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1. Introduction

The aim of this paper is to establish infinitely many solutions for two-point boundary value
problems with the nonlinear term possibly discontinuous. We immediately emphasize the
following theorem which is a particular case of our main result (Theorem 3.1).

Theorem 1.1. Let f : R — R bea locally bounded, and almost everywhere continuous function such
that infr f > 0. Put F(¢) := fgf(t)dtfor every ¢ € R and assume that

. F() 1 F(¢)
léTigf §_2 < legiip 5—2 (1.1)
Then, for each A €]8/limsup, _, ., F(§) /&, 2/liminf;_, .o, F(&)/&*[, the problem
-u"=\Af(u) in]0,1[
(5]

u(0) =u(l)=0

admits a sequence of pairwise distinct positive weak solutions.
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Clearly, when f is continuous in R, the solutions in Theorem 1.1 are classical (in this
case, it is enough to assume infr f > 0; see Corollary 3.5). Moreover, substituting { — +oo
with ¢ — 0%, the same results hold and, in addition, the sequence of pairwise distinct positive
solutions uniformly converges to zero (see Theorem 3.9 and Corollary 3.10).

When f is a continuous function, results of the existence of infinitely many solutions
for problem (G}ﬁ) are obtained, for example, in [1-7]. We observe that in the very interesting

paper [6], the authors assume liminf; .o, F(¢)/¢* = 0 and lim SUp; 4o, F(§)/¢& = +oo,
which are conditions that imply our key assumption. Very recently, in [4], a more general
condition than the previous assumption has been assumed, requiring in addition, however,
that lim; _, .o, (&) = +c0. Moreover, we also observe that the results in [1, 2] are obtained by
using the important Variational Principle of Ricceri [8], which is, basically, the same as our
tool. We emphasize that, also when f is a continuos function, our theorems in this paper and
the results in [1-7] are mutually independent (see Remark 3.13 and Examples 3.11 and 3.12).

When the nonlinear term f is discontinuous, there have been many approaches to
studying a nonlinear eigenvalue differential equation as it arises in physics problems, such as
nonlinear elasticity theory, and mechanics, and engineering topics. Chang in [9] established
the critical point theory for nondifferentiable functionals and presented some applications
to partial differential equations with discontinuous nonlinearities. Next, Motreanu and
Panagiotopoulos (see [10, Chapter 3]) studied the critical point theory for non-smooth
functionals and in this framework, very recently, Marano and Motreanu, in [11], obtained
an infinitely many critical points theorem, which extends the Variational Principle of Ricceri
to non-smooth functionals, and applies this result to variational-hemivariational inequalities
and semilinear elliptic eigenvalue problems with discontinuous nonlinearities.

In this paper, we present a more precise version of the infinitely many critical
points theorem of Marano and Motreanu (Theorem 2.1), obtained by a completely different
proof (see Remark 2.2) and, by using the previous theorem, we establish our main result
(Theorem 3.1) on the existence of infinitely many solutions for a two-point boundary value
problem with the Sturm-Liouville equation having discontinuous nonlinear term.

We explicitly observe that methods and techniques used in the proof of Theorem 3.1
can be applied to a wide class of nonlinear differential problems to investigate infinitely many
solutions. The note is arranged as follows. In Section 2, we recall some basic definitions and
our abstract framework, while Section 3 is devoted to infinitely many solutions for the Sturm-
Liouville problem.

Finally, we point out that the existence of multiple solutions for nonlinear differential
problems has been studied in several papers by using different techniques (see, e.g., [12, 13]
and references therein).

2. Infinitely Many Critical Points

Let (X, - ||) be a real Banach space. We denote by X* the dual space of X, while (:,-) stands
for the duality pairing between X* and X. A function @ : X — R is called locally Lipschitz
continuous when, to every x € X, there corresponds a neighbourhood V. of x and a constant
L, > 0 such that

|®(z) - D(w)| < Lyllz-w| Vz, w e V. (2.1)
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If x,z € X, we write ®°(x; z) for the generalized directional derivative of @ at the point x
along the direction z, that is,

O(w + tz) - D(w)

D°(x; z) = u}:n;lcstli% ; (2.2)
The generalized gradient of the function @ in x, denoted by 0®(x), is the set
0D(x) == {x* € X* : (x*,2) <D°(x;z) Vz € X}. (2.3)
We say that x € X is a (generalized) critical point of ® when
O°(x;2z) >0 VzeX, (2.4)

that clearly signifies 0 € 0®(x). When a non-smooth functional, ¥ : X —] - oo, +o0], is
expressed as a sum of a locally Lipschitz function, @ : X — R, and a convex, proper, and
lower semicontinuous function, j : X — ] — oo, +00], thatis ¥ := @ + j, a (generalized) critical
point of ¥ is every u € X such that

O°(w;v—u) +j(w) —ju) >0 (2.5)

for all v € X (see [10, Chapter 3]).

