n), (m +
1,n) € Ax1) there exists ¢ in the open interval (Y;(K,L) + z(m,n),Y;(K, L) + z(m +1,n)) such
that

Wi(Y1(K, L) + z(m +1,n)) - W1 (Y1(K, L) + z(m,n))

2mmvikny Wi (g7 () w1 (¢71(8)) ~wi (¢ (Y1(K, L) + z(m, n)))
(3.8)

_ fz(m+1,n)+Y1 (K.L) du _ Al (Yl (K/ L) + Z(ml n)) < Al (Yl (KI L) + Z(m/ Tl))

by the monotonicity of w; and ¢. It follows from (3.6) and (3.8) that

Wi (Y1(K, L) + z(m +1,n)) = Wi (Y1 (K, L) + z(m,n))

n-1 n-1 (39)
<D film )+ > fa(m, )0(¢™ (Y1 (K, L) + z(m,1))).

Keep n fixed and substitute m with s in (3.9). Then, taking the sum on both sides of (3.9) over
s=mg,mo+1,my+2,...,m—-1, we get

Wi (Y1(K, L) + z(m,n))

m=1 n-1 m-1 n-1 (310)
<SWi(Y(K L)+ D) D fils, )+ D) D fals, H0(g™ (Y1(K, L) +z(s, 1)),

s=my t=ny s=my t=ny
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for all (m,n) € A1), where we note from the definition of z(m, n) in (3.3) and the remark
about 3™ in the second paragraph of Section 2 that z(1, 1) = 0. For convenience, let

2(m,n) := Wi (Y1(K, L) + z(m, n)), (3.11)
m-1 n-1

o(m,n) :=Wi(Y1(K,L)) + D, D fi(s,t). (3.12)
s=my t=ny

Then, (3.10) can be rewritten as

m-1 n-1

E(m,n) <o(K,L)+ D>, D fa(s,)0(¢7 (Wi (E(s,1))), (3.13)

s=myg t=ny

for all (m,n) € A 1), where we note that o(K, L) > o(m, n), for all (m,n) € A ). Let g(m,n)
denote the function on the right-hand side of (3.13), which is obviously a positive function and
nondecreasing in each variable. Since the composition 6(¢~! (W, (1))) is also nondecreasing
in u, by (3.13), that is the fact that Z(m, n) < g(m, n), we have

Ai(gimm)  Zi5,fm He(g (Wi (E0m, 1))
0(g~ (Wi (g(m,m)))) 0(p~ 1 (Wil (g(m,n))))
L S5 fm 00 (Wi (g0, 1))
- 8(p (W' (g(m,n))))

(3.14)

In order to estimate the left-hand side of (3.14) further, we consider the following integral:

J<g(m+1,n) dx _ J<g(m+l,n) w <(P—1 (Wl‘l(x)))dx
smm O(g (W) Jgomm w2 (¢ (Wi (0)))
) IW;%g(mﬂ/n)) dx (3.15)
wil(gimm)  w2(¢(x))

=Wr(W (g(m +1,n))) - Wa (Wi (g(m,n))),

where we note the definitions of Wy, W5, and 60 in (2.3), (2.4), and (3.7). Applying the mean-
value theorem to (3.15), we see that for arbitrarily given (m,n), (m +1,n) € A 1), there exists
71 in the open interval (g(m, n), g(m + 1,n)) such that

jg(m+1’n) dx _ Ay (8(7’1/ 1’1)) < Al(g(ml 1’1)) . (316)
gommy O(g T (WH(x)))  O(g (Wil (m)) ~ (¢ (W' (8(m,m))))
Thus, it follows from (3.14), (3.15), and (3.16) that
n-1
Wo(Wi' (g(m+1,n))) - Wo (Wi (g(m,m))) < > fo(m, 1), (3.17)

t:ng
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for all (m,n) € A ). Furthermore, using the same procedure as done for (3.9), we keep n
fixed and setting m = s in (3.17). Then, summing up both sides of (3.17) over s = my, my +
1,my+2,...,m-1,weget

m-1 n-1

Wo(Wit (g(m,n))) < Wa(W;(o(K,L))) + Z Zfz(s, t), (3.18)

s=my t=ngp
for all (m,n) € A1), where we note the fact that g(myo, n) = 0(K, L) and the definition of ¢ in

