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1. Introduction and statements of main results

Let H(t,z) be a C? function defined on R! x R*" which is 2sr-periodic with respect to the first
variable t.In this paper, we investigate the number of 2sr-periodic nontrivial solutions of the
following nonlinear Hamiltonian system

z = J(H(t z(t))), (1.1)

0 -I,
]=<In ; > (12)

I, is the identity matrix on R", H : R! x R — R, and H. is the gradient of H. Let z = (p,q),
p=(21,...,20), 9=(2Zns1,...,22n) € R". Then (1.1) can be rewritten as

where z: R — R*, z = dz/dt,

p = _Hq(t/p/ q)/
q = Hp(trPICI)

(1.3)

We assume that H € C%(R! x R*", R!) satisfies the following conditions.
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(H1) There exist constants & < p such that

al <d2H(t,z) < BI V(t z) € R' x R*. (1.4)

(H2) Let ji,jo = 1 +1 and jz = j» + 1 be integers and a, § be any numbers (without loss of
generality, we may assume a,f ¢ Z) such thatji -1 <a<ji<jp <pf<jp+1=js.
Suppose that there exist y > 0 and 7 > 0 such that j, <y < fand

1
H(tz) > §y||z||§2 -7 VY(tz) € R x R (1.5)

(H3) H(t,0) =0, H.(t,0) =0, and j € [}, j2) N Z such that

jl <d*H(t,0) < (j+1)I VteR. (1.6)

(H4) H is 2or-periodic with respect to t.

We are looking for the weak solutions of (1.1). Let E = W122((0,20r), R?*"). The 2zr-
periodic weak solution z = (p, q) € E of (1.3) satisfies

27
L [((p+Hy(t,z(t)) - ¢ = (§— Hp(t, z(t)) - ¢]dt =0 V= (p,¢) €E (1.7)

and coincides with the critical points of the induced functional
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27
1(z)=J'O pq dt - O H(t, z(t))dt = A(z) - 0 H(t, z(t))dt, (1.8)

where A(z) = (1/2) fg” z- Jzdt.
Our main results are the following.

Theorem 1.1. Assume that H satisfies conditions (H1)-(H4). Then there exists a number & > 0 such
that for any a and pwith ji—-1<a<ji<jp <P <jo+6<jo+1=j3, a>0,system (1.1) has at least
four nontrivial 2sr-periodic solutions.

Theorem 1.2. Assume that H satisfies conditions (H1)-(H4). Then there exists a number 6 > 0 such
that forany aand p,and ji—1<a<ji < p<P<jn+6<jo+1=j; p <0,system (1.1) has at least
four nontrivial 2ar-periodic solutions.

Chang proved in [1] that, under conditions (H1)—(H4), system (1.1) has at least two non-
trivial 2sr-periodic solutions. He proved this result by using the finite dimensional variational
reduction method. He first investigate the critical points of the functional on the finite dimen-
sional subspace and the (P.S.) condition of the reduced functional and find one critical point
of the mountain pass type. He also found another critical point by the shape of graph of the
reduced functional.
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For the proofs of Theorems 1.1 and 1.2, we first separate the whole space E into the four
mutually disjoint four subspaces Xy, X1, X», X3 which are introduced in Section 3 and then we
investigate two pairs of sphere-torus variational linking inequalities of the reduced functional
T and I of I on the submanifold with boundary C and C, respectively, and translate these two
pairs of sphere-torus variational links of T and I into the two pairs of torus-sphere variational
links of —I and —I, where I and I are the restricted functionals of I to the manifold with bound-
ary C and C, respectively. Since T and I are strongly indefinite functinals, we use the notion of
the (P.S.)” condition and the limit relative category instead of the notion of (P.S.), condition
and the relative category, which are the useful tools for the proofs of the main theorems. We
also investigate the limit relative category of torus in (torus, boundary of torus) on C and C,
respectively. By the critical point theory induced from the limit relative category theory we
obtain two nontrivial 2sr-periodic solutions in each subspace X; and X, so we obtain at least
four nontrivial 2sr-periodic solutions of (1.1).

In Section 2, we introduce some notations and some notions of (P.S.): condition and the
limit relative category and recall the critical point theory on the manifold with boundary. We
also prove some propositions. In Section 3, we prove Theorem 1.1 and in Section 4, we prove
Theorem 1.2.

2. Recall of the critical point theory induced from the limit relative category

Let E = W/22((0,2zr), R?"). The scalar product in L? naturally extends as the duality pairing
between E and E' = W~1/22([0, 2], R*"). It is known that if z € C*(R, R*") is 2or-periodic, then

it has a Fourier expansion z(t) = ’;Zfzake”‘" with ax € C?* and a_x = ax: E is the closure of

such functions with respect to the norm

1/2
llzll = <Z (1+ Ikl)lakl2> : (2.1)

keZ

Let us set the functional

27 2
A(z):—j z'-]zdt:J’ pgdt, z=(p,q)€E, pgeR", (2.2)
0 0

so that
27T

I(z) = A(z) - .[o H{(t, z(t))dt. (2.3)

