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1. Introduction

Let p be a fixed odd prime number. Throughout this paper, Z,, Q,, and C, are, respectively, the
ring of p-adic rational integers, the field of p-adic rational numbers, and the p-adic completion
of the algebraic closure of Q,. The p-adic absolute value in C, is normalized so that |p|, = 1/p.
When one talks about g-extension, g is variously considered as an indeterminate, a complex
number, g € C or a p-adic number g € C,. If g € C, one normally assumes that || < 1.1f g € C),
one normally assumes that |1 - g, < p~/#V so that g* = exp(xlog g) for each x € Z,. We use
the notations

1-4g*

[x], = [x].,

_1-(=q)"
1-q’ -

1+gqg

(1.1)

(cf. [1-14]), for all x € Z,. For a fixed odd positive integer d with (p,d) =1, set

n
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U (a+dpz,),
O<a<dp
(a/P):l

a+dp"Z, = {x € X |x=a(moddp")},
(12)

where a € Zliesin 0 < a < dp". Forany n € N,

n q°
.“q(a +dp ZP) = [dp"]
q

(1.3)

is known to be a distribution on X (cf. [1-28]).
We say that f is uniformly differentiable function at a point a € Z, and denote this
property by f € UD(Z,) if the difference quotients

f(x) - f(y) (1.4)

Fi(x,y) = — =

have a limit ] = f'(a) as (x,y) — (a, a) (cf. [25]).
The p-adic g-integral of a function f € UD(Z,) was defined as

1,(f) = f () = iy Eé FO", (15)
R
L(f) = Lpf(x)d#q(x) Sl 3 S0 (16)
(cf. [4, 24, 25, 28]), from (1.6), we derive
alq(f1) + L4(f) = [21,£(0), (1.7)

where f1(x) = f(x +1). If we take f(x) = €', then we have fi(x) = e'®*D = e*e!. From (1.7),
we obtain that

2],

I_q(etx) = W (18)

In Section 2, we define the multiple twisted g-Euler numbers and polynomials on Z,
and find Witt’s type formula for multiple twisted g-Euler numbers. We also have sums of
consecutive multiple twisted g-Euler numbers. In Section 3, we consider multiple twisted g-
Euler Zeta functions which interpolate new multiple twisted g-Euler polynomials at negative
integers and investigate some characterizations of them. In Section 4, we construct the multiple
twisted Barnes’ type g-Euler polynomials and multiple twisted Barnes’ type g-Euler Zeta
functions which interpolate new multiple twisted Barnes’ type g-Euler polynomials at negative
integers. In Section 5, we define multiple twisted Dirichlet’s type g-Euler numbers and
polynomials and give Witt’s type formula for them.
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2. Multiple twisted g-Euler numbers and polynomials

In this section, we assume that g € C, with |1 - g|, < 1. For n € N, by the definition of p-adic
g-integral on T, We have

n-1
G'Lg(fu) + CD)" M g(f) = [21, 3 (1) f (), (2.1)
x=0

where f,(x) = f(x +n). If nis odd positive integer, we have

n-1
q'Lg(fu) + 1q(f) = [21; > )" 7" f (). (2.2)
x=0

Let T, = Up»1Cpr = lim;,,,Cpn = Cpe be the locally constant space, where Cpn = {w |
wP" =1} is the cyclic group of order p". For w € T, we denote the locally constant function by

Pw : Zp — Cp, x — w¥, (2.3)

(cf. [5,7-14, 16, 18]). If we take f(x) = ¢o(x)e'™, then we have

[ ety - 2, 24)
Pe Puw(x)dp_g(x = qwe 1 .
Now we define the twisted g-Euler numbers EZ/w as follows:
(2], & gt
Fyu(t) = qwe 1 HZ:O En,wm' (2.5)

We note that by substituting w = 1, lim,_; Eftrl = E,, are the familiar Euler numbers. Over five
decades ago, Carlitz defined g-extension of Euler numbers (cf. [15]). From (2.4) and (2.5), we
note that Witt’s type formula for a twisted g-Euler number is given by

f x"wrdp_g(x) = EZ,w. (2.6)
z

p

for eachw € T, and n € N.
Twisted g-Euler polynomials E;} ,(x) are defined by means of the generating function

[2

Fh(tx) = — e ZEnwm — (27)

where E}},(0) = E} . By using the hth iterative fermionic p-adic g-integral on Z,, we define
multiple twisted g-Euler number as follows:

(2], tn
. Xp Xy (X +20 e ) . — (hq)
L IZ w e dpg(x1) -+~ dp—q(xn) <qwet i1 Z Enw n’ (2.8)

P 3

h-times

Thus we give Witt’s type formula for multiple twisted g-Euler numbers as follows.