(3.12). By the monotonicity of W; and ¢, the fact that 2(m, n) < g(m, n), given in (3.13), and
inequality (3.18), we obtain from (3.5) that

u(m,n) < ¢ (Y1(K, L) + z(m,n))

= ¢ (W (B(m,m) < ¢ (Wi (g(m,n)))

m-1 n-1
< (p—l{wz-l [WZ(W{l(G(K,L))) + >, ZfZ(S’t)] }
s=my t=ng

(3.19)

for all (m,n) € A1), where we note the definitions of = in (3.11) and g just after (3.13). This
result also implies the particular case that

K-1 L-1 K-1 L-1
u(K,L) < qu{wz-l [W2<W1‘1<W1(Y1(K,L)) + > Zfl(s,t)>> + > Zfz(s,t)]}.

s=my t=ngp s=my t=ngp
(3.20)

For the arbitrary choice of (K,L) € Agn, n,), it also implies that (2.5) holds for all (m,n) €

Agnyny)-
The remainder case is that a(m, n) = 0, for some (m,n) € A. Let

Yl,e(m/ Tl) = Yl (m/ n) t¢g, (321)

where ¢ > 0 is an arbitrary small number. Obviously, Y; .(m,n) > 0, for all (m,n) € A. Using
the same arguments as above, where Y (m, n) is replaced with Y; . (m, n), we get

m-1 n-1 m-1 n-1
u(m,n) < (p‘l{Wz_1 [Wz <W1‘1 <W1 (Yre(mmn) + D > fi(s, t)>> + 3 D fals, t)] },

s=my t=ny s=my t=ny
(3.22)

for all (m,n) € Aun,n,). Letting e — 0, we obtain (2.5) because of continuity of Y;, in € and
continuity of W; and W; !, for i = 1,2. This completes the proof.

Remark that m; and n; lie on the boundary of the lattice U. In particular, (2.5) is true
for all (m,n) € A when all w;s (i = 1,2) satisfy Lf dx/wi(p71(x)) = oo, so we may take
mp = M, ny = N.
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4. Applications to a difference equation

In this section, we apply our result to the following boundary value problem (simply called
BVP) for the partial difference equation:

A1Ayp(z(m,n)) = F(m,n,z(m,n)), (m,n)eA,
41
z(m,ny) = f(m), z(mo,n)=g(n), (mmn)eA,

where A := I x ] is defined as in the beginning of Section 2, ¢ € C%(R, R) is a strictly increasing
odd function satisfying ¢s(u) > 0, for u > 0, F : A x R — R satisfies
|F(m,n,u)| < hy(m, n)gpy(|ul) + ho(m, n)pa (Jul) (42)

for given functions hy,h; : A — R, and ¢; € C'R,,R,) (i =1,2) satisfying ¢;(u) > 0, for
u > 0, and functions f : I — R and g : J] — R satisfy f(myg) = g(ng) = 0. Obviously, (4.1) is a
generalization of the BVP problem considered in [17, Section 3]. So the results of [17] cannot
be applied immediately. In what follows we first apply our main result to discuss boundedness
of solutions of (4.1).