Let ey, ..., e, denote the usual bases in R?" and set
E° = span {ei, ..., e},
E* = span {(sin jt)ex — (COS jt)eksn, (cOs jt)ex + (sin jt)exn | j €N, 1<k <n}, (2.4)

E™ = span {(sin jt)ex + (coS jt)ekin, (cOS jt)ex — (sinjt)exn | j € N, 1 <k <n}.
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Then E = E’@E*@E~ and EY, E*, E~ are the subspaces of E on which A is null, positive definite
and negative definite, and these spaces are orthogonal with respect to the bilinear form

20T
Blz,¢] = fo P+t (2.5)

associated with A. Here, z = (p,q) and { = (¢, ). If z € E* and ¢ € E~, then the bilinear form is
zero and A(z +§) = A(z) + A(¢). We also note that E°, E*, and E- are mutually orthogonal in
L2((0,2sr), R?"). Let P* be the projection from E onto E* and P~ the one from E onto E~. Then
the norm in E is given by

l|z|* = |zO|2 +A(z")-A(z7) = |z°|2 + ||P"z||2 + ||P‘z||2 (2.6)

which is equivalent to the usual one. The space E with this norm is a Hilbert space.
We need the following facts which are proved in [2].

Proposition 2.1. For each s € [1,00), E is compactly embedded in L*((0,2r), R*"). In particular,
there is an ag > 0 such that

[12llLs < asllz] 27)

forall z € E.

Proposition 2.2. Assume that H(t,z) € C*(R! x R?", R). Then I(z) is C, that is, 1(z) is continuous
and Fréchet differentiable in E with Fréchet derivative

201 20T
DI(z)w = fo (z-J(H:(t,2))) Jw = Io [((p+Hyt,2) ¢—(g-Hp(tz)) - pldt, (2.8)

where z = (p,q) and w = (p, ) € E. Moreover, the functional z — jg” H(t,z)dt is C.

Proof. For z,w € E,
|I(z +w) - I(z) - DI(z)w|

20 201 201 201 201
:'%fo (z+w) - J(z+w) — . H(t, z+w)— %fo z'~]z+-[0 H(t,z) - ) (z-J(Hx(t,2))) ~]w‘

1 201 27 27
:‘EJ‘ [2-]w+w~]z+w-]w]—j [H(t,z+w)—H(t,z)]—f [z'—](Hz(t,z))-]w]‘.
0 0 0 29)

We have

IZﬂ[H(t,z +w)-H(tz)]| <

27
0 L [Hz(t,z)~w+o(|w|)]dt' = O(|lw)). (2.10)
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Thus, we have
|I(z +w) - I(z) - DI(z)w| = O(|w|*). (2.11)

Next, we prove that I(z) is continuous. For z,w € E,

20T 20T

20T 20T
|I(z+w)—I(z)|:'%J‘O (z'+zb)~](z+w)—f0 H(t,z+w)—%f0 z-Jz+ . H(t, z)

= '%J‘;ﬂ [z Jw+w-Jz+w- Jw] —Jj” [H(t,z+w)—H(t,z)]‘

= O(|w|).
(2.12)

Similarly, it is easily checked that I is C'. O

Now, we consider the critical point theory on the manifold with boundary induced from
the limit relative category. Let E be a Hilbert space and X be the closure of an open subset of E
such that X can be endowed with the structure of C?> manifold with boundary. Let f : W — R
be a C'! functional, where W is an open set containing X. The (P.S.); condition and the limit
relative category (see [3]) are useful tools for the proof of the main theorem.

Let (E,),, be a sequence of a closed finite dimensional subspace of E with the following
assumptions: E,, = E;, ® E;} where E} C E*, E;, C E™ for all n (E;; and E;, are subspaces of E),
dimE, < +oo, E, C Eyi1, U jenEn are dense in E. Let X, = X N E,,, for any n, be the closure of
an open subset of E,, and has the structure of a C? manifold with boundary in E,. We assume
that for any n there exists a retraction r,, : X — X,,. For a given B C E, we will write B, = BNE,,.
Let Y be a closed subspace of X.

Definition 2.3. Let B be a closed subset of X with Y C B. Let cat(x y)(B) be the relative category
of B in (X, Y). We define the limit relative category of B in (X, Y, with respect to (X,),,, by

cat{y y,(B) = lim sup cat(x,x,) (B)- (2.13)

n—oo

We set

Bi={BcX| catyy ,(B) > i},
(2.14)

¢; = infsup f(x).
BeB; xeB

We have the following multiplicity theorem (for the proof, see [4]).
Theorem 2.4. Let i € N and assume that
(1) ¢; < +oo,

(2) Sup xer(x) <Ci,
(3) the (P.S.);, condition with respect to (X,),, holds.
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Then there exists a lower critical point x such that f(x) = c;. If
Ci=Cit1 = = Citk-1 = C, (2.15)
then
catx({x € X | f(x) = ¢, gradyf(x) =0}) > k. (2.16)

Now, we state the following multiplicity result (for the proof, see [4, Theorem 4.6])
which will be used in the proofs of our main theorems.

