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1. Introduction

In this paper, we are concerned with the following singular three-point boundary value

problem (BVP for short) for delay higher-order dynamic equations on time scales:

(~1)™ud” (t) = w(t) f(t,u(t-c)), tea,b],
u(t)=¢(t), tela-ca),
uAZi(a) _ ﬂi+1uA2i+l (a) — ai+1uA2i (w),

Yinu® @) =u® (b), 0<i<n-1,

(1.1)

where c € [0,(b-a)/2], w € (a,b),pi >0, 1 <y < (b-a+p)/(@w—-a+p)0<a <

b-yw+(yi-1)(a-p)/b-w),i=12..,nand ¢ € C([a - ¢, a]). The functional
w : (a,b) — [0,+c0) is continuous and f : [a,b] x (0,+00) — [0,+0o0) is continuous. Our
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nonlinearity w may have singularity at t = a and/or t = b, and f may have singularity at
u=0.

To understand the notations used in (1.1), we recall the following definitions which
can be found in [1, 2].

(a) A timescale T is a nonempty closed subset of the real numbers R. T has the topology
that it inherits from the real numbers with the standard topology. It follows that the
jump operatorso,p: T — T,

ot)=inf{reT:7>t}, p(t) =sup{TeT: 7 <t} (1.2)

(supplemented by inf@ := sup T and sup@ := infT) are well defined. The point
t € T is left-dense, left-scattered, right-dense, right-scattered if p(t) = t, p(t) < t,
o(t) =t, o(t) <t, respectively. If T has a left-scattered maximum ¢#; (right-scattered
minimum t,), define T = T — {t;} (Tx = T - {t,}); otherwise, set T = T (T} = T).
By an interval [a, b] we always mean the intersection of the real interval [a, b] with
the given time scale, that is, [a, b] N'T. Other types of intervals are defined similarly.

(b) For a function f : T — R and t € T, the A-derivative of f at t, denoted by f2(t),
is the number (provided it exists) with the property that, given any € > 0, there is a
neighborhood U C T of t such that

|£(0(t) - f(5) - FABlo®) - 51| < elo) -5, VseU. (13)

(c) For a function f : T — R and t € Ty, the V-derivative of f att, denoted by f V),
is the number (provided it exists) with the property that, given any € > 0, there is a
neighborhood U C T of t such that

|£(p)) - f5) = FT B [pt) - 5] | <elpt) - 5|, Vseu. (14)
(d) If FA(t) = F()(DY(t) = g(t)), then we define the integral

t t
f f(w)Aw = F(t) — F(a) <f g(@)Vw = D(t) - (D(a)>. (1.5)

Theoretically, dynamic equations on time scales can build bridges between continuous
and discrete mathematics. Practically, dynamic equations have been proposed as models in
the study of insect population models, neural networks, and many physical phenomena
which include gas diffusion through porous media, nonlinear diffusion generated by
nonlinear sources, chemically reacting systems as well as concentration in chemical of
biological problems [2]. Hence, two-point and multipoint boundary value problems for
dynamic equations on time scales have attracted many researchers’ attention (see, e.g., [1-19]
and references therein). Moreover, singular boundary value problems have also been treated
in many papers (see, e.g., [4, 5, 12-14, 18] and references therein).
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In 2004, J. J. DaCunha et al. [13] considered singular second-order three-point
boundary value problems on time scales

ubt(t) + f(tu(t) =0, (0,1]NT,
(1.6)
u(0) =0, u(p)= u<02(1)>

and obtained the existence of positive solutions by using a fixed point theorem due to Gatica
et al. [14], where f : (0,1] x (0,00) — (0, o) is decreasing in u for every ¢t € (0,1] and may
have singularity at u = 0.

In 2006, Boey and Wong [11] were concerned with higher-order differential equation
on time scales of the form

"y () = CUPE(Ly (0" ®)), telab],

yAi(a):O, 0<i<p-1, (1.7)

y¥ (o) =0, p<i<n-1,

where p, n are fixed integers satisfying n > 2, 1 < p < n — 1. They obtained some existence
theorems of positive solutions by using Krasnosel’skii fixed point theorem.

Recently, Anderson and Karaca [8] studied higher-order three-point boundary value
problems on time scales and obtained criteria for the existence of positive solutions.