Corollary 4.1. All solutions z(m, n) of BVP (4.1) have the estimate

m-1 n-1
|z(m,n)| < (p‘l{Wz‘1 [Wz(Yz(m, n)) + Z th(s, t)] }, (4.3)

s=my t=ny

or all (m,n) € Ay, n.), Where my, ny are given as in Theorem 2.1 and
(my,m1) 8

_( 2(g (7)) 4
Wit - |/ {ﬁgﬁl{maxﬁem,ﬂ TACREDY }533?1{9"“"’ ) } ’

Wi(u) = L dx/Trer}gﬁ]{‘l’l (@ ()}

o (4.4)
Y,(m,n) = W;! [W1 (Yi(m,n)) + sgﬂ;ﬂ %hl(t, s)],
Y1 (m,n) < mzl lg(fs+1) =g (f(s))] + tZi lg (gt +1)) —g(g®)]-
Proof. Clearly, the dif;;neonce equation of BVP (4.1) i:;quivalent to
(et ) = (7)) + 3, SF(s12650), s)
It follows that o
Cztm )]y (FOm) = ws)] + 5, Sn(e Dt 0]) + 5 Snte et )
(4.6)

by (4.2). Let a(m, n) = |¢(f (m))+¢(g(n))|. Since |¢(z(m, n))| = ¢(|z(m, n)|), (4.6) is of the form
(1.6). Applying Theorem 2.1 to inequality (4.6), we obtain the estimate of z(m, n) as given in
this corollary. O
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Corollary 4.1 gives a condition of boundedness for solutions. Concretely, if

m-1 n-1 m-1 n-1

Yi(m,n) <o, > D hi(s,t) <o, D D hy(s,t) < oo, (4.7)

s=my t=ny s=my t=ny

for all (m,n) € Agn, n,), then every solution z(m, n) of BVP (4.1) is bounded on Ay, n,)-
Next, we discuss the uniqueness of solutions for BVP (4.1).

Corollary 4.2. Suppose additionally that

),

(4.8)

|F(m,n,u1) = F(m,n,u2) | < ha(m,myr (| (ur) = g (u2) |) + ha(m, m)ga (g (ur) = g (u2)

foruj,u; € Rand (m,n) € A:=1x J, where I = [mg, M) NNy, ] = [no, N) NNy as assumed in the
beginning of Section 2 with natural numbers M and N, hy, hy are both nonnegative functions defined
on the lattice A\, @1, s € CO(R,,R,) are both nondecreasing with the nondecreasing ratio ¢, /¢y such
that ¢;(0) = 0, ¢;(u) > 0, for all u > 0 and [, ds/pi(s) = +oo, for i = 1,2, and ¢ € C°(R,R) is
a strictly increasing odd function satisfying ¢(u) > 0, for u > 0. Then, BVP (4.1) has at most one
solution on A.

Proof. Assume that both z(m, n) and Z(m, n) are solutions of BVP (4.1). From the equivalent
form (4.5) of (4.1), we have

m-1 n-1

lg (z(m,n)) - ¢(Z(m,n))| < _Z Zhl(s,t)%(qu(Z(s,t)) - (Z(s,1))])
S=my t;no 1 (49)
+ Z th(s,t)(pzﬂq;(z(s,t)) - (Z(s,1)|),
s=mg t=nyg

for all (m,n) € A, which is an inequality of the form (1.6), where a(m,n) = 0. Apply-
ing Theorem 2.1 with the choice that u; = u, = 1, we obtain an estimate of the difference
lg(z(m, n)) — ¢(Z(m, n))| in the form (2.5), where Y;(m,n) = 0, because a(m, n) = 0. Further-
more, by the definition of W; we see that

lir%Wi(u) =-oo, lim Wi'(u)=0, i=12 (4.10)
It follows that
m-1 n-1
Wi (Y1(m,n)) + >, Dihi(s,t) = -0 (4.11)
s=my t=ngp

since m < M,n < N. Thus, by (4.10)
m-1 n-1
Y, (m,n) = Wyt [W1 (Ya(m,n)) + D% D hu(s, t)] =0. (4.12)
s=my t=ny

Similarly, we get W (Ya(m, n)) + ™! Z?;,}th(s, t) = —o0 and therefore

S=my

w;! [Wz(Yz(m,n)) + mz—l nz_lhz(s, t)] =0. (4.13)

s=my t=ngp
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Thus, we conclude from (2.5) that |¢(z(m, n))—¢(Z(m, n))| < 0, implying that z(m, n) = Z(m, n),
for all (m,n) € A since  is strictly increasing. It proves the uniqueness. O

Remark 4.3. If hy =0 or hy = 0 in (4.8), the conclusion of Corollary 4.2 also can be obtained.