Theorem 2.5. Let H be a Hilbert space and let H = Xq & X, ® X3, where X1, Xo, X3 are three closed
subspaces of H with Xy, X, of finite dimension. For a given subspace X of H, let Px be the orthogonal
projection from H onto X. Set

C={xeH|||Pox| 21}, (2.17)

and let f : W — R be a C! function defined on a neighborhood W of C. Let 1 < p < R, Ry > 0. One
defines

A={xi+x|x1€Xy, 2 €Xp, ||x1|| <R, 1< ||x2| <R},
2= {X1 + X7 | x1 € X1, x2 € Xp, ||X1|| <Ry, ”JCz” = 1}

U {x1 + X» | x1 € X1, x2 € Xp, ||X1|| <Ry, ”JCQH = R}

(2.18)
Ufxi+x|x1€X1, x€Xo, ||x1]| =Ri, 1< ||x2|| <R},
S={xeXsoX;||xll=p},
B={xeX,oXs||x| <p}.
Assume that
sup () < inf £(S) (2.19)

and that the (P.S.). condition holds for f on C, with respect to the sequrnce (C,),, for all ¢ € [a,b],
where

a =inf f(S), b =sup f(A). (2.20)
Moreover, one assumes b < +oo and f|x,ex, has no critical points z in X; ® X3 with a < f(z) < b.

Then there exist two lower critical points z1, z, for f on C such that a < f(z;) <b,i=12.

3. Proof of Theorem 1.1

We assume that 0 < a < f. Let ey, ..., ez, denote the usual bases in R and set

Xo = span {(sin jt)ex — (oS jt)ekn, (cOS jt)ex + (sin jt)exn, (sin jt)ex + (cos jt)exin,
(cos jt)ex — (sinjt)exin, €1,€2, ..., | j<1—1, jEN, 1<k <n},

X1 = span {(sin jt)ex — (cos jt)ekin, (cos jt)ex + (sinjt)exn | j =1, 1 <k <n},

X, = span { sin jt)ex — (cos jt)exin, (cos jt)ex + (sinjt)exin | j = jo, 1 <k <n},

X3 = span {(sin jt)ex — (cos jt)ekin, (cos jt)ex + (sinjt)exn | j 2 o +1=j3, j€N, 1<k <nj.
3.1)
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Then E is the topological direct sum of subspaces Xy, X1, X5, and X3, where X; and X, are
finite dimensional subspaces. We also set

Silp) ={z e X1 |zl = p},
S (XoeX1) = {z€Xoo X | |zl =rV},
B (Xo@X1) = {z€Xo0 Xy | |zl <D},

Sro(S1(p), Xo @ X3) = {z=z1+20+23 € X1 X8 X3 | z1 € S1(p), ||z1 + 22 + z3]| = RV},
Arn (S1(p), X080 X3) ={z=z1+20+23 € X108 X0 ® X3 | z1 € S1(p), ||z1 + 22 + z3]| < RW},
S:(p) ={z€Xo | Izl = p},

So(XoeXi@Xs) = {zeXpoXi @ X | ||zl = r?),
Bo(XoeXi8Xy) = {zeXoeXi0 X, | |z <r®},

ZR(z)(Sz(p),Xg) = {Z =2, +23 € X0 X3 | Zy € Sz(p), |Zz +Z3” = R(z)},

Are (S2(p), X3) ={z=z+z3 € Xo X3 | 20 € Sa(p),

|z2 + z3]| < R@}.
(3.2)

We have the following two pairs of the sphere-torus variational linking inequalities.

Lemma 3.1 (first sphere-torus variational linking). Assume that H satisfies the conditions (H1),
(H3), (H4), and the condition

(H2)" suppose that there exist y > 0 and T > 0 such that j; <y < pand
1 2 1, p2n
H(t,z) > 2Y||Z|| T VY(t,z) € R x R (3.3)
Then there exist 61 > 0, p > 0, r'V > 0, and R > 0 such that r® < RW, and for any a and p with
fi—l<a<ji<f<p+61<p+l=janda>0,
sup I(z) <0< inf I(z),
z€S, 1) (Xo®X1) z€X 1) (S1(p) X2®X3)
(3.4)

inf I(z) > —c0, sup  I(z) < oo.
z€A 1) (S1(p), X2®X3) z€B, 1) (Xo®X1)

Proof. Let z = zp + z1 € Xo © X;. By (H2)', we have

2 20T
1(z) = 1j0 2 Jz dt - fo H(t, z(t))dt

1
< Sllzo+ 21l - Lllzo+ 2l + 7 (35)

1, .
< E(]l =1)llzo + Zl||iz +7
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for some 7 > 0. Since j; — y < 0, there exists 7 > 0 such that if zg + z1 € S,0(Xo ® X1),
then I(z) < 0. Thus, sup zes,(1>(xoeax1)1(z) < 0. Moreover, if z € B,y (Xp @ X1), then I(z) <
(1/2)(j1 = )llzo + zl||i2 +7 < T < oo,50wehavesup o (X0®X1)I(z) < oo. Next, we will show
that there exist 61 >0, p > 0and RV > Osuch thatif i —1<a<ji<f<ja+61<ju+1=7s,
then infzezk(l) (Sl(p),ngxa)I(Z) >0.Letz=2z1+2z+2z3 € X180 X, ® X3 with z; € Sl(p), zy € Xo,
z3 € X3, where p isa smallnumber. Let ji —1 <a <ji <f<jo+6<jp+1=j; for somed >0
and a > 0. Then X; © X, ® X3 C E* and P~ (z; + 22 + z3) = 0. By (H1), there exists d > 0 such that