The purpose of this paper is to investigate further the singular BVP for delay higher-
order dynamic equation (1.1). By the use of the fixed point theorem of cone expansion
and compression type, results on the existence of positive solutions to the BVP (1.1) are
established.

The paper is organized as follows. In Section 2, we give some lemmas, which will be
required in the proof of our main theorem. In Section 3, we prove some theorems on the
existence of positive solutions for BVP (1.1). Moreover, we give an example to illustrate our
main result.

2. Lemmas

For 1 < i < n, let Gi(t,s) be Green’s function of the following three-point boundary value
problem:

-ut2() =0, telab],

(2.1)
u(a) — ﬂiuA(a) = au(w), yiu(w) = u(b),
where @ € (a,b) and a;, f;, y; satisfy the following condition:
©)
b- i b-yi i—1)(a-pi
B20, T<yp< 2P o g i@+ (gi=1)(@=p) (2.2)

w-a+p’ b-w
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Throughout the paper, we assume that o(b) = b.

From [8], we know that for any (¢,s) € [a,b] x [a,b]and 1 <i<n,

{Gil t,s), se€law],
Gi(t,s) = (2.3)
Gi,(t,s), s¢€[w,b],

where

1 { [yi(t—@) +b—t](o(s) + fi — a), o(s) <t,
[

G, (t,s) = —
(49) di | [yi(o(s) - @) + b—0(s)] (t+ i — a) + ai(w - b)(t - 0(s)), t<s,

Gott.5) 1 | [e6)A—ai) +aiw + fi—a](b-t) +yi(w —a+ ;) (t—0(s)), o(s)<t,
n(ts) =7 [t(1-a) + s + B — a] (b—o(s)), t<s,

di= (yi-1)(a=pi) + (1 - a)b + @ (a; - ;).
(2.4)

The following four lemmas can be found in [8].
Lemma 2.1. Suppose that the condition (C) holds. Then the Green function of G;(t, s) in (2.3) satisfies
Gi(t,s) >0, (t,s)€ (ab)x(a,b). (2.5)
Lemma 2.2. Assume that the condition (C) holds. Then Green's function G;(t,s) in (2.3) satisfies

Gi(t,s) <max{G;(b,s),Gi(o(s),s)}, (t )€ [a,b] % [a,b]. (2.6)

Remark 2.3. (1) If s € (yi(w —a+pi) —aiw — fi +a)/(1 - a;),b], s < t, we know that G;(t, s) is
nonincreasing in f and

Gib,s) _ Yi(@—a+pi)(b-o(s))
Gi(0(5),5)  (0(s)(1 —a;) + aw + f; — a) (b— o (s)) -
b1 —Yi,»l)i_;; ﬁizs,» —2 7"
Therefore, we have
Gi(b,s) < Gi(t,s) < Gi(o(s),s) < 6:Gi(b,s), (2.8)
where
5 bU-w) ramrpi-a 29)

Yi(@w —a+p;)
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(2) If t and s satisfy the other cases, then we get that G;(t, s) is nondecreasing in t and

Gi(t,s) < Gi(b, 5). (2.10)

Lemma 2.4. Assume that (C) holds. Then Green’s function G;(t,s) in (2.3) verifies the following
inequality:

. [t—-a b-t
Gi(t, S) 2 mm{ m , m }Gl(b, S)
- (2.11)
. t—a -
> mm{ 50-a) 7b-a) } max{G;(b, s), Gi(c(s),s)}.
Remark 2.5. If s € [w, (yi(w —a+ pi) —ajw — fi+a)/ (1 —a;)),s < t, then we find
(yi-1(a-pi)+ (A -aj)o(s) +w(a;i—y;) <0. (2.12)
So there exists a misprint on [8, Page 2431, line 23]. From (2.3), it follows that
Git,s) _ [0(s)(1 - ;) + aww + Bi — a] (b—t) +yi(w — a+ fi) (t - o(s))
Gi(b,s) Yi(@ —a+pi)(b-o0(s))
(2.13)
N (w+pi—a)(b—t)+yi(w—a+p;)(t-o(s)) . b-t
- Yi(@ - a+pi)(b-a) " yib-a)
Consequently, we get
Gits) > —2=t Gib,s). (2.14)
~Yi(b-a)
Ifse ((y,(w-a+p;)—aw - pi+a)/(1-a;),b], s <t, then, from (2.8), we obtain
t— t—
Gilt,5) 2 =, Gilb,9) 2 57— Gi(0(s), ). (215)
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Remark 2.6. 1f we set h;(t) :== min{(t — a)/6;(b—a), (b —t)/yi(b - a)}, then we have