Here, and in the sequel, X is a reflexive real Banach space, ® : X — R is a sequentially
weakly lower semicontinuous functional, ¥ : X — R is a sequentially weakly upper
semicontinuous functional, A is a positive real parameter, j : X —] — oo,+00] is a convex,
proper and lower semicontinuous functional and D(j) is the effective dominion of j.

Write

Yi=Y-j, L =@®-A¥=(D-1Y)+A] (2.6)

We also assume that @ is coercive and
D(G)n®'(]-oo,r[)#2 (2.7)

for all r > infy @. Moreover, owing to (2.7) and provided r > infx @, we can define

p(r)= _inf (SUP e 1-cn,rpy ¥ () =¥ (1)
v el r - ®(u) ’ (28)
y = liminfe(r), 6:= liminf ¢(r).

=+ - (infx®)*

Assuming also that @ and Y are locally Lipschitz functionals, we have the following
result, which is a more precise version of [11, Theorem 1.1] (see Remark 2.2).
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Theorem 2.1. Under the above assumptions on X, ® and ¥, one has

(a) for every r > infx ®@ and every A €]0,1/¢(r)[, the restriction of the functional I, = ®—-\¥
to ®71(] - oo, r[) admits a global minimum, which is a critical point (local minimum) of I,
in X.

(b) if y < +oo then, for each A €]0,1/y], the following alternative holds: either

(b1) I, possesses a global minimum, or

(by) there is a sequence {u,} of critical points (local minima) of I, such that
lim,, 1, @ (uy,) = +c0.

(c) if 6 < +oo then, for each A €]0,1/8], the following alternative holds: either

(c1) there is a global minimum of ® which is a local minimum of I, or

(c) there is a sequence {uy,} of pairwise distinct critical points (local minima) of 1, with
limy, - 100 @ (uy) = infx O, which weakly converges to a global minimum of ®.

Proof. Arguing as in the proof of [14, Theorem 3.1] we have (a). More precisely, let 1/ > ¢(r),
then there is u € D(j) such that ®(u) < r and ®(u) - AW (u) <r -1\ SUP g (x)<r W¥(x). Moreover,
put

M= L‘f(”) LW (@), (2.9)
Clearly,
sup ¥(x) < M. (2.10)
D(x)<r
Finally, put
Y if ¥(u) <M
W) = { S 211)
M, if ¥(u) > M.

Since, owing to [15, Corollary IIL8] j is sequentially weakly lower semicontinuous, a simple
computation shows that ¥ is sequentially weakly upper semicontinuous. Put | = @ — AW .
Clearly ] is a sequentially weakly lower semicontinuous functional and, as it is easy to see,
it is also a coercive functional. Therefore (see, e.g., [16, Theorem 1.2]), it admits a global
minimum ug. If J(uy) = J(u), then u satisfies the conclusion.

Otherwise, assume J(ug) < J(u). In this case, we have that ¥(uy) < M. In fact, from
J(ug) < J(u) one has @(ug) — A\Wpr(ug) < @(u) — A¥p(u). Hence, D (1) < AP ps (1) + D(u) —
A (1) < AM + @(u) — A¥(u) = r and, from (2.10) one has ¥(uy) < M. Therefore, (1) —
AW (1) = D(up) — AWm(up) < O(u) — \Wp(u) for all u € X and, taking again (2.10) into
account, ®(ug) — A¥ (ug) < D(u) — A\¥(u) for all u € @ (] - oo, 7[). Hence, u, satisfies the
conclusion.

Let us prove (b). Pick A €]0,1/y[ and assume that (b;) is not true. We will show that
when y < +oo and I, does not posses a global minimum in X, then I, admits a sequence of
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critical points. Let a € R such that A < a < 1/y. From liminf, ., ¢(r) < 1/a there exists
a sequence {r,} such that lim,_,,, 1, = +o0 and ¢(r,) < 1/a for alln € N. Put r,, = ry.
Owing to (a), one can find u; € ® (] — oo, 7, [) such that u; is a local minimum for I,. From
our assumption, u; is not a global minimum for I,. Therefore, there exists u; € X such that
I\ (1) < I (u1). Hence, u; ¢ ®7'(] — oo, 75, [). Let r,,, € {r,,} such that r,,, > ®(uy). Again from
(a), there is up € ®7(] — o0, 1,4, [) such that u, is a local minimum for the functional I,. Taking
into account that u, is a global minimum in ®1(] - oo, 7,[), we have that I (uy) < I, (1)
and I, (u1) < Iy(u1). Hence, @(uy) > 1y, . Reasoning inductively we obtain a sequence {uy} of
distinct critical points such that ®(u.1) > ry,, for all k € N. Hence, (b,) holds.