1 20T 20T
I(z)=§J‘O s Jz dt - O H(t, z(t))dt

1 2 P 2
> = P+(Zl+22+23) - = P+(Zl+Zz+Z3) ,—d
q -2 i -
1, . 1,. 1.
> (=PIl + 5 G2 = PP 2ll7 + 5Gs - PIIP 23l ~ d
]. . 2 1 + 2 1 . + 2
L= p - Lalrraal s L sl - o

Since j1 = <0, o =P > -6, and jz — f > 0, there exist a small number 6; > 0 and RD >0
with 6; < 6 and RV > r such thatif ji -1 < a < ji < f < p+6 < o+ 1 = j3 and
z € Zgo (S1(p), X2 @ X3), then I(z) > 0. Thus, we have inf zesz(sl(P),Xﬁxs)I(z) > 0. Moreover,
ifi-1l<a<jp<pP<p+6i<jpp+l=jandz e Arn(Si(p), Xz ® X3), then we have
I(z) > (1/2)(j1 - p)p* - (1/2)6)1||P+zz||i2 —d > —co. Thus, inf 5 (s, (p), X,0x3) [ (2) > —c0. Thus,
we prove the lemma. O

Lemma 3.2. Let &1 be the number introduced in Lemma 3.1. Then for any a and p with j; —1 < a <
j1<P<fp<jo+1l=jsand a>0,ifuisacritical point for I|x,exex,), then I(u) = 0.

Proof. We notice that from Lemma 3.1, for fixed uy € Xy, the functional uy; +— I(ug + up3) is
weakly convex in X, & X3, while, for fixed uy; € X, @ X3, the functional ug — I(uy + uy3) is
strictly concave in X,. Moreover, 0 is the critical point in Xy ® X, ® X3 with I(0) = 0. So if
U = Up + Up3 is another critical point for I|x,e(x,sx,), then we have

0 =1(0) < I(uz3) < I(uo +uzs) < I(uo) <1(0) =0. (3.7)
So we have I(u) = I(0) = 0. O
Let Px, be the orthogonal projection from E onto X; and

C={z€E||Pxz|>1}. (3.8)

Ihen C is the smooth manifold with boundary. Let én =Cn E,.. Let us define afunctional
TE\ {XoEB(Xz@Xg)} —>Eby

~ PXZ 1
Fz)ez XZ _p 1- 1 Vpy= 3.9
R L R G A Y
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We have

~ 1 Py .z Px,z
V¥(z)(w) =w - ——— <PX w - < L ,w> L > (3.10)
[Pz \ ™ IPxzl” / [[Pxz|

Let us define the functional T : C — R by
I=IoW". (3.11)

ThenT € Cllol We note that if Z is the critical point of I and lies in the interior of C, then z = ¥(2)
is the critical point of I. We also note that

llgradZI(2)|| > || Px,ecexy) VI(®(E))|| ¥z € oC. (3.12)

Let us set

(3.13)

1
ZR“) =y (ZR(U (Sl (P), X ® XS))r

—~  ~-1
AR(l) =Yy (AR(l)(Sl(p),X2®X3)).

We note that %,EE,ZZ@, and Z;; have the same topological structure as S,n), B,o, Zgn),
and Aga, respectively.

Lemma 3.3. —I satisfies the (P.S.)% condition with respect to (C,,),, for every real number & such that

0< . inf (—T)(E) <c< sup (=D (2). (3.14)
Ze¥ (S,q) (Xo®X1)) Ee‘?_1(AR(1) (S1(p), X20X3))

Proof. Let (k,), be a sequence such that k, — +o0, (z3), be a sequence in C such that z,, € Cy,,
for all n, (-I)(Z;) — & and gradc(-I)lg, (Zx) — 0. Set z, = ¥(Z,) (and hence z, € Ey,) and
(=I)(z4) — C. We first consider the case in which z, ¢ Xy @ (X, @ X3), for all n. Since for n large
Pg, o Px, = Px, o Pg, = Px,, we have

Pg,, V(=I)(Z3) = Pr,, ¥W'(Z)(V(=I)(zn)) = ¥'(Z2) (PE,, V(=I)(zn)) — 0. (3.15)
By (3.9) and (3.10),

Pg, V(-I)z;, — 0 or
(3.16)
Pxye(xy0x3) PE, V (=1)(20) — 0, Px,z, — 0.