Gi(t,s) > h;(t) max{G;(b,s),Gi(c(s),s)}, (ts) € [a,b] x [a,b]. (2.16)
Denote
1Gi(, 9l = trerE%IGi(t,S)l, s € [a,b]. (2.17)

Thus we have

Gi(tr S) 2 hi(t)“Gi('r S)”r (tr S) € [a, b] x [ar b] (2-18)

Lemma 2.7. Assume that condition (C) is satisfied. For G;(t,s) as in (2.3), put Hi(t,s) := G1(t, s)
and recursively define

b
H]'(t, S) = f H]'_l(t,T)G]'(T, S)AT (219)

for2 < j <n.Then H,(t,s) is Green’s function for the homogeneous problem

-1)"ub"(t) =0, telab],
ut (a) - B (a) = aiu® (@), (2.20)

YmuAZi (w) = uAZi(b), 0<i<n-1.

Lemma 2.8. Assume that (C) holds. Denote

n-1 n-1
K=]]k, L=]]t (2.21)
j=1 j=1

then Green’s function H,(t,s) in Lemma 2.7 satisfies

hi(t)L|Gu (-, 8)|l < Hu(t, ) < K(|Gu(,9)ll,  (t5) € [a,b] x [a,b], (2.22)
where

b b
k]-=fIIG]-<-,s>||As>0/ lJ':_[”Gi(‘fs)”hjﬂ(S)AS/ l<j<n-1. (223)
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Proof. We proceed by induction on n > 2. We denote the statement by P(n). From Lemma 2.7,
it follows that

b
|FLa(t, 9)]| = f Hy(t,)Ga(r, ) Ar
‘ (2.24)
b
< f 1G1(IGa (- 8)|Ar = ka[GaC-,8)1l
and from (2.18), we have
b
Hj(t,s) = f Hiy(t,r)Ga(r,s)Ar
b (2.25)
> f mBIIG1(, )| x ha(P)IIGa(-, )| Ar
= (O ]Ga- 9]l
So P(2) is true. O

We now assume that P(m) is true for some positive integer m > 2. From Lemma 2.7, it
follows that

b
| Hpms1(t,8)|| = j H,(t,7)Gi1 (1, 8) Ar

b
< f Hi(t, 1) |Guuen (1, 8) | Ar

<

bm-1
[ k= IIGm(',T)IIAT> G, 9)l

aj=1

N

kil|Gmsa (-, 9)I, (2.26)

-
]
—_

b
H,,(t,7)G1(r, s)Ar

a

Hya(t,s) =

S—

b m-1
> [ @) % T THGu s (1[G, 97

j=1

= h1 (t)Hl]’”Gm+1('l S) “

j=1

So P(m + 1) holds. Thus P(n) is true by induction.
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Lemma 2.9 (see [20]). Let (E,|| - ||) be a real Banach space and P C E a cone. Assume that T :

P;,, — P is completely continuous operator such that

(i) Tu & wuforu € dP; and Tu # uforu € 0P,
(ii) Tu %# uforu € OP;and Tu £ u for u € OP,.

Then T has a fixed point u* € P with { < ||u*|| < 1.

3. Main Results

We assume that {a;, },,,51 and {b;, } .51 are strictly decreasing and strictly increasing sequences,
respectively, with limy, _, a,, = a, lim,,_, xb;, = band a; < b;. A Banach space E = C([a, b]) is
the set of real-valued continuous (in the topology of T) functions u(t) defined on [a, b] with

the norm

ull = max|u(t)|.
Judl = max (o)

Define a cone by

hi(t)L
K

P={u€E:u(t)2 ||2ll, te[a,b]}.

Set

Py={ueP:|ull<g), OP={ucP:|ul=¢}, ¢>0,
Ppy={ueP:i<|lull<n}, 0<¢<n,
Y, ={te[ab]:t-c<al, Y,={te[ab]:t-c>a},

Yn={teYy:t-c€[a an]|VU[by b]}.

