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1. Introduction

This paper is a continuation of Part I [1]. In Section 3 of Part I, using the energy estimate and
bootstrap arguments, the global existence of solutions for a Holling type III cross-diffusion
predator-prey model with stage-structure has been discussed when the space dimension be
less than 6. However, to obtain the L* estimate for the population density w of predator
species, there is not cross-diffusion for w in Part I.

All diffusive predator-prey systems behave, more or less, in the same way, for both
semilinear and cross-diffusive models, at least for small values of the cross diffusivities.
Consequently, all the available information for linear diffusive models is essential to realize
the behavior of the most complicated cross-diffusive systems [2-17].

In this paper, we consider the following cross-diffusion system:

)

U = (du +anu® + apuo + a13uw> +pu—au-— bu? — cu® - —
xx 1+u

vt:(dv+a21uv+azzvz+azng> +u-v, O0<x<1,t>0,
xx
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autw

w; = <d3w + az uUw + axnvw + a33w2> - kw — wa + —,
xXx
1+u?

ux(xrt) =vx(x,t) =wx(xrt) =0, x=01,1t>0,

u(x,0) =up(x), v(x,0)=2v(x), w(x,0)=wy(x), 0<x<l,
(1.1)

where d, ds, a;j (i,j = 1,2,3),a,p,y,a,b,c, and k are positive constants. Also, d, d3 are linear
diffusion coefficients of u, v, w, respectively, while a;; (i = 1,2, 3) are referred as self-diffusion
pressures, and a;j (i#j,i,j = 1,2,3) are cross-diffusion pressures. If a1o = ap = a3 = a3 =
az =0, then (1.1) reduces to the system (1.4) of Part L.

Recently, the work in [18-20] studied the existence, uniform boundedness, and
uniform convergence of global solutions for the Lotka-Volterra cross-diffusion models
without stage-structure in the case that the space dimension n = 1. In this paper, we
consider mainly the existence and uniform boundedness of global solutions for the model
(1.1) with nonlinear density restriction and stage-structure. Moreover, global asymptotic
stability of the positive equilibrium point for (1.1) is proved by an important lemma
of [21]. The proof is complete and complement the uniform convergence theorem in
[18-20].

2. Global Existence and Uniform Boundedness

For simplicity, denote |-|k,p = |- ||ka(0,1),| . |’[J = || lr(0,1)- The local existence result of
solutions to (1.1) is an immediate consequence of a series of papers [22, 23] by Amann.
Roughly speaking, if ug, vo, wy € Wr} (0,1), p > 1, then (1.1) has a unique nonnegative
solution u,v,w € C(]0, T),W;(O,l)) N C*((0,T),C*(0,1)), where T < +oo is the maximal
existence time for the solution. If (u, v, w) satisfies

Sup{ |u('/ t)ll,p/ IU(', t)ll,p/ |w(/ t)ll,p 0<t< T} < oo, (21)

then T = +oo. If, in addition, ug, vg, wo € Wr%(O, 1), then u, v, w € C([0, ), WF%(O, 1)).
The main result in this section is as follows.

Theorem 2.1. Let 1y, vy, wy € W22(0, 1), (u, v, w) is the unique nonnegative solution of (1.1) in its
maximal existence interval [0, T). Assume that

2 2

Bayiaia31 > anaijs + aj,azn,

8aanan > apas, + as.a (2.2)
1244220432 32091 23412, .

2 2
8[113[123“33 > 0303 + 3,013,
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Then there exists to > 0 and positive constants M, M" which depend on d,ds, a;; (i,j = 1,2,3),
B,a,b,c k,y,a, such that

Sup{ |u('/ t)|1,2/ |U('/ t)|1,2/ |'(U(, t)|1,2 ‘te (to, T)} < M,/ (23)

max{u(x,t),v(x,t),w(x,t):0<x <1, tH<t<T} <M, (2.4)

and T = +oo. In particular, if d,d3 > 1, d3/d € [d, H], where d < 1 and d are positive constants,
then M', M depend on d, d, but do not depend on d, ds > 1.

The following Gagliardo-Nirenberg-type inequalities and corresponding corollary
play an importance role in the proof of Theorem 2.1.