In the first case, the claim follows from the limit Palais-Smale condition for —I. In the second
case, Pxyo(x,0x;) Py, V(=1)(24) — 0. We claim that (z,), is bounded. By contradiction, we sup-
pose that ||z,|| — +oo and set w, = z,/||z4||. Up to a subsequence w, — wy weakly for some
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wy € X @ (X, @ X3). By the asymptotically linearity of V(-I)(z,) we have

<—V(_I)(zn)/wn> = <PX0®(X2@X3)PE;<" _V(_I) (_Zn)rwn> + <V(_I) (fn)'PX12n> — 0. (3.17)
(e (e [EA

We have

<v<-1)(zn) wn> _ 2Dz J‘ " [_ 2H(t zn) | H(t zn) ‘w"]dt (3.18)

A [EMR— [EAly [[zx

where z, = ((zn)1,- .., (2Z1),,). Passing to the limit, we get

27 .
lim f [ZH“’Z;’) etz w"]dt:O. (3.19)
SO O (A (A

Since H and H.(t, z,) - z, are bounded and ||z, || — o0 in Q, wy = 0. On the other hand, we have

V(-1 o H.(t,
Pxo(x20xs) PEy, M/wn = I =Wy - Jwn + | Pxpex0xs) PEy, Ha(t20) ) wy | dt.
llzal 0 [EA|
(3.20)

Moreover, we have

V(-I)(z _
<PX0€B(X2®X3)PEJ<,, M/ P+wn -P wn>

Izl

201 H t,
- _|IPX2@X3P+wn”2 - ”PXUP_’LU”H2 - _[ PXU@(XzEBXa)PEkn Z( Zn) .
0

W (P*wy — P~wy,)dt.
n

(3.21)
Since w, converges to 0 weakly and H(t, z,) - (P*w, — P"w,) is bounded, ||PXZ@x3P+wn||2 +
||PX0P‘wn||2 — 0. Since || Px, wul? = 0, w, converges to 0 strongly, which is a contradiction.

Hence, (z,), is bounded. Up to a subsequence, we can suppose that z, converges to z, for
some z € Xo ® (X, ® X3). We claim that z,, converges to zj strongly. We have

(Pxy0(x20%5) PEy, V(=I)Zn, P* 2y — P™ 2y,

201

= || Pxsexs Pey, P Zal|” = || Pxo Pe, P2 ||” + Pxoorosxy Pey, | Ha(t 2a) - (P20 — P2,,).
0
(3.22)

By (H1) and the boundedness of H.(t, z,)(P*z, — P"z,),

27
|| Pxsexs Pee, P2 |” + || Pxo Py, P2 ||” — Pxos(xaoxs) P, f H.(t,z)- (P*z- P z).  (3.23)
0
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That is, ||Px,ex, Pk, Ptz + | Px, Pk, P z,|? converges. Since ||PX12n”2 =0, ||zl converges,
so z, converges to z strongly. Therefore, we have

gradc(-1)(2) = gradc(-1)(2) = lim Py, gradc(=1)(z,) = lim P, gradc(-1)(Z) =0.  (3.24)

So we proved the first case.

We consider the case Px, z, = 0, thatis, z, € Xo® (X2®X3). Then z,, € 0C, for all n. In this
case, z, = ¥(z,) € Xo @ (X2 @ X3) and Pxye(x,6x5) V(1) (z,) — 0. Thus, by the same argument
as the first case, we obtain the conclusion. So we prove the lemma. O

Proposition 3.4. Assume that H satisfies the conditions (H1), (H2)', (H3), (H4). Then there exists a
number 61 > 0 such that forany aand pwith jj -1 <a<ji<p<jp+61<jo+1=jzand a >0,
there exist at least two nontrivial critical points z;, i = 1,2, in X for the functional I such that

nf )I(z) <I(z) < sup I(z) <0< inf )I(z), (3.25)

i
z€A 1) (S1(p), X20X3 z€S (1) (XoeX1) z€X,a) (S1(p), X20X5

r(

where p, vV, and RY are introduced in Lemma 3.1.

Proof. First, we will find two nontrivial critical points for —I. By Lemma 3.1, —I satisfies the
torus-sphere variational linking inequality, that is, there exist 61 > 0, p > 0, 7 > 0,and R > 0
such that r) < RM, and forany aand withji -1 <a<ji<f<jp+6 <jo+1l=jzanda >0

sup (-1)(2) = sup (-)(z) <0< inf (-I)(z) = inf (-D)(3),
EEZ;H) ZEZR“) (51 (p),Xz&BX;;) ZESr(l) (X(]GBXl) ZESr(l)
sup (-I)(2) = sup (-D)(z) = - inf 1(z) < oo, (3.26)
ZEZ;T; z€A 1) (S1(p), X2®X3) Z€A (1) (S1(p) X20X3)
inf (-)(£)= inf (-I)(z)=- sup I(z) > -oo.
ZEBV(]) ZEBr(l) (X()@X]) ZEBr(l) (Xo®X1)

By Lemma 3.3, —I satisfies the (P.S.)% condition with respect to (Cp),, for every real number ¢
such that

0< inf (-I)(2) << sup (-1)(3). (3.27)

zes,0 zed )

Thus by Theorem 2.5, there exist two critical points z7, z; for the functional —T such that

inf (-D)(2) < (-D(Z) < sup (-D(Z), i=1,2 (3.28)

Ze5,m zed )

Setting z; = @(Z,-), i=1,2, we have

0< inf (-I)(z) = inf (-1)(2) < (-I)(z1) < (-D)(22) < sup (-D)(2) = sup (-I)(2).
ZESr(l) 2657(1) EGZ—R\(_;) ZEAR(l)