Finally, we prove (c). Fix A €]0,1/6[ and let u € X such that ®(u) = infy @. Assume
that (c1) does not hold, that is u is not a local minimum for I,. Consider a € R such that A <
a < 1/6. By our assumption, liminf, _, j,¢,0) ¢ (r) = 6 < 1/a, hence there exists a decreasing
sequence {r,} such that lim, .1, = infx® and ¢(r,) < 1/a for alln € N. Put r,, = r.
Owing to (a), there exists u; € @ (] - o0, 7, [), which is a local minimum for I,. Therefore,
u; #u. Then, ®(u) < ®(uy). Let ry, € {r,} such that ®(u) < r,, < D(uy). Again from (a),
there is u, € ®'(] — oo, 7, [) which is a local minimum for the functional I,, with ®(u) <
@(uy) < @(u7). Reasoning inductively we obtain a sequence {uy} of distinct local minima for
I, such that ®(u) < ®(uy) < 1y, forall k € N. Hence, limy _, .o, @(ux) = infx®d. Moreover, since
{ur} € @1(] — 00,7 [) and @ is coercive, then it is bounded. Since X is reflexive, taking a
subsequence if necessary, {ux} weakly converges to u* € X. From the weak sequential lower
semicontinuity, one has @ (u*) < limg_, o, ®(ux) = infx @, that is ®(u*) = infx @. Hence, the
conclusion is obtained. 0

Remark 2.2. We explicitly observe that the proof here outlined is different from that proposed
by Marano and Motreanu in [11]. Further we do not use the weak closure of the sub-levels
®(] - oo, 7[), for r > infx®D.

3. Sturm-Liouville Boundary Value Problem
Consider the Sturm-Liouville boundary value problem

—(pu') +qu=2Af(u) in]0,1[

1%
u(0) = u(1) =0, (C)

where p,q € L*([0,1]), f : R — R is an almost everywhere continuous function and 1 is a
positive parameter.
Denoting Dy the set

Dy := {z € R: f is discontinuous at z}, (3.1)

we recall that f is said to be continuous almost everywhere if Dy is (Lebesgue) measurable
and m(Dy) = 0. Moreover, if f is locally essentially bounded, we write

f7(t) == lim essi ﬁff(z), fr@) = (Slirr(}+ esssup f(z) (3.2)

6—0* |t-z|< |t-z|<6
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for each t € R. We observe that f~ and f* are, respectively, lower semi-continuous and upper
semi-continuous.
Assume that

po = gcses[o{gllf p(x)>0,  qo:= gses[&%fq(x) >0. (3.3)

Let W12([0,1]) be the Sobolev space endowed with the usual norm
1 ) 1 5 1/2
llull« == (I | ()| dx+f |1 (x) | dx) . (3.4)
0 0

As is customary, we denote by W3’2([0, 1]) the closure of C3°([0,1]) in W12([0,1]). Moreover,
a function u : [0,1] — R is said to be a weak solution of (G’;ﬁ) ifue Wg'z([O, 1]) and

1 1
f p(x)u (x)v' (x)dx + f q(x)u(x)v(x)dx
’ ’ (3.5)

- )Lde(u(x))v(x)dx Yo e Wy ([0,1]).
0

We recall that u € AC([0,1]) is a generalized solution of (G’}j) if pu' € AC([0,1]), u(0) = u(1)
and

—(p(x)u'(x))’ +q(x)u(x) = Af (u(x)), (3.6)

for almost every x € [0, 1].
Clearly, the weak solutions of (Gl}j) are also generalized solutions.