Theorem 2.2 (see [18]). Let Q C R" be a bounded domain with 0Q € C™. For every function
u € WmM(Q), 1<gq, r < oo, the derivative Diu (0 < j < m) satisfies the inequality

D] < C(IDmulluly +1u, ), (2.5)

provided one of the following three conditions is satisfied: (1) r < q,(2) 0 < n(r —q)/mrq < 1, or
(3) n(r—q)/mrq =1, and m—mn/ q is not a nonnegative integer, where 1/p = j/n+a(l/r—m/n)+
(1-a)/q, forall a € [j/m,1), and the positive constant C depends on n,m, j,q,r, a.

Corollary 2.3. There exists a positive constant C such that

july < C(jucy 1l + [uly),  Yu € W1(0,1), (2.6)
uly < C(Jueely i + luly), Vi € WO, 1), 2.7)
uly 2 < C(lsy” ™ [ul} /' + uly ), Yu € WO, 1), (2.8)
fualy < C (el iy + uly), ¥ € W20, 1). (2.9)

For simplicity, denote that C is Sobolev embedding constant or other kind of absolute constant.
Aj, B;, C; are some positive constants which depend on a;; (i,j = 1,2,3), p,a,b,c,k,y,a. Also, K;
are positive constants which depend on a;; (i,j = 1,2,3), B, a,b,c,k,y,a,d,ds. When d,d3 > 1, K;
do not depend on d, ds, but on d, d.

Proof of Theorem 2.1

Step 1. Estimate |ul, |v|1,|w|;. Firstly, taking integration of the first and second equations
in (2.7) over the domain [0, 1], respectively, and combining the two integration equalities
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linearly, we have

1

il [+ (a+ pyoldx < o d o] (pumpid)ax (210)

0 0

From Young inequality and Holder inequality, we can see

d (! a 1
EIO [+ (a+p)v]dx<C - a_+ﬂfo [u+ (a+p)v]dx, (2.11)

where C; = (1/4b)(f+a/(a+ ﬂ))z. From which it follows that there exists a constant 7y > 0,
such that

1 1
j udx,j vdx < My, t>m, (2.12)
0 0

where My = (2C;(a + f)/a) max{(a + )", 1}.
Secondly, taking integration of the third equations in (2.7) over domain [0, 1], we have

d (! 1 1 2
%J’Owdx <(a- k)jowdx -y (Iowdx> . (2.13)

This implies that there exists a constant 7y > 0, such that
! 2|a - k| -
f wdx < T, t> 7. (2.14)
0

Let M; = max{My, 2|la - k|)/y}, 71 = max{7, To}. Then

1 1 1
f udx,f de,f wdx < M;, t>m. (2.15)
0 0 0

Moreover, there exists a positive constant M’ which depends on f,a,b,c, k,y, a and the L'-
norm of uy, vy, wy, such that

1 1 1
f udx,f vdx,f wdx <M, t>0. (2.15")
0 0 0
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Step 2. estimate |ul, |v], and |wl,. Multiplying the first three inequalities of Corollary 2.3 by
u, v, w, respectively, and integrating over [0,1], we have

1d (',
EEJ‘OH dx

1 1 1
< —df uidx - f [(Zanu + a0 + a13w)u§ + M UUL Uy + a13uuxwx]dx + [3J’ uvdx,
0 0 0

1

1 1
<—-d| vidx- J‘ [(a21u + 20000 + a23w)vfc + A VULV, + azgvvxwx] dx + J‘ uvdx,
0 0 0

1
2dx — f [(a31u + azpv + 2a33w)w§ + A3 WU Wy + a32wvxwx] dx.
0

(2.16)

Let d' = min{d, ds}. By the above three inequalities and Young inequality, we have

%%’[1 (uz +0%+ w2>dx
0

1 1 1 1
< —d’f <u§ + 02 + wi)dx - f Gty Uy, wy)dx + <‘B M a)f <u2 +0%+ w2>dx,
0 0 2 0
2.17)

where

q(Uyx, Uy, wx) = a11u + apv + a13w)ui + (anu + 2apv + a23w)vi + (as1u + azv + 2a33w)w,zc
+ (AU + a010) U Uy + (A13U + A31 W) U Wy + (A23T + A3 W) VW

(2.18)

is quadratic form of u,, vy, wy. It is not hard to verify that q(uy, vy, wy) is positive definite if
(2.2) holds. Moreover, if (2.2) holds, then

%%f(uz + 07 +w2>d < —d’f <u§+v§ +w§>dx+ ('le +a>f(u2+v2+w2>dx.