Assume that

(C1) ¢ : [a—c,a] — (0,00) is continuous;
(C2) we have

q b
0< Kf 1Ga (- 8)llw(s) s, Kj 1Ga (e ) [[c0(s) As < 400,
14 a

for constants p and g witha+c<p <qg<b;

(C83) the function f : [a,b] x (0,+00) — R* is continuous and w :
continuous satisfying

(3.1)

(3.2)

(3.3)

(3.4)

(a,b) — R'is

lim supK| |[|G,(;,9)||lw(s)f(s,u(s—c))As=0, VO<¢<n. (3.5)

m— o MEPQ7 Yo
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We seek positive solutions u : [a,b] — R*, satisfying (1.1). For this end, we transform
(1.1) into an integral equation involving the appropriate Green function and seek fixed points
of the following integral operator.

Define an operator T : C*[a,b] — C[a, b] by

b
(Tu)(t) = J Hy,(t,s)w(s)f(s,u(s —c))As, YueC([a,b]), (3.6)

where C*[a,b] = {u € C[a,b] | u(t) >0, t € [a,b]}.

Proposition 3.1. Let (C1), (C2), and (C3) hold, and let {, 1 be fixed constants with 0 < { < 1. Then
T: P, — P iscompletely continuous.

Proof. We separate the proof into four steps.

Step 1. For each u € P;,, Tu is bounded.
By condition (C3), there exists some positive integer mj satisfying

supK| [IGu(-,8)|lw(s)f (s, u(s —c))As <1, (3.7)
u€P;y Ying
where
Yo, ={t€Yo:t—c€[a, am]V [by, bl}; (3.8)

here, we used the fact that for each u € P, and t € [a, + ¢, b, +c] N [a, b],

w2 u(e-0) 2 PO g > gminf 2OwE MO MOZOLL g0, (a9)
where
. [ h(amy)L h1(bm,)L hi(b-c)L
h= mm{ X T K e } (3.10)
Set
D :=max{f(t,¢(t-c)):te Y1},
(3.11)

Q:=max{f(t,u(t-c)):teYs ¢h<u(t—-c) <nj.



10 Boundary Value Problems

Then we obtain

b
Tu(t) < sup sup | Hyu(t,s)w(s)f(s,u(s—c))As

te[a,b] ueP, ;7 a

< Ksup |G (-, s)l|w(s) f(s,u(s — c))As

ueP;’ Y1

+ sup K |G (-, s)||w(s) f(s,u(s —c))As (3.12)
uel, Yoy

+ sup K |Gn (-, s)||w(s) f(s,u(s — c))As

u€Pyy  J Ya\Yi,
b
<1+ max{D,Q}KI |G (-, 5)||lw(s)As < +oo.
a
Consequently, Tu is bounded and well defined.
Step 2. T : P, — P.Forevery u € P;,, we get from (2.22)

b
|[Tul| = sup H (t,s)w(s) f(s,u(s—c))As

te[a,b]
(3.13)
b
< K[ 16, )lo(s) (5, u(s - ).
Then by the above inequality
b
Tw(0) = [ Halt5)20(6) £, u(s - ) s
b
> f I (OLIGA(, 9)llew(s) f (s, uls - ) As (3.14)
> 1Oy,

This leads to Tu € P.
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Step 3. We will show that T : P;,; — P is continuous. Let {u,},,; be any sequence in P,
such that lim,, , u,, = u € P;,. Notice also thatas m — oo,

Pm(s) = |f(s,um(s =) = f(s,u(s - c))|w(s) — 0, forse (a+c,b),

| f(s,um(s =) = f(s,u(s = c))|w(s)

=|f(s,¢(s=¢c)) - f(s,¢(s—¢))|w(s) =0, forse(aa+c), (3.15)