If f and g are continuous functions we recall that u € C!([0,1]) is a classical solution
of (G?:Z) if pu’ € C([0,1]), u(0) = u(1) and

—(p(x)u'(x))/ +q(x)u(x) = Af (u(x)), (3.7)

for every x € [0,1].
We recall that

1 1
(u,v) = Joq(x)u(x)v(x)dx + fop(x)u’(x)v’(x)dx u,vE W&’z([O,l]) (3.8)
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is an inner product that induces in Wg 2([0,1]) the norm

1 1 1/2
llu = <f0p(x)|u'(x)|2dx + Lq(x)|u(x)|2dx> , (3.9)

which is equivalent to the usual one.
It is well known that Wg 2([0,1]) is compactly embedded in C°([0,1]) and in particular
one has

1
2./P0

l[ulleo <

[[ull, (3.10)

forevery u € Wg’z([O, 1]).
Consider @ : W&’z([O, 1]) - Rand Y : Wé’z([O, 1]) — R defined as follows

2 1
O(u) := @, Y(u) := IOF(u(x))dx, (3.11)

where
4
F@) = f fla (3.12)

for every ¢ € R.
By standard arguments, one has that ® is Gateaux differentiable and sequentially
weakly lower semicontinuous. Moreover, the Gateaux derivative is the functional @'(u) €

(W&’Z([O, 1]))* given by
1 1
@ (u)(v) = fop(x)u'(x)v'(x)dx + foq(x)u(x)v(x)dx, (3.13)

for every v € W&’z([O, 1]).

Moreover, Y is locally Lipschitz continuous in W&’z([O,l]). So it makes sense to
consider the generalized directional derivative Y°. Finally, by a standard argument, Y is
sequentially weakly continuous.
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Now, put
Po
Ki=3————, 3.14
Tl + 1217 (B.14)
F(t
A = liming 222 PO,
{—+0 §2
. (3.15)
B := limsup @,
¢—+o0 é
1o oz 2119l +12]plleo
1= gT/
(3.16)
)Lz = ZZTO

Our main result is the following theorem.
Theorem 3.1. Let f : R — R be a locally essentially bounded and almost everywhere continuous
function. Put F(¢) := fgf(t)dtfor every ¢ € R and assume that

(1) ng(t)dt >0, for every & > 0;

(ii)

F(t
liminf %ig() < klimsup if),
§—+oo §~>+oo é

(3.17)

where « is given by (3.14);

(iii) for almost every x € [0, 1], for each z € Dy and for each A €]\, o[ (where Ay, A5 are given
by (3.16)) the condition

Af7(z) —q(x)z <0< Af*(2) —g(x)z (3.18)

implies A f(z) = q(x)z.

Then, for each A €]\, Ay, the problem (G;’.j) possesses a sequence of weak solutions which is
unbounded in W3’2([0, 1]).

Proof. Our aim is to apply Theorem 2.1(b). For this end, fix A €]y, \,[ and denote by X the
Banach space W3'2 ([0,1]) endowed with the norm

1 1 1/2
[l := (J‘Op(x)|u'(x)|2dx + joq(x)|u(x)|2dx> : (3.19)
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For each u € X, put

2]

1
D (u) := — Y(u) := IOF(u(x))dx, ju) =0

W (u) =Y (u) - j(u) =Y(u), (3:20)

Lu(u) = D(u) — AW () = D(u) — XY ().

Clearly, @ is sequentially weakly lower semicontinuous and coercive, Y is, in particular,
sequentially weakly upper semicontinuous; moreover, they are locally Lipschitz functions
and one has I (u;v) = @' (u) (v) + A(-Y)°(w;v) forall u,v € X.

Now, let {c,} be a real sequence such that lim, _, ., ¢, = +o0 and

. maXp<, F(f)
lim ————== 7

n— +oo C721

- A (3.21)

Put r, = Zpocﬁ for all n € N. Taking (3.10) into account, one has max;e[o,11|v(t)| < ¢, for all
v € X such that ||v||> < 2r,,. Hence, (taking also into account that the function u(t) = 0 for all
t € [0,1] is such that ||uo||?> = 0 < 2r,,) for all n € N one has

(r) = inf Pl oF (v(0)dx - [oF (u(x))dx
P = i, n — [ul2/2
sup”vH2<2,nf(l)F(v(x))dx - f(l)F(uo(X))dx
ru = [luo]|*/2
_ Sup||v\|2<2rnf(1)F(U(x))dx (3.22)

Tn

maXjy<c, F (t)
n
B L maXjy<c, F (t)
2po cx '

Therefore, since from assumption (ii) one has A < +oo, we obtain

y <liminfe(r,) < % < +0o0. (3.23)

n—+oo

Now we claim that the functional I, is unbounded from below. Let {d,} be a real
sequence such that lim,,_, .., d, = +o0 and

lim Fldn) _ B. (3.24)

n— +0o d%
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For all n € N define

r4dnx ifxe 0,1[
| "4
. [1 3
wy(x) =1 dy if x € Z'Z] (3.25)
—4d,(x-1) ifxe-él
L n ] 4/ .