0 0
(2.19)

1

0

Now we proceed in the following two cases.
(i) It holds that ¢ > 7y. By (2.6) and (2.15), we have [u2dx > (1/CM)([ju2dx)’ - M2,
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and
1 1 3
—d’f (uf( +02 + wi)dx <3d' M7 - Cod’ U <u2 +0% + w2>dx] : (2.20)
0 0
By (2.19) and (2.20), we can see that
1d(tr, 2\ 4
EE 0<u +0"+w ) X
(2.21)

1
+ a>j <u2 +0% + ’w2>dx +3d M2
0

< —Czd'U1 <u2 +0 4 w2>dx]3 N <[5 +1

0

Thus, there exists positive constants 7, > 71 and M, depending on d, ds, 3, a,b, c, k,y, a, such
that

1 1 1
J uzdx,f vzdx,f wldx <M, t>m. (2.22)
0 0 0

Since the zero point of the right-hand side in (2.21) can be estimated by positive constants
independent of d', when d’ > 1. Thus M, do not depend on d’ > 1.

(ii) t > 0. Repeating estimates in (i) by (2.9)', we can obtain that there exists a positive
constant M, depending on d, ds, f,a,b,c, k,y,a and the L', L?>-norm of ug, vy, wy, such that

1 1 1
j u2dx,f vzdx,f w?dx < M, t>0, (2.22")
0 0 0

when d' > 1, M is independent of d'.

Step 3. Estimate |uyly, |Ux|y,|wx],. Introduce the scaling that

i=—, 5=—, W=—, f=dit, (2.23)

denote 7 = d3/d, and redenote i, , ZTJ,?by u,v,w, t, respectively. Then (2.7) reduces to

ur =Py + f(w,v,w), 0<x<1, t>0,

U =Qx + g, v,w), 0<x<1,t>0,

w; = Ry + h(u,v,w), 0<x<1,t>0, (2.24)
Uy(x, 1) = vx(x,t) =wye(x,t) =0, x=0,1, t>0,

u(x,0) =up(x), ov(x,0)=00(x), w(x,0)=1wo(x), 0<x<1,
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where P = u+a u? + apuv +apuw, Q = v+ ay uv + anv® + anovw, R = NW + a3 UW + azvw +
azw?, f(u,0,w) = pd'v - adu - bu?® — cdu® - (dvw/ (1 + d*u?)), g(u,v,w) = d ™ (u-),
h(u,v,w) = —-kd'w - rw? + (adu’w/ (1 + d*u?)). We still proceed in following two cases.

(i) It holds that t > 7] = d7,. From (2.15) and (2.22), we can easily obtain that

1 1 1
f udx,f vdx,j wdx < Myd™!,
0 0 0

1 1 1 2.2
f uzdx,f vzdx,f w?dx < Mod™?, (2.25)
0 0 0

|P|,,1Ql,, |Rl, < DKyd ™,

where K1 = (2 + 1’[) + M2d_2, D= max{Ml,an + a1y + 13,21 + Ay + Ap3, 31 + A3p + a33}.
Multiply the first three equations in (2.24) by P, Q;, R; and integrate them over [0, 1],
respectively, then adding up the three new equations, we have

1 1 1 !
lyl(t) S _’[ utzdx — j vtzdx — TIJ‘ wtzdx - I q(ut/ Uy, wt)dx
2 0 0 0 0

1
+ f [(1+ 211U + a1p0 + azw)u f + apuvy f + arzuw, f|dx
‘ (2.26)

1
+ f [azlvutg + (1 + ag1u + 200 + apw)v: g + azngtg] dx
0

1
+ f [as1wuh + aswoih + (1 + asu + azv + 2azsw)w;h]dx,
0

where ¥ = j(l)(PJ% + Q2 + R2)dx. It is not hard to verify by (2.4) that there exists a positive
constant C3 depending only on a;; (i, j = 1,2,3), such that

q(uy, v, wy) 2 C3(u+ v+ w) <ut2 + vtz + wf) (2.27)

Thus,
1 1 1 1 1
~“y'(H < —f u?dx — J vidx — qf widx - C3'[ (u+v+w) <ut2 + 0P+ wf)dx
2 0 0 0 0