(3.29)
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We claim that z; ¢ aé, that is z; ¢ Xo @ (X2 @ X3), which implies that z; are the critical points
for —I in Xj, so z; are the critical points for I in X;. For this we assume by contradiction that
zi € Xo ® (X2 @ X3). From (3.12), Px,e(x,ex,) V(=1)(zi) = 0, namely, z;, i = 1,2, are the critical
points for (=I)|x «(x,ex,)- By Lemma 3.2, —I(z;) = 0, which is a contradiction for the fact that

0< inf  (-I)(2) < (=)(z) < sup (=I)(2). (3.30)
ZESr(l) (X(]@Xl) ZEAR“) (Sl (p),Xz@X:;)

Lemma 3.2 implies that there is no critical point z € Xy @ (X, @ X3) such that

0< inf (-D(z) < (-D)(z) < sup (=D (=). (3.31)
ZESr(l) (XuﬁBXl) ZEAR(1) (51 (p),Xz@Xg)
Hence, z; ¢ Xo ® (X2 ® X3), i = 1,2. This proves Proposition 3.4. O

Lemma 3.5 (second sphere-torus variational linking). Assume that H satisfies the conditions (H1),
(H3), (H4), and the condition

(H2)" suppose that there exist y > 0 and T > 0 such that j, <y < pand
1 e 1., pon
H(t,z) > §y||z|| -7 V(t,z) € R x R™. (3.32)

Then there exist 6, > 0, p > 0, r® > 0, and R® > 0 such that r® < R®, and for any a and p with
h-l<a<ji<p<f<jp+6<pp+l=jzanda>0,

sup I(z) <0< inf  I(z),

2€S, ) (Xo®X19X2) 2pe) (S2(p),Xs5)
(3.33)
inf I(z) > —co, sup I(z) < 0.
ZEAR(z) (52 (p),X3) ZEBr(z) (X()GBXlGBXz)

Proof. Let z = (2o + z1) + 22 € (X0 ® X1) ® X5. By (H2)", we have

1 2.7!‘ 2.7!' 1 1 .
I(z)=§f0 z-Jzdt- O H(t,z(t))dts§||z||2—g||z||iz+7'§E(]z—y)||z||iz+7- (3.34)

for some 7. Since j, —y < 0, there exists r® > 0 such thatif z € S,e (Xo® X1 ©X5), then I(z) < 0.
Thus we have sup 25 0 (XO@X1$X2)I(Z) < 0. Moreover, if z € B,o (Xo®X18X>), then I(z) < T < oo,
so we have sup =B o) (XU$X1@X2)I(2) < oo. Next, let z = z + z3 € X, @ X3 with z; € Sy(p), where
p is a small number. We alsolet ji -1 <a <ji <o <f<jr+6 <jp+1=j3and a > 0. Then
X, ® X3 C E* and P (z; + z3) = 0. By (H1), there exists 7’ > 0 such that

20T 20T
1(z)=1J‘ z-]zdt—j H(t, z(t))dt
0

0

1
> §||P+(Zz + 23)”2 - §||P+(Zz +23)”i2 -7
(3.35)
1 + 2 1 + 2 ﬂ + 2 ﬂ + 2 !
S R
1 p 1. 2
> §<1 - ]-—2>P2 +50s - PPz, - 7
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Since 1-f/j» < 0and j; - § > 0, there exist a small number 6, > 0 and R® > 0 with 6, < 6 and
R® >r@gsuchthatif j-1<a<ji <jo <P <jotds < jot+l = jzand z = zp+23 € Zge (Sa(p), Xs3),
then I(z) > 0. Thus we have inf zes , (s,(p),x;) [ (2) > 0.

Moreover, if z € Age) (S2(p), X3), then I(z) > (1/2)(1 - B/ j2)p* — 7' > —oo. Thus we have
inf A o (5,(p),x5)[(2) > —c0. Thus we prove the lemma. 0

Lemma 3.6. For any A €]j», j3[ there exists a constant T > 0 such that for any a and p with j; —1 <
a<ji<p<P<A<j+1=j3and a>0,if zis a critical point for I|xex,)ex, with 0 < I(z) < T,
then z = 0.

Proof. By contradiction, we can suppose that there exist A > 0, a sequence (a,),, (B,),, such that
ay, —a, B, — pwitha €]j1 -1, j1[, p € [j2-A], and a sequence (z,), in (Xo® X;) ® X3 such that
I(z,) — 0 and Pxyex,)ex; VI(2,) = 0. We claim that (z,),, is bounded. If we do not suppose that
|znll = +o0, let us set w, = z,/||z,|. We have up to a subsequence, that w, — w, weakly for
some wy € (X ® X1) ® X3. Furthermore,