Clearly, w, € X and

Ak <8d2<”q”°° Ip ||w> (3.26)

Therefore,

2 1
@(en) - 00(eon) = 2 [ (o o
0

(3.27)
> IIqIIm !
< 4d? +lpllr ) -2 f F(wn () dx.
0
Taking (i) into account, we have
1 3/4 1
f F(wn(x))dx > f F(dy)dt = SF(d,). (3.28)
0 1/4 2
Then,
> “q”oo A
D(wn) =AY (wy) < 4d, +lplle ) = 5F(d), (3.29)
foralln € N.

Now, if B < +oo, we fix € €](8/AB)(||qlloc /12 +||p|l), 1[. From (3.24) there exists v, € N
such that

F(d,) > eBd, (3.30)
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for all n > v,. Therefore,

O(w,) - 1Y (w,) < 48 < llle 1 ||m> - LeBd;
(3.31)
- [4<”"”°° I ||w> - gss]
forall n > v,.
From the choice of ¢, one has
lim [®(wy) - AY (w,)] = (3.32)

n— +oo

On the other hand, if B = +o0, we fix M > (8/1)(||qllc/12+]|p||ls) and, again from (3.24) there
exists vy € N such that

F(d,) > Md, (3.33)

for all n > v);. Therefore,

D (03) - 1Y (a0) < 48 < lale ||m> - ima
(3.34)
gl )u
=d%[4< et lplle ) - =
for all n > vp,.
From the choice of M, also in this case, one has
lim [@(w,) - AY(w,)] = (3.35)

n—+oo

Hence, our claim is proved.

Since all assumptions of Theorem 2.1(b) are verified, the functional I, admits a
sequence {u,} of generalized critical points such that lim,_, s [|us]| = +oo, that is {u,} is
unbounded in X.

Now, we claim that the generalized critical points of I, are weak solutions for the
problem (G’[J ). To this end, let up € X a generalized critical point of I, that is I} (uo,v) > 0,
forallv € X From which, we obtain

@' (ug) (v) + M(=Y)° (up;v) >0, (3.36)
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for all v € X. Hence, @ (u9) (v) > ~A(=Y)° (uo; v) for all v € X, that is

_ J : [p () ()" (x) + q () uo(x)v(x)]dx < M(=Y)° (ug; v), (3.37)
for all v € X. Clearly, setting

L(v) := —f: [p(x)u ()0 (x) + g(x)up(x)v(x)]dx Vo € X, (3.38)

L is a continuous and linear functional on X, for which (3.37) signifies L € A0(=Y) (o). Now,
since X is dense in L?([0,1]), from [9, Theorem 2.2] one has L(v) < A(=Y)°(ug;v) for all
v € L2([0,1]), so that L is continuous and linear on L?([0, 1]). Therefore, there is h € L?>([0,1])
such that L(v) = f(l)h(x)v(x)dx for all v € L?([0,1]). From a standard result (see, e.g., [15,
Example 2, page 219]) there is a unique u € W??([0,1]) N X such that (p#)' — qu = h. In
particular, one has f(l) [(p(x)ﬂ'(x))' —q(x)u(x)]v(x)dx = —f(l) [p(x)ﬂ'(x)v’(x) +q(x)u(x)v(x)]dx
for all v € X. Hence, —f(l) [p(x)uy(x)0' (x) + g(x)up(x)v(x)]dx = L(v) = f(l)h(x)v(x)dx =
Jol(p(0)i (x))' = q(x)it(x)]o(x)dx = [y [p(x)id (x)0' (x) + q(x)u(x)v(x)]dx for all v € X,
and since a continuous and linear functional on X is uniquely determined by a function in X
(see [17, Theorem 5.9.3, page 295]), we have u = uy; so that, ug € W*2([0,1]) and

1
0

1
J‘ [(p(x)ug (x))’ - q(x)up(x)]v(x)dx = —’[0 [p(x)upy(x)0' (x) + g(x)up(x)v(x)]dx  (3.39)
for all v € X. From (3.37) and (3.39) one has
1
fo [(p(x)1(x)) = q(x)uo(x)] v (x)dx < M(=Y)° (up; v) (3.40)

for all v € X. Hence, [9, Corollary page 111] ensures that (p(x)ub(x))' - g(x)up(x) €
[(=Lf) (uo(x)), (-Af)"(uo(x))] for almost every x € [0,1], that is (p(x)ué(x))' €
[(=1f) (uo(x)) + g(x)uo(x), (L) (uo(x)) + g(x)uo(x)], for almost every x € [0,1]. From
which

~(p()up(x))" € [M(f) (uo(x)) = g(x)uo(x), M(f)* (uo(x)) = q(x)uo(x)], (3.41)

for almost every x € [0, 1].