1 1
+ f I+ 201U + appv + apw)u fdx + J (1 + ao1u + 2a0 + apw)v;gdx
0 0

1 (2.28)

1 1
+ f (1 + asu + anv + 2az3w) wihdx + f apuofdx + f arzuw; fdx
0 0 0

1 1

azywuthdx + f ap,wohdx.
0

1 1
+ f aougdx + I apvw;gdx + f
0

0 0
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Using Young inequality, Holder inequality and (2.24), we can obtain the following estimates:

f

)

1

J
J
}
f

I

1

uldx <

fdx <

uddx <

bdx <

uvdx <

wodx <

1
f wodx <

I
I
I
J

1

0

[
J

bvdx <
1
4

uvdx <
0

1

uudx <
0

1
wudx <

1
wudx <

1

4

urupdx <

1

uoudx <
0

woudx <

1 /5 , 4 4/5 " 1/5
<’[ u7dx> I uzdx> < Mg/5d_8/5 <I u dx> ,
0 0

1

<I1u7dx> <I1u > M3/5d —6/5 <f u’d >
0 0 0
1 1 1
I u dx I ud < M2/5d -4/5 j u’d
0 0 0
1 1 1
<I u7dx> <I u’d > Ml/sd 2/5 <I u’d >
0 0 0
1 1
I u>dx I v2d < M,d?2,
0 0
1 1 3/10 1/2 1 1/5
<f u7dx> <I u’d > < > < Mg/Sd*8/5 <J‘ u7dx> ,
0 0 0
1 1 1/10 1/2 1 2/5
f u dx I u*d dx < M;/5d_6/5 f u dx ,
0 0 0
6 (" 7 1 7 6 7,7
— <
7f0u dx + 7f0 v'dx < 7f <u + v >dx,
1! 1! 1 1
—I wPodx + —J ubodx < M4/5d ~8/5 f ud —j <u7 +"07>dx,
2)o 2)o 0 7)o
1 1 1
1 udx+€J uutdx<—M1 L ™
2¢ ), 2J, 2J,

1 (! e (! s 1 L€ 1
—f wldx + j uutdx < < M /54-8/5 J‘ u’d f uu?dx,
2e) g 2)o 0 2 0
1 (1 1 1 1
—f wdx + EI uufdx < Mz/sd -4/5 f u’d eJ‘ uutdx,
2e ), 2)o 0 2)o
1 (1 1
—f udx + €f uutdx,
2e¢ ), 2)o
1/5
1 (1 1 1 1 1
—f wodx + ej vuldx < —M4/5d 8/5 f udx + GJ‘ vuldx,
2e ), 2), 2e 0 2),

1

1
lJ‘ utvdx + ej vuldx
2e¢ ), 2)o
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1 1 1/5 3 e[l
< EM‘ZI/5d*8/5 <f0u7dx> + Tie 0<u7 + z;7> dx + Efovufdx,

1 1 (1 e (! 3 (1 e (!
f woudx < — | ubodx + —f vuldx < — <u7 + 07) dx + —f vuldx. (2.29)
0 2e¢ ), 2)o l4e ), 2)o

Applying the above estimates and Gagliardo-Nirenberg-type inequalities to the terms
on the right-hand side of (2.28), we have

1 11 1
—j utdx < ——'[ P2 dx +’[ f2dx,
0 2J)o 0

1 1! 1
—f vidx < ——f Q% dx + f g%dx,
0 2)o 0
1 1 1
—qf widx < —EI R2 dx + qJ‘ hdx,
0 2)o 0

1 1 1 1 1 1
I fRdx < ﬁzd‘zj‘ v*dx + azd‘zj‘ w’dx + bzf utdx + 2bcd2j wdx + czd4f ubdx
0 0 0

0 0 0

1 1 1
+ 2abd‘1j wdx + ZacJ utdx + d‘Zj w?dx
0 0 0

1 1 1
wlwdx + 2f wdwdx

+ 2ad‘2f
0

uwdx + 2bd‘1f

0 0

1 1/5
< <a2 +h+1+ 2a> Maod™ +2b(a + 1) M3/°d13/5 (I u7dx>
0

1 2/5
+ <2ac +b%+ 2) Mg/Sd‘w5 (J‘ u7dx>

0

. 3/5 . 4/5
+ 2bcM§/5d1/5 <f u7dx> + czMé/5d8/5 <f u7dx> ,
0 0

1 1
f gzdx < d‘zf (uz + vz>dx <2Mod™*,
0 0

(2.30)