J‘ H,(t,5)pm(s)As < sup2K | |G, (-, 8)||w(s)f(s,x(5))As < +oo.
Y,

X! EPM Y,

Now these together with (C2) and the Lebesgue dominated convergence theorem [10] yield
thatasm — oo,

b
Tt — Tul| = sup | Hy(t s)w(s)|f (s, um(s —c)) = f(s,u(s —c))|As — 0. (3.16)

te[a,b]/ a

Step4. T : P, — P is compact.
Define

min{w(t), w(am)}, a<t<ay,
wm(t) = ZU(t), am <t < by,

min{w(t), w(by)}, bm <t<b,

fltygt-c), a<t<a+c, (3.17)

min{f(t,u(t-c)), f(t,u(an))}, a+c<t<am+c,
fm(tu(t—c)) = S
ft,u(t-c)), telam+c,by+clnia,b],

| min{f(t,u(t - c)), f(t,u(bm))}, t€[by+c,blN][a,b],
and an operator sequence {T,,} for a fixed m by
b
(Tu)(t) = I H,(t,s)wu(s) fm(s,u(s—c))As, Vte [a,b]. (3.18)

Clearly, the operator sequence {T},} is compact by using the Arzela-Ascoli theorem
[3], for each m € N. We will prove that T}, converges uniformly to T on P;,. For any u € P,
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we obtain

Tyt — Tul| = sup
te[a,b]

b
f H,(t, ) (Wm(S) fm(s,u(s — ) —w(s) f(s,u(s - ¢))) As

b
< Kf G, $)I1|w0m(s) fm(s, u(s = c)) —w(s) f(s,u(s - c))| As
a (3.19)

< KL 1Ga (- $)llleom(s) — w(s)|f (5, (s - ©)) As

+ KL 1Gn (s )| |wm(5) fin(s,u(s = €)) —w(s) f(s,u(s - c))| As.

From (C1), (C2), and the Lebesgue dominated convergence theorem [10], we see that the
right-hand side (3.19) can be sufficiently small for mbeing big enough. Hence the sequence
{T\n} of compact operators converges uniformly to T on P, so that operator T is compact.
Consequently, T : P;,;, — P is completely continuous by using the Arzela-Ascoli theorem

[3]. O
Proposition 3.2. It holds that v € P, is a solution of (1.1) if and only if Tv = v.

Proof. If v € P;; and Tv = v, then we have
(1) (t) = (-1)"To*" (t) = w(t) f(, v(t - ¢)), (3.20)
and forany 0 <i<n-1,
UAZi(a) - ﬁiﬂvAM(a) = cxi+1vA2i (w), )q-HUAZi (w) = UAZi(b). (3.21)

From [8, Lemma 3.1], we know that v(t) > 0 on [a, b]. So we conclude that v is the solution
of BVP (1.1). 0

For convenience, we list the following notations and assumptions:

-1
R = <‘quq||Gn(-,s)||w(s)As> , ‘u:min{%,%};
P

(3.22)
b -1
K= [KI IIGn(~,s)IIw(S)AS] ;
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fue = W telpql, uelusgl; (3.23)
fs = W teYs, ue[p,gl; (3.24)
5@)=S%§K YW%CJNWKﬂf@st—CDA& p>0. (3.25)

From condition (C2) and (3.12), we have S(p) < +oo.

Theorem 3.3. Assume that there exist positive constants p,{, ¢, v with { < ué, r < k and § >
xS(p)/(x — r) such that

(i) f5, > Rand f5 <r;
(ii) f(t,p(t—c))/u(t) <r, forallt € Yiand u € [p,{].

If (C1), (C2), and (C3) hold, then the boundary value problem (1.1) has at least one positive solution
1 such that

{‘P(t)/ lft € [a—C, a)/
ut) =
w'(t), iftelabl, (3.26)

¢l <

Proof. Define the operator T : P;; — P by (3.6). From (i) and (3.23), it follows that there
exists €1 > 0 such that

ftu(t—c)) > (R+e)u(t), forte[pq|, ue[usil. (3.27)
We claim that

Tu £ u, VueoPb:. (3.28)

If it is false, then there exists some u; € OP; with Tu; < uy, thatis, u; — Tu; € P which implies
that uy (t) > Tuy(t) for t € [a,b].
Set

hi(p)L hi(q)L
K

A=min{u(t) : t € [p,q]} > min{ e }||u1|| = pé. (3.29)