0= (VI(zn), Pxyox, zn) = ||P* Pyox,zal|” = | PPy, zal|” = (Hz(t, z0), Pxoox,za),  (3.36)

so we have
|| Pxoox,za | = (Hz(t, zn), Pxyox, Zn).- (337)
Moreover,
0 = (VI(zn), Px,zn) = || P, Zall* = (H=(t, 20), Px,20), (3.38)
so we have
”I)XI%Z””2 = <H2(t/ Zn)/PX3zn>~ (339)
Adding (3.37) and (3.39), we have
znll” = (Ha(t, 20), 20)- (3.40)
From (3.40) we have
l[woll® = lim (H-(t, z,), wn). (3.41)
n—oo
We also have
20
0 = (Pxyexi)ox; VI(2n), zn) = 21(z4) +f [-2H(t, zu) + Hz(t, 24) - 2] dt. (3.42)
0
Dividing by ||z,|| and going to the limit, we have
20
lim H.(t,z,) - w, =0. (3.43)
n—oo 0
Thus
[|wol|* =0, (3.44)

which is a contradiction since ||wyl|| = 1. So (z,),, is bounded and we can suppose that z, — z
for z € (Xo ® X1) @ X3. From (3.42), we have

(H=(t,zy), zn) = J‘z]r 2H (t, z,)dt. (3.45)
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From (3.40),

27 27
lim ||z, ||* = lim (H.(t, z,), z,) = lim f 2H (t, z,)dt = f 2H (t, z)dt. (3.46)
n—oo n—oo n—oo 0 0

Thus, z, converges to z strongly. We claim that z = 0. Assume that z#0. By (H1) 0c||z||i2 +01 <
2 [XT H(t, z)dt < p|zl|% + c2, for some ¢; and ¢y. If z € Xo ® X; with || Px,ex, zl* 2 [jlllzI%: for
j <0and [j| > B,

|]'|||PX0€BX]Z||i2 < “PXO@X]ZHZ < ﬂ”PXU@X@”iZ + Co. (3.47)

If z € X3, || Px 2> 2 jsl| Px,zl72, and

jllPxzllz < 1Pzl < Bll Pzl + co (3.48)

Thus, we have
(71= B IPxpox, 212 + G = P Px2ll7 = 2¢2 < 0, (3-49)
which is absurd because of |j| > f and j3 > p. Thus z = 0. We proved the lemma. O

Let Px, be the orthogonal projection from E onto X, and
C={z€eE||Pxz| 21} (3.50)

Then C is the smooth manifold with boundary. Let C,, = C N E,,. Let us define a functional
¥:E\ {(Xo®X;1)® X3} — Eby

- PX V4 1
v =z- 22" _ =P 1—-— )Py, z 3.51
== = P+ (1 iy ) oo
We have
> 1 PX z PX z
V¥(z)(w) =w - —( Px,w - : _ w 2 . 3.52
B)@) ||sz2||< e <||Px2z|| >||Px2z||> (352

Let us define the functional I : C — Rby

Y v

I=I0". (3.53)

Then I € Clloi We note that if # is the critical point of I and lies in the interior of C, then z = ¥(2)
is the critical point of I. We also note that

llgrad=I(2)|| > || Pxyexnex: VI(¥(2))|| vz eaC. (3.54)
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Let us set

Sra) = "I\Tl (ST(Z) XoeXq® Xz)),

9]

Byo =¥ (B0 (X0 X1 0 X)),
(3.55)

Sre) = p (Zro (S2(p), X3)),

Aro =¥ (Age (S2(p), Xs)).

We note that S,0), B, 2o, and Age have the same topological structure as S,», B,», Zgo),
and Age), respectively.

We have the following lemma whose proof has the same arguments as that of
Lemma 3.5 except the space (Xo @ X1) @ X3, Xo ® Xj, X3 instead of the space Xo @ (X, ® X3), Xo,
Xp @ X3.

Lemma 3.7. —[ satisfies the (P.S.)} condition with respect to (C,),, for every real number & such that

0<  inf (-D)(2)<e< sup (-D)(2), (3.56)
2 (S, (Xo0X10X2)) 27 (A4 (S2(p),Xa))

where p, r®, and R® are introduced in Lemma 3.5.

Proposition 3.8. Assume that H satisfies the conditions (H1), (H2)", (H3), and (H4). Then there exists
a small number 6, > 0 such that for any aand pwith ji—1<a<ji<jp<Pp<jr+6<jr+1=j3and
a > 0, there exist at least two nontrivial critical points wj, i = 1,2, in X, for the functional I such that

inf I(z) < I(w;) < sup I(z) <0< inf I(z), (3.57)
ZGAR(z) (Sz (p),X';) ZESr(z) (X()EBXlﬂ)Xz) ZEZR(z) (Sz(p),Xg)

where p, r®, and R® are introduced in Lemma 3.5.

Proof. 1t suffices to find the critical points for —I. By Lemma 3.5, —I satisfies the torus-sphere
variational linking inequality, that is, there exist 6, > 0, p > 0, r@ > 0, and R® > 0 such that
r® < R®,and forany aand pwith jj —1<a<ji<ja<f<ja+62<jo+1=js,

sup (-)(2)= sup  (-I)(z) <0< inf (-I)(z) = inf (-1)(2),
2€80) z€XL0) (S2(p),X3) z€S, (2) (XooX19X2) 2€$ (o)
sup (-I)(2)=  sup (-D(z)=- inf  I(2) <o, (3.58)
zel ) z€A ) (S2(p),X3) z€A L) (52(p), X3)
inf (-I)(2) = inf (-I)(z) =—  sup 1(z) > —co.
EEBr(z) ZEBr(z) (XoeX10X7) ZEBr(z) (XooX10X2)