1 1 1 1
qJ h?dx < d’271<k2 + a2>f w?dx + deflqu‘ widx + yzrlJ‘ w'dx
0 0 0 0

1 1/5
< 11<k2 + a2> Mod™ + ZkYUMg/SdIB/S <J‘Ow7dx>

1 2/5
+ yqug/E’d‘é/S <’[ ’w7dx> .
0



10 Boundary Value Problems

Thus

1 1 1
- I u?dx - j vidx - qf widx
0 0

0

1! 2 1! 2 (" 2 4
<—=| Padx— 5| Qidx— o | R dx+Cy(2+1)Myd
2)o 2)o 2),

+Csd ™ (1+ )My d™®/° U (’ + w7)dx] + Co(1+m) My °d /> U
0

0
1 3/5 1
+CyM;/°d"® <f u7dx> + CsM,°d® <f u7dx>
0 0

2/5
(u® + w7)dx]

4/5

(2.31)

For the other terms on the right-hand side of (2.28), we have

+ad™? +b

1
j uovdx

1
f uudx
0

1
j wudx
0

0

1
j ufdx < pd
0

+cd +d7t

1
f wWupdx
0

2L 241 2 1 1/5
< pfra+l Myd=3 + b—M;L/Sd‘B/5 <J‘ u7dx>
0

1
f wuidx
0

- 2¢ 2e

s e (7 BN 2 pat I
+—=M5"7d / u’dx + €| uupdx + ——e| vuidx + ze| wu;dx,
2¢ 0 2°J, 2 ), 2,

+ 2011 ad!

1
f uuyvdx

0

1
J‘ wupdx

1
Zallj uu fdx < Zallﬂd_l
0

0

+ 2[1%11? + 2011 dc + 2[)[11d_1

1 1
f wudx f wtudx
0

1
f uuywdx
0

0

2 > 2 1 1/5 2 12 3 1 3/5
a +a-+1 as. b
< - 7 (ﬂ ) M§/5d‘18/5 <J‘Ou7dx> + —1; M§/5d_4/5 <f0u7dx>

€

2 2 M
azc

+ 222 Wdx +3e
€ 0

1 1

1
uuldx + ef vuldx + ef wuldx,
0

0 0
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1 1
f wotdx| + appad™ f uoudx| + a%zb
0

1
f woudx
0

1
alzf vu fdx < otlzﬂd*1
0 0

1
+ appdc f woudx| + appd™

0

le b2 1 1/5
< 2—162 <a2d‘2 + E> M§/5d‘8/5 <I u7dx>
0

9 s 1/5
+ ap, (B +1) M§/5d-18/5 <flv7dx>
2e 0

3a2 2 1 1
+ —7;2 <% + c2d2>j <u7 + v7>dx + gef vuldx,

0 0

1
f vwudx
0

1 1
f vwudx| + ajzad™! I uwudx| + a%b
0

1
f Wwudx
0

1
a13f wu fdx < 0(13ﬁd71
0 0

1
f wwudx
0

2 2 3-2 2 1/5
< ajy(a d2€+b /2) M35 <f1u7dx>
0

2 1 1/5 1 1/5
+ —13M§/5d_18/5 [ﬂ<f v7dx> + <f w7dx> ]

2e 0 0

3ads (0 5 o\ (' (7 s 7 5 (1 5
+7—€<E+cd j <u +w>dx+§efowutdx,

0
1
f uvidx

1
J‘ vordx
0 0
1
J wordx
0

o2 1 1/5 e (1
< ﬂM;l/Sd_ls/s <f u7dx> + EJ (uvtz + vvf)dx,

€ 0 0

1
f v*vidx

0

1
+ ay3dc +apzd™ f wudx
0

d! < e
+ < *5

Mid> e r <uvt2 + vvf)dx,

1
J‘ vigdx < d™
0

0

1
+and™! f uvvdx

0

1
aﬂj uv;gdx < ard™
0

1
f uovidx| + 2a0d ™!