Now, since m(Dy) = 0, from [18, Lemma 1] we obtain —(p(x)uy(x))’ = 0 for almost
every x € u(‘)l(Df). Hence, from (iii) we obtain Af (uo(x)) — g(x)ug(x) = 0 for almost every
x € uy' (Dy). From which

—(p(x)up(x)) +q(x)ug(x) = Af (uo(x)), (3.42)
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for almost every x € ugl(Df). On the other hand, for almost every x € [0,1] \ ual(Df),
condition (3.41) reduces to

—(p(x)u()(x))’ +q(x)up(x) = Af (1p(x)). (3.43)

Hence, our claim is proved and the assertion follows. O

Remark 3.2. 1f g(x) = 0 for all x € [0,1] assumption (iii) becomes

(iii') for each z € Dy, the condition
f(z2)0< f7(2) (3.44)

implies f(z) = 0.

If z € Dy is such that 0 € [f~(z), f*(z)] and f(z) = 0, then (iii') is verified. Otherwise,
if z € Dy and there is a neighborhood V of z and a positive constant m > 0 such that either
f(t) > m for almost every t € V, or f(t) < —m for almost every t € V, then (iii’) is verified. In
particular, if infg f > 0 then (iii’) is verified for all z € Dy.

If q is a nonzero function, z € Dy and A €]y, X[, (iii) is verified, e.g., when there is
a neighborhood V of z and a positive constant m > 0 such that either f(t) > (||gllc/A)z + m
for almost every t € V, or f(t) < (qo/\)z — m for almost every t € V. In particular, whenever
A1 > 0and one has f(z) > (||gllec /A1) z + m for some m > 0, then (iii) is verified.

Finally, since a function u € W& ’2([0, 1]) such that

~(p()u' (%)) + q(x)u(x) € A[(f) ™ (u(x)), ()" (u(x))] (3.45)

for almost every x € [0,1] is called multi-valued solution for (G;’Z) (see [9]), we explicitly
observe that, without assuming condition (iii), the same proof of Theorem 3.1 ensures a
sequence of pairwise distinct multi-valued solutions to problem (G’;ﬁ .

Remark 3.3. The following condition

(ii') there exist two real sequences {by}, {c,}, with b, < \/(p0/2(||q||oo/12 +Iplles))cn
for all n € N and lim,, _, o, ¢, = +o0, such that

A= lim max<e, F (t) = (1/2)F (by) < limsup F(2)
=30 2pocy = 4(llqlleo /12 + plleo) b 2P0 gmver &7

(3.46)

is more general than condition (ii) of Theorem 3.1. In fact, from (ii') we obtain (ii), by
choosing b, = 0 for all n € N.

Assuming in Theorem 3.1 condition (ii') instead of condition (ii), for each A €
J41,1/A4[ the conclusion in Theorem 3.1 again holds. In fact, arguing as in the proof of
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Theorem 3.1, one has ¢(r,) = infjyp<r, (sup”vllzdrnjéF(v(x))dx—jéF(u(x))dx)/(rn—||u||2/2) <

(SUP o par, fo F (0(20))dx— [ F (14 (x))dx) / (ru=[un?/2) < (maxyee, F(£)=(1/2)F (b)) / (2poc3-
4(l19ll0 /12 + ||plloo)b?), by choosing

(4p if x € [0, 2
X if x € L ’é_l[
. [1 3
uy(x) =4 by if x € _Z_L'Z_L] (3.47)
. 13
—4b,(x-1) ifxe —,1]
\ 14

Among the consequences of Theorem 3.1 we point out the following results.

Corollary 3.4. Let f : R — R be a continuous function and p € C*([0,1]), g € C°([0,1]). Assume
that (i) and (ii) of Theorem 3.1 hold. Then, for each A €]\, X2 [, problem (G;:Z possesses a sequerice of
pairwise distinct classical solutions.

If f is nonnegative, using the Strong Maximum Principle (see, e.g., [19, Theorem 8.19,
page 198]) we can get the following two results.

Corollary 3.5. Let f : R — R be a continuous, nonnegative function and p € C([0,1]), g €
C°([0,1]). Assume that

(iia)
F()

liminf —= < x lim sup Fo)

—=, 3.48
mint T Seimeup T (349

Then, for each A €]A1, Ay, problem (G?’z possesses a sequence of pairwise distinct positive classical
solutions.