By Lemma 3.7, I satisfies the (P.S.)% condition with respect to (C,),, for every real number ¢
such that

0< inf (-I)(2) <&< sup (-I)(2). (3.59)

265,(2) EEAR(Z)
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Then by Theorem 2.5, there exist two critical points @1, W, for the functional —I such that

inf (~I)(w) < (-I)(w;) < sup (-D)(w), i=1,2. (3.60)

11169,(2) ‘(ZJEAR(Z)
Setting w; = ¥ (w;),i=1,2, we have

0< inf (-D)(w)= inf (-D)(@)<(-I)(w1) < ~I(w)< sup (-I)(w)=  sup  (-I)(w).

wES (2) weS ) wel po) weA p2) (S2(p),Xs3)

(3.61)

We claim that w; ¢ 0C, that is w; ¢ (Xo @ X;) @ X3, which implies that w; are the critical points
for —I, so w; are the critical points for I. For this we assume by contradiction that w; € (X ®
X1) ® X3. From (3.54), Px,ex,)ex, V (=I)(w;) = 0, namely, w;, i = 1,2, are the critical points for
(=Dl (xp0x,)ex,- By Lemma 3.6, —I(w;) = 0, which is a contradiction for the fact that

0< inf (-I)(w) < (-I)(w;) < sup (-I)(w). (3.62)

weS ) (Xo@X19X>) wEA ) (S2(p), X3)

It follows from Lemma 3.6 that there is no critical point w € (X ® X;) ® X3 such that

0< inf (-I)(w) < (-I)(w) < sup (-I)(w). (3.63)
w€5y<z) (XoaX18X2) WEAR(Z) (SZ(P)/X3)
Hence, w; ¢ (Xo ® X1) @ X3, 1 = 1,2. This proves Proposition 3.8. ]

Proof of Theorem 1.1. Assume that H satisfies conditions (H1)-(H4). By Proposition 3.4, there
exist 61 > 0, p > 0, r® > 0, and R® > 0 such that for anyaand pwithji -1 <a<ji <p<
jo+061 < jo+1=j3, (1.1) has at least two nontrivial solutions z;, i = 1,2, in X; for the functional
I such that

inf I(z) <I(z) £ sup I(z) <0< inf I(z). (3.64)
z€A ) (S1(p), X20X3) z€S, (1) (Xo®X1) z€X 50 (S1(p), X20X3)

By Proposition 3.8, there exist 6, > 0, p > 0, r? > 0, and R® > 0 such that for any a and § with
ji—l<a<ji<jp<f<jp+062<jr+1=j3anda >0, (1.1) has at least two nontrivial solutions
w;, i =1,2,in X, for the functional I such that

inf I(z) < I(w;) < sup I(z) <0< inf I(z). (3.65)
ZEAR(Z) (Sz (p),X3) ZESr(z) (X(]@XlEBXz) ZEZR(Z) (Sz(p),X3)
Let
5 = min {51,52}. (366)

Thenforanyaand pwithji -1 <a<j<jp<f<pp+6<jp+1=j3and a >0, (1.1) has at
least four nontrivial solutions, two of which are in X; and two of which are in X5. O
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4. Proof of Theorem 1.2

Assume that H satisfies conditions (H1)-(H4) with a < < 0. Let us set

Xo=span{(sin jt)ei + (cos jt)eiin, (cos jt)ex — (sinjt)exwn|j > —j1+1, jEN, 1 <k <n},
Xi=span{(sin jt)ex + (cos jt)eksn, (cos jt)ex — (sin jt)exnlj > —j1, j€ N, 1 <k <nj,
Xp=span{(sin jt)ex + (cos jt)eksn, (cos jt)ex — (sin jt)exnlj = —j2, jEN, 1 <k <n},
Xs=span {{e1, ey, ..., e, (sin jt)ex — (cOS jt)exsn, (COS jt)ek + (sinjt)exwn | j>0, jEN, 1<k<n}
U { (sin jt)ex + (oS jt)exsn, (cos jt)ex — (sinjt)exsn | j < —jo—1=—j3, j€EN, 1<k <n}}.
(4.1)
Then the space E is the topological direct sum of the subspaces Xy, X1, X», and X3, where

X1 and X are finite dimensional subspaces.

Proof of Theorem 1.2. By the same arguments as that of the proof of Theorem 1.1, there exist
6>0,p>0,rV >0, RV, r? >0, and R? > 0 such that for any e and  with j; -1 <a < j; <
j2 < B < j2+06,(1.1) has at least four nontrivial solutions, two of which are nontrivial solutions
z;,1=1,2,in X; with

inf I(z) <I(z) < su I(z) <0< inf 1(2), 4.2
z€A gy (S12(p), X3) @) (=) zeSr(l)()I?oeX]) (=) z€X ) (S12(p), X3) 2) (42)

and two of which are nontrivial solutions w;, i = 1,2,in X, with

inf I(z) < I(w;) < sup I(z) <0< inf I(z). (4.3)
z€A @) (S2(p), X3) €8, ) (Xo®X19X2) z€Xp2) (S2(p) X3)
O
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