4 Advances in Difference Equations

Theorem 2.1. For each w € T, and h,n € N,

J‘ f WA ooy 4 ) dpg (1) - dpg (xn) = E?, (2.9)
z, Jz,
h-times
where
n n! I In
(X] +"‘+Xh) = Z ﬁxl "'xh. (210)
Li+-+lp=n 1 h:
Iy, >0

From (2.8) and (2.9), we obtain the following theorem.
Theorem 2.2. For w € T, and h, k € N,

h,
E1(< D _ _~ EFT ...ET .

w L. 1 hw Inw
Letly=k 107

I, >0

(2.11)

From these formulas, we consider multivariate fermionic p-adic g-integral on Z, as
follows:

2] (2]
XXy (X120 42 = —— ) [ —L— )e™
J‘z J‘Zw e dpg(x1) -+~ dp—q(xn) <qwef+1 quwe' +1 ¢
P p
——

h-times (2 1 2)

— ﬂhxt
-\ qwet +1 e

Then we can define the multiple twisted g-Euler polynomials E,(ff,ﬁ) (x) as follows:

2, \" oo n
(h,q) _ 21, t_ ha), o\t
Fw (t,x) = <W> et = nZ=O En,w (x)m (213)
From (2.12) and (2.13), we note that
& N n " & g,
Z | w P+ X+ X) dy,q(xl)---d‘u,q(xh)—'zz Eno (x)—l. (2.14)
n=0 7Zp Ly L — n

h-times
Then by the kth differentiation on both sides of (2.14), we obtain the following.

Theorem 2.3. For each w € T, and k,h € N,

J f W (x4 X+ x)kdy,(7 (x1) - dp—g(xn) = El(:g)(x). (2.15)
z, Jz,

h-times
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Note that

|
(4 +xp+x) = D I! n.l‘ X xg e (o + 20", (2.16)

li+-+lp=n
I, 120

Then we see that

f f WIH (x4 x) dp g (1) -~ dpg (on)
Z.

h-times

k!
- 5 g e [ i) [ Ges e ()

L+-+l,=k - Iy! Z, ,
L, >0
k!
= > ET .. E7 9
- Z L. .1 hw lhlel;,w(x)
L+etp=k 1 h
Iy 1n20

(2.17)

From (2.15) and (2.17), we obtain the sums of powers of consecutive g-Euler numbers as
follows.

Theorem 2.4. For eachw € T, and k,h € N,

(hq) _ k! q q
Ek,w (x) = Z ... |E11,‘w o Elh—lrw In, w(x) (2.18)
e I TRRR
14+ =k
L,..,1n>0

3. Multiple twisted g-Euler Zeta functions

For g € C with |g| < 1 and w € T, the multiple twisted g-Euler numbers can be considered as
follows:

Fi(t) = ( 2], > i E ﬁ’ |t +log(qw)| < . (3.1)
n=0 :

quet +1

From (3.1), we notethat

) R N\ 12, 21,
nZOE w _Fh(t) <qwe—f+1>_[2]‘7 qwet +1 qwet +1

- Z i -1 g w" 1Mt .. i (_1)nhqnhwnhenht (3.2)
n1=0 np=0
_ [2]h Z (_1)m+---+m,qn1+~-+nhwn1+---+nhe(n1+~--+m,)t
q .

#n1,...,n,=0
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By the kth differentiation on both sides of (3.2) at t = 0, we obtain that

El(f,lzﬁ)z [Z]Z Z (= 1)t g g (nl beq Tlh)k. (3.3)
ny+-+np 0
n1,...,np >0

From (3.3), we derive multiple twisted g-Euler Zeta function as follows:

nyt+etnp ongtet+n 1+ 41
(_1) q 1 h o™ h

(3.4)

(h.q) h
Wl (s)=12; >, s
iyt 70 (m+--+mp)
11,1y 20

for all s € C. We also obtain the following theorem in which multiple twisted g-Euler Zeta
functions interpolate multiple twisted g-Euler polynomials.