0

. ) 1 1/5 1 1/5 1
ax [ ovsdx
gnfonMg/sdww[( EORIED H
0 0 0

1
J Uwvidx

0

1
20@_2[ vvgdx < 2a00d7!
0

1
+ apd ™! f vwordx

1
(x23f wogdx < apsd!
0 0

11
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ags | vvidx
< 23f02€ M8/ [(I u7dx> ¥ <I v7dx> ] + ef wojdx,
0 0 0

1
I wwidx
0

1
ﬂj Wy
0

) ) 1 1/ 1
< (x+k) Pd3M, + Y_nzM;L/sd—sw <J‘ w7dx> + enf wwidx,
2¢ 2e 0 0

1
+asy I wwwdx

0

1
f uwwdx

0

2, 1 1/5 1 1/5
<5 [(a+ k2d2+ L ]M4/5d ~8/5 [( I u7dx> + <f w7dx> ]
2e 0 0

1

”‘31}’2 1 2
<u +w >dx+ ef uwtdx+ —€ ww 2dx,
14e ), 27 ),

1
a31j uwihdx < (a + k)d 'az
0

1
+ any f vwtwdx

1
J vwwidx
0

0

1/5 1/5
32[( +k)2d +Y2]M4/5d 8/5[<I:v7dx> +<I:w7dx> ]

3“322 I
+ —= f v +w>dx+2€vatdx+ -€ wwdx,
0

1
ang vwihdx < (a0 + k)d_1(X32
0

1
+ 2a33y f wiwidx
0

1
f wwidx
0

1
2a33f wwihdx <2(a + k)d‘1a33
0

/5 5 o 3/5
< (a + k) a33 M4/5d—18/5 <J’ Wwd > N azzy M%/Sd—4/5 <J1w7dx>
€ € 0

1
+ eI wwtzdx,
0

+ alzb

1
+apad! f wvrdx

1
J wodx
0

0

1
’[ uvovdx
0

1
j utodx
0

2 (2, 2 1 /5 239 1 3/5
< A (ﬂ e 1) M‘21/5d‘18/5 <f u7dx> + _a12b M§/5d‘4/5 <J’ u7dx>
0 0

2e 2e

1
alzj uv; fdx < alzﬂd‘l
0

1
J uwodx
0

+ aucd + txlzd_l
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€

0 0 0

1
-1 f wtwdx
0

1 1
a13f uw; fdx < a13[5d_1 f uovwdx| + azad
0 0

+ a‘;’Scd +apzd!