Corollary 3.6. Let f : R — R be a locally essentially bounded, nonnegative and almost everywhere
continuous function. Assume that (ii,) of Corollary 3.5 and (iii) of Theorem 3.1 hold. Then, for each
A €]Ay, Ao, problem (G?’j) possesses a sequence of positive weak solutions which is unbounded in

Wy ([0,1).
Finally, we present the following result.

Corollary 3.7. Let f : R — R be a locally essentially bounded and almost everywhere continuous
function. Assume that (i) and (iii) of Theorem 3.1 hold. Further, assume that

(iiz)
E@ _2

limsup —= >

¢—+oo
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(iip)

F(t
lim inf X ()

im in 3z 2. (3.50)

Then, problem

—(pu’)/ +qu=f(u) in]0,1[
u(0) =u(1)=0

P4
(G¥y
possesses a sequence of weak solutions which is unbounded in Wé'z([O, 1]).

Remark 3.8. Clearly, also Theorem 1.1 in Introduction is a particular case of Theorem 3.1,
taking Remark 3.2 and the Strong Maximum Principle into account.

Now, we present the other main result. First, put

F(t
A" = liminf —max'gf ©,
. (3.51)
B* :=limsup @,
&¢—0* g
1o 2Nl + 120pls
ek T
(3.52)
* Po
=2—.
A yr

Theorem 3.9. Let f : R — R be a locally essentially bounded and almost everywhere continuous
function. Assume that

() [SF(t)dt > 0, for every & > 0;
V)

F(t
lim inf st ® < klimsup Fe)

_— —, 3.53
§—0r & 0t & (3.53)

where x is given by (3.14);
(jij) for almost every x € [0,1], each z € Dy and each \ €]\, \3[ (where A, A3 are given by
(3.52) ), the condition

Af7(2) —q(x)z <0< Af*(2) —gq(x)z (3.54)

implies A f(z) = q(x)z.
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Then, for each A €]A}, AS[, problem (G?:Z) possesses a sequernce of pairwise distinct weak solutions,

which strongly converges to zero in Wé’z([O, 1]).

Proof. The proof is the same of Theorem 3.1 applying part (c) of Theorem 2.1 instead of part
(b). O

Clearly, from Theorem 3.9 we obtain similar consequences to those of Theorem 3.1.
Here, we present only one of them.

Corollary 3.10. Let f : R — R be a continuous, nonnegative function and p € C*([0,1]), g €
CO([0,1]). Assume that

(i)

E©)

liminf —>= < x lim sup Fo)

—. 3.55
g-00 &2 &0 & (359

Then, for each A €]\, \5[, problem (Gm) possesses a sequence of pairwise distinct positive classical
solutions, which strongly converges to zero in C°([0,1]).

Now, we present some examples of application of Theorem 3.1 for which the results in
[1-4, 6, 7] cannot be applied (see Remark 3.13).

Example 3.11. Let g9 be a nonnegative real constant, put

_ 2nl(n+2)! -1 _2nl(n+2)'+1

T Tt T A1) (350

for every n € N and define the nonnegative, continuous function f : R — R as follows

32("+1)!2[("+1)!2—n!2]\/ 1 [, n(n+2) 2
f(é) = a 16(n + 1)!2 <§ 2 > ifé e nLeJN[am bn]

0 otherwise.
(3.57)

One has f("ﬂ)!f(t)dt = fz':[f(t)dt = (n+ 1)* — n? for every n € N. Then, one has

lim, _,+o F (En)/ b2 = 4 and lim,,_, s, F(a,)/a% = 0. Therefore, by a simple computation, we
have liminf; _, .o, F()/¢* = 0 and lim SUP; o0 F(¢)/& = 4. Hence,

FQ __ 3 , 3 F@)

lim sup

0 = liminf —
{—+0 g

iovoo &2 go+ 127 go+12

(3.58)
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Owing to Corollary 3.5, for each A > (g0 + 12) /6 the problem

-u"+qou=Af(u) in]0,1[ .
(G
u(0) =u(1)=0

possesses a sequence of pairwise distinct positive classical solutions.