Theorem 3.1. Forw € T,and k,h € N,
WP (k) = EL. (3.5)

4. Multiple twisted Barnes’ type g-Euler polynomials
In this section, we consider the generating function of multiple twisted g-Euler polynomials:
[2] " S (n "
Fh t — 9 xt _ E( .q) L
w(t,X) <qwet+1> e nZ:O nw (x)n!/ 4.1)
|t +log(qw)| <, Re(x) > 0.

We note that

) n
S EM T S Fh =l 3 (1 g g gt (1)
n=0 . ni,...n,=0

By the kth differentiation on both sides of (4.2) at t = 0, we obtain that

ESP ()= [210 3 <1y g g gy 4 ), (4.3)

1n1,...,np=0
Thus we can consider multiple twisted Hurwitz’s type g-Euler Zeta function as follows:

ny+-+np _ni+--+n ny+-+n
(_1) q 1 h o™ h

WPs,x) =120 Y

ny+-+np #0
ni,.., 1,20

(np+-+np+x)° @4

for all s € C and Re(x) > 0. We note that gﬁf] A (s, x) is analytic function in the whole complex
s-plane and g,ﬂ’}"’)(s, 0) = g;,ﬂ’,""”(s). We also remark that if w = 1 and h = 1, then gf"’)(s, x) =
¢9(s, x) is Hurwitz’s type g-Euler Zeta function (see [7, 27]). The following theorem means
that multiple twisted g-Euler Zeta functions interpolate multiple twisted g-Euler polynomials
at negative integers.
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Theorem 4.1. Forw € Ty, k,h € N, s € C, and Re(x) > 0,
h, h,
o -k, x) = B (x). (45)

Let us consider

(2] (2]
h Y S S IO N B P
Fo(ay..oanltx) = <qwe“1f +1 queat + 1 €

= [Z]Z i (=1)mttn qn1+~~~+nhwn1+~.+m,e(a1n1+~~+ahnh+x)t (4.6)
11,1 =0

(o] tn
Z E,(j,lg)(al,...,ah | x)m/
n=0 :

where ay, ..., an € C and maxi<i<k{|log(q + a;t)|} < or. Then ngz’g)(al, ...,an | x) will be called
multiple twisted Barnes’ type g-Euler polynomials. We note that

EM1,1,...,1 | x) = E&P(x). 4.7)

By the kth differentiation of both sides of (4.6), we obtain the following theorem.

Theorem 4.2. For eachw € Ty, ay,...,a, € C, k,h € N, and Re(x) > 0,

Egl:z) (ar,...,an| x)= [2];’ Z (1) g g M (@i -+ Aty + x)k,

m+-+ny #£0
M1,y 20
(4.8)
where
(an +-t+an +x)k_ Z k! all...alh—lnll,,,nlhq(an +x)lh (49)
e hith - T Gt My (Antth - :
I +etl=k 1° h:
11,0 In>0

From (4.8), we consider multiple twisted Barnes’ type g-Euler Zeta function defined as
follows: for each w € Ty, a1,...,a, € C, k,h € N, and Re(x) > 0,

(_1)711 +etny qn1+»--+n;, Tt

(4.10)

§z(:,1£)(a1/--~/ah |s,x)=[210 >

m+-+np #0
n1,..., 120

(army +-- +apnp +x)°

We note that g,((hg)(al,...,ah | s,x) is analytic function in the whole complex s-plane. We

also see that multiple twisted Barnes’ type g-Euler Zeta functions interpolate multiple twisted
Barnes’ type g-Euler polynomials at negative integers as follows.

Theorem 4.3. For eachw € Ty, ay,...,a, € C, k,h € N, and Re (x) > 0,

,(J’Iz’g)(al,...,ah | -k, x) = E,(Ch'q)(al,...,ah | x). (4.11)

S
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5. Multiple twisted Dirichlet’s type g-Euler numbers and polynomials

Let x be a Dirichlet’s character with conductor d(= odd) € N and w € T,. If we take f(x) =
(x) ¢ (x)e’™, then we have fi(x) = f(x +d) = y(x)wew*e!*. From (2.2), we derive

2], 35 (DT gy@wlet
x tx _ q
[ xwre ) - T G.1)
In view of (5.1), we can define twisted Dirichlet’s type g-Euler numbers as follows:
2], 55 (DT gxiwlet &
FZ;,x(t) = = Z Enxw i |t +log(qw)| <z (5.2)

qlwdetd +1

(cf. [17,19,21,22]). From (5.1) and (5.2), we can give Witt’s type formula for twisted Dirichlet’s
type g-Euler numbers as follows.