1 1
f utwdx I uwwdx
0

0

2e 2e

€ 0

1
1 f uoudx
0

0

1
-1 f v?udx
0

0

AN

1
az1f vugdx < and- +and

0

IN

N

1
1 f uovwdx| + axd

0

1
-1 J‘ v?widx

0

1
azgf vwigdx < agzd”
0

IN

1
tlglf wushdx
0

IN

azi(a + k)d_l

1
I wudx

0

1/5
(a+k)ia 2 M4/5d—18/5 J wd
2e

aZ 1 3/5 1
+ ﬁszg/Sd““S f w’dx + eJ wutzdx,

2e 0 0

1
J w?vdx
0

1
+ a1y f wiudx
0

1
ang wothdx < az(a + k)d™ +azy
0

1
f wividx
0

2, 72\ ,2 1 1/5
. (2 + k*) a3, Mzzi/sd-ls/s <f w7dx>
0

2e

2.2 1 3/5 1
AnY" ) 12/5 4-4/5 7 2
——M;5"d w'dx +e| wodx.
2e 0 0

+ 0(13b

2 0 2 1/5
aly (B +a*+1) M§/5d—18/5 <J‘1u7dx> “13
0

0

“12C o7 el > Lo L
> dfudx+§ 3f uvtdx+J‘vvtdx+ wopdx|,
0

1
f wwidx

13

B2 1 3/5
M2/5d -4/5 <I u dx>
0

2 . 1/5 . 1/5 .
ﬂMg/Sd‘ls/‘g f u’ dx + f v dx + ef
2e 0 0 0

2 1 1/5 1 1/5 1
a
£M3/5d‘18/5 f u’dx + j v dx + ef
2e 0 0 0

2.2 1 1 1
ajsC 3 1 1
+ 2 dzf udx + —ef uw?dx + —ef vwidx + ~e| ww?dx,
2 2 2 2 ),

vuldx,

vw?dx,

(2.32)
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Thus

1 1
’[ (142011 + a0 + a)us fdx + f (1 + ao1u + 2ap00 + apw)v;gdx
0 0

1

1 1
+ f (1 + az1u + azv + 2az3w)wihdx + J appuv fdx + f azuw fdx
0 0 0

1

1 1 1
+ I aoupgdx + f avwgdx + f azywuthdx + J azywoihdx
0 0 0 0

1
C -
< Aefo(u +v+w) <ut2 + 0P+ wf)dx + ?ngd 3(2 + 712> (2.33)

1 1/5
+ %Mg/Sd*S/E’ (2 +d%+ 112> [I (u7 +0 + w7)dx]
0

1 3/5
+ %M;‘/ a5 (1+ ) U W+ + w7)dx]
0

+ %<1+d2>f

1
<u7 +0 + w7> dx,
0

where A is a positive constant.
Note by (2.8) and (29) that [P[)3 < C(IPL°IPLY® + [P, [P <
BiK}2d4/3(|Pex? + K2d %), and

1 1 1
—%f P2 dx - % I Q2 dx - gf R%,dx < -Bymin{1, 7} K;*3d**%*3 + K2d2 (2 + 7). (2.34)
0 0 0

Choose a small enough number € > 0, such that Ae < C3. According to (2.28)—(2.34), we have

1 . -
Ey’(t) <-A; rr11r1{1,11}I<14/3y5/3 + A Koy + A3 Ky + AgKyy'? 2.35)

+ 145I<5y2/3 + A6K6y5/6 + A7K7,

where y = [i[(dPx)* + (dQx)* + (dR)*]dx.
However, (2.35) implies that there exist positive constants 7; > 0 and M; depending
ond,ds,a;j(i,j=1,2,3), p,a,b,c,k,y,a, such that

1 1 1
J (dPx)zdx,J (de)zdx,f (dRy)?dx < M5, t>7. (2.36)
0 0 0
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Whend,d; >1,5 € [d, E], the coefficients of (2.35) can be estimated by constants depending
on Q,H, but not on d,ds. Thus, when d,d; > 1,17 € [4,3], M3 depends on a;; (i,j =
1,2,3),B,a,b,¢c,k,y,a,d, H, and is irrelevant to d, d3 > 1. Since

P X P u P v P w Ux
Qr | =] Qu Qv Qu Ox |, (2.37)
Ry R, R, Ry Wx

similar to (2.26) in [24], we have

|duy| + |dvy| + |[dwy| < D(|dPx| + |dQx| + |dRx]), 0<x<1, t>0, (2.38)

where D is a positive constant only depending on 17, a;; (i, j = 1,2, 3). Scaling back with (2.22)
to original variable u, v, w, t and combining (2.36),(2.38), there exist positive constants 73 > 0
and M3 depending ond, ds, a;j (i,j =1,2,3), p,a,b,c, k,y,a, such that

1 1 1
f uidx,f vidx,J‘ widx < Mz, t>T1;. (2.39)
0 0 0

In addition, when d,ds; > 1,1 € [d, H], M3 is dependent of d, d, but independent of d, d3 > 1.

(ii) It holds that t > 0. Replacing M;, M, with M, M}, in (2.24)—(2.34), we can obtain
that there exists a positive constant M; depending on d,ds, a;; (i,j = 1,2,3), B,a,b,c,k,y,a
and the W, -norm of uy, v, wy such that

1 1 1
f uf(dx,f vidx,f widx < M;, t>0. (2.39")
0 0 0

Whend,ds > 1,1 € [d, H], M, is dependent of d, d, but independent of d, d3 > 1.

Concluding from (2.15), (2.22), (2.39), and Sobolev embedding theorem, there exists
a positive constants ty > 0, M, M' depending on d,d3, a;j (i,j = 1,2,3), ,a,b,c,k,y,a, such
that (2.3) and (2.4) are satisfied. Furthermore, when d,d; > 1, 1 € [d, 3] and the time t is
large enough, M, M' are dependent of a;; (i,j = 1,2,3), §,a,b,c,k,y,a, d, d, but independent
of d, d3 > 1.