Now, let f* : R — R be the positive, continuous function defined as f*(¢) =
f@) + 1 for all ¢ € R, where f is given by (3.57). Clearly, liminf;_, .o, F*(¢)/¢* = 0 and
limsup, ., F*(¢)/ ¢ = 4. Hence, again owing to Corollary 3.5, for each A > (go + 12)/6
the problem

—u"+qou=Af*(u) in]0,1[

—1,4
G
u(0) =u(l)=0
possesses a sequence of pairwise distinct positive classical solutions.
Example 3.12. Let gy be a nonnegative real constant, put
=2, ap = (), (3.59)

forevery n € Nand S := {J,5;]a@ns1 = 1, @ns1 + 1[. Define the continuous function f : R — R
as follows

(aper) e/ (@D (@ +1)+1 2(an2+1 Y 5 iftes
ft) = (t = (@ans1 = 1)) (t = (ans1 +1))
0 otherwise.
(3.60)
For which, one has
¢
F@ = [ fa
0
(3.61)

[ (ann)’eV/ @@ D@ f e
0 otherwise,

and F(a,1) = (a,,ﬂ)3 for every n > 2. Hence, one has 1imsup§_>+00 F(&)/& = +o0. On the

other hand, by setting x,, = a,,1 —1 for every n > 2, one has max;c[—x, x,] F (&) = ( an)3 for every
n > 2. Therefore, one has lim,, _, .o, maxge[x, x, 1 F (&) / x,2 =1 and, by a simple computation,
one has liminf; _, o, maxe[_¢ ¢ F(t)/&* = 1. Hence,

maxqe[¢¢) F(f) -1< 3 limsup F©)

{—+o0 ‘;2

lim inf = +o0. (3.62)

& too &2 go+12
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Owing to Corollary 3.4, for each A €]0, 2[ the problem (G}: ZU) possesses a sequence of pairwise
distinct classical solutions.

Remark 3.13. In [3] the existence of infinitely many solutions for the problem

-u" = f(u) in]0,1]

u(0) =u(1) =0 (3.63)

was studied under suitable assumptions on the function f, as f(¢) > 0 for all ¢ large
enough. We explicitly observe that we cannot apply [3, Theorem 2.11] to problem (G}’,Z“) of
Example 3.11, even in the case go = 0, since our function is not positive for all ¢ large enough.
The same remark for [4, Corollary 3.1] holds, since lim;_, ;o f (¢{) = +oo (hence, in particular,
f (&) > 0 for ¢ large enough) is requested.

The same problem was studied in [1, 7]. Assumptions of [1, Theorem 2.1] imply that
f is negative in suitable real intervals. Hence, [1, Theorem 2.1] cannot be applied to problem
(G}’,Z“) of Example 3.11. Moreover, assumptions in [7, Theorem 3.1], as inf{t e R : f(t) > 0} <
0, cannot be applied to the function f of Example 3.11 since, in this case, one has inf{t € R :
f(t) >0} =11/8.

In [2, 6], the authors studied the existence of infinitely many weak solutions of the
following autonomous Dirichlet problem

-Apu=f(u) inQ,

D
u=0 on 0Q, (B)

where Q is a bounded open subset of the Euclidean space (RY, |- ), N > 1, with boundary
of class C!, Apu = div(|VuP2Vu), p > 1, and f is a continuous function. In [6, Remark 3.3]
the key assumption to obtain infinitely many solutions to (D) is: liminf;_, ., F(¢)/& = 0
and lim sup toioo b (&) /¢ = +oo. Clearly, the function f in Example 3.11 does not satisfy this

condition. Hence, we cannot apply [6, Theorem 1.1] to our problem (G}"}f’), even in the case
qo = 0.
—1,
On the other hand, we cannot apply [2, Theorem 1.1] to (ijo), since one of the

key assumptions is that function f is nonpositive in suitable real intervals. Another key
assumption of [2, Theorem 1.1] is

E@)

lim sup —p < oo (3.64)

¢—+o0

Hence, we cannot apply [2, Theorem 1.1] to (G}’T) in Example 3.12, even in the case gy = 0.
Clearly, we cannot apply [6, Remark 3.3], [3, Theorem 2.11], [4, Corollary 3.1], [7,
Theorem 3.1] to (G}: T) in Example 3.12 for the same previous reasons.

The following example deals with a discontinuous function.
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Example 3.14. Let {a,} and {b,} be the sequences defined as in the Example 3.11 and define
the nonnegative (and discontinuous) function f : R — R as follows

2+ D! (n+ 1P -n?] if g€ | J]an bl
f(@) = . nLeJN (3.65)

otherwise.

By a similar computation as in Example 3.11, we have

lim sup F@) =4, lim inf % =0. (3.66)

¢—+oo 2 §—+o0

From Corollary 3.6, for each A > 2 the problem (G}ﬁ) possesses a sequence of positive weak

solutions which is unbounded in W(}’Z([O, 1]).
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