Finally, we discuss the continuous dependence of solutions of BVP (4.1) on the given
functions F, f, and g. Consider a variation of BVP (4.1)

A1 Ay (z(m,n)) = f(m, n,z(m,n)), (m,n) €A, (a14)
z(m,ny) = f(m), z(moy,n) = g(n), (m,n) €A, .

where ¢ € C(R,R) is a strictly increasing odd function satisfying ¢ (1) > 0 for u > 0, F €
COAxR,R),and f : I - R, g : ] — R are functions satisfying f (m,) = Z(ng) = 0.

Corollary 4.4. Let F be a function as assumed in the beginning of Section 4 and satisfy (4.2) and (4.8)
on the same lattice A as assumed in Corollary 4.2. Suppose that the three differences

max|f - f], rggXlg—gI, (st%‘é"A‘xR|F(St”) F(s,t,u)] (4.15)

are all sufficiently small. Then, solution zZ(m,n) of BVP (4.14) is sufficiently close to the solution
z(m,n) of BVP (4.1).

Proof. By Corollary 4.2, the solution z(m, n) is unique. By the continuity and the strict mono-
tonicity of ¢, we suppose that
max|gs(Fm)) g (fom)| <, max|g(3(m) - g(g(m)] <e,

Fstu F(s, t,u)| <e,
(stu)eI><]><]R| ( ) )l

(4.16)

where € > 0 is a small number. By the equivalent difference equation (4.5) and inequality (4.8),
we get

|l (Z(m,m)) = ¢ (2(m, n))|

~ m-1 n-1
<o (f(m) =g (f(m) +¢(3(n) —w(gn)| + ZZ (s,t,2(s, 1)) = F(s,t,z(s,1)) |

m-1 n-1 m-1 n-1
<2+ ), Z|f(s,t,2(s,t)) —F(s,t,2(s,0))| + D, D |F(s,t,2(s,t)) = F(s,t,2(s,1))]
s=my t=ny s=my t=ny
m-1 n-1
< {2+ (m1—my) (n1 —np) Je + Z Zhl(s,t)(p1(|qr(2(s,t)) —¢(z(s,1)|)
m-1 n-1
+ Z ZhZ(S/t)(p2(|(P(E(S/t)) - ‘I’(Z(S/t))b,

(4.17)
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that is, an inequality of the form (1.6). Applying Theorem 2.1 to (4.17), we obtain

m=1 n-1
lg(Z(m, n)) — ¢(z(m,n))| < W, [Wz(Yz(m,n)) + > th(s,t):l, (4.18)

s=my t=ny

for all (m,n) € A, n,), Where my, n; are given as in Theorem 2.1,

m-1 n-1
Y,(m,n) = W;! [W1 (Ya(m,n)) + D} D, s)],

s=my t=ngp

(4.19)

Yi(m,n) = {2+ (my —mp) (n1 —np) }e.

By (4.10) we see that Y;(m,n) — 0 (i = 1,2) as ¢ — 0. It follows from (4.18) that
limeo|gp(2(m, n) — ¢(z(m,n))| = 0, and hence z(m,n) depends continuously on F, f, and g
since ¢ is strictly increasing. 0

Our requirement on the small difference, F — F in Corollary 4.4, is stronger than the
condition (iii) in [17, Theorem 3.3], but ours may be easier to check because one has to verify
the inequality in his condition (iii) for each solution Z(m, n) of BVP (4.14).

Acknowledgments

The author thanks Professor Weinian Zhang (Sichuan University) for his valuable discussion.
The author also thanks the referees for their helpful comments and suggestions. This project is
supported by Foundation of Guangxi Natural Science of China and by Foundation of Natural
Science and Key Discipline of Applied Mathematics of Hechi College of China.