Similarly, according to (2.15'), (2.22), (2.39'), we can see that there exists a positive
constant M" depending on d,ds,a;; (i,j = 1,2,3), B,a,b,c,k,y, a and the initial functions
Uug, Vo, Wy, such that

lu(, t)|1,2, lo(, t)|1,2, lw(, t)|1,2 <M", t>0. (2.40)
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Whend,d; > 1,1 € [d, H], M" is dependent of d, d, but independent of d,ds. Thus T = +oo.
This completes proof of Theorem 2.1. O

3. Global Stability

From [1], we know that if

k
a>k, pf>a, a—k<m0'
(H)
ﬂ—a—c+b2 b\ﬁ 24(B - a)c?
2 8¢ = 24c 3b2+4c(ﬂ—a—c)—b\/pT'

where (p1 = 9b? + 24c(f — a — c¢) > 0), then (1.1) has the unique position equilibrium point
E*(u*,v*, w*).

Theorem 3.1. Assume that all conditions in Theorem 2.1 and (H) are satisfied. Assume further that

2
*2 *2

1 u“+vli+u *4 1
—<a+bu*+cu*2>>2+( ) + 4 i r>—2, (3.1)
p 8 2 a 21+ u?)

4 * 72 1 2 1 * 2

—w*d d3 > = lXQg,M + —azw (d + 2(111M + ale + LI13M)

ap p a

2
(BalSM + — a31w > (d +an M + 20 M + lX23M) (32)

< a;p + 0{21> Mzw*(d3 + DC31M + 0(32M + 26(33M)

hold, where M is the positive constant in (2.4). Then the unique positive equilibrium point E* of (1.1)
is globally asymptotically stable.

Remark 3.2. Since M is independent of d, ds in the case of d,d3 > 1, (3.2) is always satisfied if
d and dj3 are big enough.

Proof. Define the Lyapunov function

H( )—ir( —u)’d +1f( ~0")d +1f1( ~w' -w'n—)dx.  (33)
u,o,w _2'6 Ou u X > O'U (4 X x w —w w " X. .

0
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Let (14, v, w) be any solution of (1.1) with initial functions ug(x), vo(x), wo(x) > (#)0.
From the strong maximum principle for parabolic equations, it is not hard to verify that
u,v,w >0 fort>0. Thus

dH
T < —f [B(d + 211U + a0 + algw)ui + (d + agqu + 2000 + azgw)vi
0
1 w* 1
—(d3 + azu + azpv + 2a33w) ’w + Balzu + a1V ) ULy

*

1 w*
UxWy + [ 30 + —az VyWy | dx
w a w

<1 1
+| sapu+ —az
p a

! 1 w(u + u*) (34)
— IO{(u - u*)zﬁ [a + b(u + u*) + C<u2 +uu* + u*2> + m
1/u+u* " 2 1 (! 2
_2_§<1+u2 —-u > }dx—EJ‘O(v—v ) dx
1
1
—| (w-w*? Y. 5 |dx
0 a  2(1+ u*?)
The first integrand in the right hand of the above inequality is positive definite if
4,
Ew (d + 20(1114 + 120 + 0(13‘(0) (d + anu+ Zazzv + 0(23w) (d3 + az1uU + az0 + 26[3310)
5/ 1 1 1 w w*
+w |\ sapu + ao —a13U + —az; a0 + ﬁzx32
p a a T w w
1 2
> B <tx23vw + ;a32w*> (d +2a11u + a0 + a3w) (3.5)

1 2
+ <ﬂa13uw + —azw” ) (d+ anu + 2000 + axw)
1
a

1 2
<ﬁa12u + a1 (d3 + az1u + az0 + 2(1337,0).

From the maximum-norm estimate in Theorem 2.1, (3.2) is a sufficient condition of (3.5).
Thus when (3.1) holds, there exists a positive constant 6 such that

dH (u,v,w) <

= -5J': [(u ) 4 (0 -0+ (w - w*)z]dx. (3.6)
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By integration by parts, Holder inequality and the maximum-norm estimate in

Theorem 2.1, we can see that d/dt(f(l)[(u —u*)? + (v -v")? + (w - w*)?])dx is bounded from
above. According to Lemma 3.1 in [1] and (3.6), we obtain

u(t) =l — 0, [o(,t) =", =0, |w(,t)-w],—0, (t—0). @7

Using Gagliardo-Nirenberg inequalities, we have |u(-, )], < C |u|i,/22|u|§/ 2, Thus

lu(-,t) —u*|, —0, |ov(,t)-2",—0 |w(it)-w|,—0, (F— ). (3.8)

That is, (14, v, w) converges uniformly to E*. Since H(u, v, w) is decreasing for t > 0, E* is
globally asymptotically stable. O
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