Theorem 5.1. Let x be a Dirichlet’s character with conductor d(= odd) € N. For each w € T,,
n € NU {0}, we have

jxx(x)wxetxdy_q(x) =E} (5.3)

We note that if w = 1, then E/ nyl = =E] x is the generalized g-Euler numbers attached to y
(see [18, 26]). From (5.2), we also see that

d-1
FZ)x(t) q Z d 1-i lx(l)w’ ti Z qldwldeldt( 1)
= =0 (5:4)
2], Z )'q"w" y(n)e™.
n=0
y (5.2) and (5.4), we obtain that
q d q k
Eklxrw dthwx( ) |t 0_ Z ( 1) ‘1 w" X Tl)Tl . (55)

From (5.5), we can define the lz,, function as follows:

l;,w(s) - [2]q i M (5.6)

s
n=0 n

for all s € C. We note that I ,,(s) is analytic function in the whole complex s-plane. From (5.5)
and (5.6), we can derive the following result.

Theorem 5.2. Let y be a Dirichlet’s character with conductor d(= odd) € N. For each w € T,,
n € NU {0}, we have

1, (1) = Ej . (5.7)
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Now, in view of (5.1), we can define multiple twisted Dirichlet’s type g-Euler numbers
by means of the generating function as follows:

P . .. h
[2] Z;i_l (_1)d—l—lq1X(i)wzetz h 0 "
Foy () = < 1o - ([ xwrerdu,m) = 3 B
X .

dypdptd
qwetd +1 o

(5.8)

where |t + log(qw)| < or/d. We note that if w = 1, then EZ,x,l is a multiple generalized g-Euler
number (see [22]).
By using the same method used in (2.8) and (2.9),

& n " t
S [ et e k) (o) g () = 3 B
-0 /X X n. 4= n!

h-times

(5.9)

From (5.9), we can give Witt’s type formula for multiple twisted Dirichlet’s type g-Euler
numbers.

Theorem 5.3. Let y be a Dirichlet’s character with conductor d(= odd) € N. For each w € Ty, heN,
and n € NU {0}, we have

j J‘ x4+ x) W (g e+ xh)"dy_q(xl) cedp_g(xp) = Eﬁlhxq;,, (5.10)
x  Jx

h-times

where y(x1 + -+ +xp) = x(x1) -+ x(xp) and

n! 1 1
(X1+"'+Xh)n = E ﬁxfw-x;. (511)
Ii+etly=n '1° h:
I, 1520

From (5.10), we also obtain the sums of powers of consecutive multiple twisted
Dirichlet’s type g-Euler numbers as follows.

Theorem 5.4. Let y be a Dirichlet’s character with conductor d(= odd) € N. For eachw € T,, h € N,
and n € NU {0}, we have

k! q q

(ha) _

Ek,x,w_ Z 11!___lh!E11,x,w lyw" (5.12)
Li+-+lp=k
1 ey 20

Finally, we consider multiple twisted Dirichlet’s type g-Euler polynomials defined by
means of the generating functions as follows:

h

i _ o g ("
=y Enho (%), (5.13)
n=0 :

FZ"X(t' x) = <[2]‘1 Z?:_Ol (_1)d1iin(i)wieti>

qlwietd + 1
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where |t + log(qw)| < or/d and Re(x) > 0. From (5.13), we note that

[e'e] o n tn [o'e] ) tn
ZO J‘X . --Ixx(x1+- X )W (e x4 X)) dpg (1) ---d‘u_q(xh)m = ZO Eg}xﬁ,(x)ﬁ.
n= n=|

h-times

(5.14)

Clearly, we obtain the following two theorems.

Theorem 5.5. Let y be a Dirichlet’s character with conductor d(= odd) € N. For each w € Ty, heN,
n € NU {0}, and Re(x) > 0, we have

I .. f X(xl RS xh)wx1+~-~+x;. (xl +o X+ x)"dy_q(m) e dl/l—q(xh) _ ES}X‘?;)(x)/ (5'15)
X X

h-times
where
n_ o In 5.16
(14 +xp+x) = Z T (ocn +x)™. (5.16)
Ii+-+lp=n 1 h
Lyoer 1520

Theorem 5.6. Let y be a Dirichlet’s character with conductor d(= odd) € N. For eachw € T,, h €N,
n € NU {0}, and Re(x) > 0, we have

(h.q) _ k! q q q
Ek,x,w(x) - Z Lt lhlEler/w By e Elh,x,w(x)' (517)
Li+-+lp=k “*° :
i 20
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