14 Boundary Value Problems

We know from (2.22) and (3.27) that for t € [p, gq],

Uy (f) > Tuy (t)
b
= J H,(t, s)w(s)f(s,u1(s —c))As

= | Hu{t, s)w(s)f(s,ui(s—c))As+ j H,(t, s)w(s)f(s,ui(s —c))As
Y; Y,

> Jan(t, s)w(s)f(s,u1(s —c))As
P

q 3.30
Zmin{hl(p),hl(q)}LI IGn (-, 8)lw(s) f (s, u1(s — c))As (3:30)
p

q
> (R o) min i (OK [ [Gul. 5) o)
4 p

q q
ZAR[yKI ||Gn(',s)||w(s)As:| +)L€1[/£Kf IGn(:, 8)||lw(s)As
P p
q
=1 +.A,£1/4KJ‘ |G, (-, 8)||w(s)As,
P

the first inequality of (C2) implies that
ui(t) >4, Vte[pq]. (3.31)

Clearly, (3.31) contradicts (3.29). This means that (3.28) holds.
Next we will show that

Tu # u, YueP;. (3.32)

Suppose on the contrary that there exists some u, € 0P; with u, < Tuy forall t € [a, b].
For (t,u) € Yz x [p,¢], from (i) and (3.24), there exists € > 0 such that

ftu(t-c)) < (r—e)u(t). (3.33)
and for (t,u) € Y x [p, ¢], there exists &, > 0, from (ii), such that

f(t@(t=c) < (r—e)ult). (3.34)
Put

i 4 7 YI
Ysi={te Y up(t) > p), o (t) = {mm{uz(t) pl, teY, (3.35)
P te Yl.
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If Y3 = 0, then we take iip(t) = p. It is easy to see that (h1(t — ¢)L{)/K < up(t —¢) < |Jua|| = ¢
fort € Y, and i (t) € C*[a,b], |lit2|| = p, thatis, i, € OP,. From (3.33) and (3.34), we find that

b
[Tus|| = sup | Hu(t,s)w(s)f(s,ux(s —c))As

telab]/ a

b
SKI G (-, s)l|w(s) f (s, ua(s — c))As
= K[ 1G5 f (5,15 =) s + K[ 16 9)lwo(s) (5 us(s - s
Y: Y;
+KI |G (-, s)l|w(s) f(s, ua(s — c))As
Yo\Ys
< (r- 52)1};%)( uz(t)fY1 1Gu (-, 8)llw(s)As (3.36)

+ sup f(t,uz(t—c>)1<f 1Ga(-,5) lw(s) As
(tur)EY3x [Pré] Y;

+ sup K| [IGu(, s)llw(s) f (s, tia(s - ¢)) As
ﬂzeaPp YZ

b b
< ngf |G (-, s)[lw(s)As + S(p) - gssz |G (-, 8)||lw(s) As

= ¢re = e + S(p)

< ¢ = |Jual

yielding a contradiction with u, < Tu, for all t € [a,b]. This means that (3.32) holds.
Therefore, from (3.28), (3.32) and Lemma 2.9, we conclude that the operator T has at least
one fixed point u* € P;;. From the definition of the cone P and (2.18), we see that u*(t) > 0
for all t € (a,b). Thus, Proposition 3.2 implies that u* is a solution of BVP (1.1). So we obtain
the desired result. O

Adopting the same argument as in Theorem 3.3 , we obtain the following results.

Corollary 3.4. Let p,¢,r, flf be as in Theorem 3.3. Suppose that (ii) of Theorem 3.3 holds and

lilrnf;_)mfi§ = +oo. If (C1), (C2), and (C3) holds , then boundary value problem (1.1) has at least
one positive solution u € P, such that

{qu, iftela-ca),
a(t) =
w(t), iftelab], (3.37)

G lull <, {<pn.
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Theorem 3.5. Assume that there exist positive constants p;, §;, &, v with ¢ < pé, v < x and § >
xS(pi)/(xk—1),i=1,2,...,msuch that

(ifi) f5, > Rand f5 <r;
(iv) f(t,g(t=c))/u(t) <r, forallt € Y1 and u € [p;, &i].