References

[1] R. Bellman, “The stability of solutions of linear differential equations,” Duke Mathematical Journal,
vol. 10, no. 4, pp. 643-647, 1943.

[2] T. H. Gronwall, “Note on the derivatives with respect to a parameter of the solutions of a system of
differential equations,” Annals of Mathematics, vol. 20, no. 4, pp. 292-296, 1919.

[3] D. Bainov and P. Simeonov, Integral Inequalities and Applications, vol. 57 of Mathematics and Its Applica-
tions, Kluwer Academic Publishers, Dordrecht, The Netherlands, 1992.

[4] D. S. Mitrinovi¢, J. E. Pe¢ari¢, and A. M. Fink, Inequalities Involving Functions and Their Integrals and
Derivatives, vol. 53 of Mathematics and Its Applications, Kluwer Academic Publishers, Dordrecht, The
Netherlands, 1991.

[5] B. G. Pachpatte, Inequalities for Differential and Integral Equations, vol. 197 of Mathematics in Science and
Engineering, Academic Press, San Diego, Calif, USA, 1998.

[6] R. P. Agarwal, S. Deng, and W. Zhang, “Generalization of a retarded Gronwall-like inequality and its
applications,” Applied Mathematics and Computation, vol. 165, no. 3, pp. 599-612, 2005.

[7] O. Lipovan, “Integral inequalities for retarded Volterra equations,” Journal of Mathematical Analysis and
Applications, vol. 322, no. 1, pp. 349-358, 2006.

[8] Q.-H.Ma and E.-H. Yang, “On some new nonlinear delay integral inequalities,” Journal of Mathematical
Analysis and Applications, vol. 252, no. 2, pp. 864-878, 2000.

[9] W. Zhang and S. Deng, “Projected Gronwall-Bellman’s inequality for integrable functions,” Mathemat-
ical and Computer Modelling, vol. 34, no. 3-4, pp. 393-402, 2001.

[10] T. E. Hull and W. A. J. Luxemburg, “Numerical methods and existence theorems for ordinary differ-
ential equations,” Numerische Mathematik, vol. 2, no. 1, pp. 30-41, 1960.



12 Advances in Difference Equations

[11] B. G. Pachpatte and S. G. Deo, “Stability of discrete-time systems with retarded argument,” Utilitas
Mathematica, vol. 4, pp. 15-33, 1973.

[12] D. Willett and J. S. W. Wong, “On the discrete analogues of some generalizations of Gronwall’s in-
equality,” Monatshefte fiir Mathematik, vol. 69, pp. 362-367, 1965.

[13] B. G. Pachpatte, “On some fundamental integral inequalities and their discrete analogues,” Journal of
Inequalities in Pure and Applied Mathematics, vol. 2, no. 2, article 15, 2001.

[14] P. Y. H. Pang and R. P. Agarwal, “On an integral inequality and its discrete analogue,” Journal of
Mathematical Analysis and Applications, vol. 194, no. 2, pp. 569-577, 1995.

[15] B. G. Pachpatte, “On some new inequalities related to certain inequalities in the theory of differential
equations,” Journal of Mathematical Analysis and Applications, vol. 189, no. 1, pp. 128-144, 1995.

[16] W.-S. Cheung, “Some discrete nonlinear inequalities and applications to boundary value problems for
difference equations,” Journal of Difference Equations and Applications, vol. 10, no. 2, pp. 213-223, 2004.

[17] W.-S. Cheung and J. Ren, “Discrete non-linear inequalities and applications to boundary value prob-
lems,” Journal of Mathematical Analysis and Applications, vol. 319, no. 2, pp. 708-724, 2006.

[18] L. Ou-Yang, “The boundedness of solutions of linear differential equations y" + A(t)y = 0,” Advances
in Mathematics, vol. 3, pp. 409-415, 1957, (Chinese).



	Introduction
	Main result
	Proof of theorem
	Applications to a difference equation
	Acknowledgments
	References