If (C1), (C2), and (C3) hold, then boundary value problem (1.1) has at least m positive solutions
i € Py, ¢ such that fori=1,2,...,m

{qf(t), iftela-ca),
u;(t) =
u:.‘(t), ift € [a,b] (3.38)

¢< lugl < ¢

Example 3.6. Let T = R. Consider the following singular three-point boundary value problems
for delay four-order dynamic equations:

u® ) + f(t,ut-1)) =0, telo0,4],

u(0) = %u(l), 2u(1) = u(4),

: (3.39)
u"(0) = Eu”(l), 2u"(1) = u"(4),
u(t)=¢€', te[-1,0),
where, for any t € [0,4], p =1, { = 1480, u = 0.112, ¢ =13500, M; =1 and M, = 1/502,
(2Mu(t), (t,u) € (1,4]x[§, +o0),
-3 t) — O
Mlu(t)<1 +sin ”2(?1‘() )_ 134’;1)) +cos ﬂ-Z(?é )_ 19(1);1)))' (t,u) € (1,4] x [u¢, ¢],
1 a(u(t) —p) o (u(t) — p)
= Mou(t) cos ————2 oMy dpsin ———— "L (t,u) e (1,4]x[¢, ugl,
ftut-1) =142 S T e A T N (o]

%Mzu(t) [2 —sin 7 (u(t) - Q) — cos ar(u(t) - 9) ]’

t, 1,4] x [p,¢],
PR RO

pu(t) V2 —ut)? + %sz, (t,u) € (1,4] x (0,p],
L %MZu(t)r (t/ u) € [O/ 1) x R.

(3.40)
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Clearly, we know that

3 7 L[t 4-—t _
P=5 4=5 hi(f)—mln{g,T}, i=1,2,

G4,s) =125 (s€[0,1]), G(4,5)=4(4-s) (se[1,3]),

G(s,s)=(4-s)(1+s) (se€][3,4]).

Simple computations yield

4 1 3 4
K = j IG1(:, 9)||ds = j 12sds + f 4(4 -s)ds +I (1+s)(4-s5)ds=24.17,
0 0 1 3

4
L= f IG1(:, s)ha(s)ds
0

0 1 20/13

=4.695,

m(p)L hi(q)L
= min{%,l(Tq)} - 0.112,

7/2 -1
R= <‘qu ||G2(-,s)||ds> =0.282,
3/2

4 -1 1
= | K| |Gz2(-,8)||d =—.
X [ 16261 s] .

Obviously,

lim supK| |Gz(,,s)|l f(s,u(s—c))ds=0, VO0<{<m.

M=PuePy  J Y
If (t,u) € (1,4] x (0, 1], then we have
h(ty=h(t)p<ut)<p=1.

Therefore, we get

f(t,u(t-1)) <h(t) 2 - h(t)"/? + %MZ, for (t,u) € (1,4] x (0,1].

1 20/13 3 ~ s,
=f 125§ds+f 4(4—S)§ds+f 4(4—5)—4 Sds+f (-5 d+s) (1+S)ds
5 5 3 , 3

17

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)
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From (3.25), it follows that

4
5(1) = sup K| [G2(,,9)IIf (s, u(s —1))ds

ueoP; 1

20/13 1/2 1/2
gKf 125<<§> - (f) +1Mz>ds
1 s 5 2
3 8 )1/2 (4—5)1/2 1 (3.46)
+K 44-s)( (= - + =M, )ds
120/13 ( )<<4—S 8 22
4 1/2 1/2
8 4-—5 1
+K.[3(1+S)(4_S)<<4—5) —( 3 ) +§M2>ds

< 1120.

Thus,

xS(1)

=1480 > ——~=
6 T K-r1

=~ 1461.37, ¢=13500, ¢ < ué. (3.47)

Therefore, by Theorem 3.3, the BVP (3.39) has at least one positive solution # such that

et, ifte[-1,0),
() =
w (), iftelo,4], (3.48)

1480 < ||u*|| < 13500.

Acknowledgments

The authors would like to thank the referees for helpful comments and suggestions. The work
was supported partly by the NSF of China (10771202), the Research Fund for Shanghai Key
Laboratory of Modern Applied Mathematics (08DZ2271900), and the Specialized Research
Fund for the Doctoral Program of Higher Education of China (2007035805).

References

[1] E M. Atici and G. Sh. Guseinov, “On Green'’s functions and positive solutions for boundary value
problems on time scales,” Journal of Computational and Applied Mathematics, vol. 141, no. 1-2, pp. 75-99,
2002.

[2] M. Bohner and A. Peterson, Dynamic Equations on Time Scales: An Introduction with Application,
Birkhéiuser, Boston, Mass, USA, 2001.

[3] R. P. Agarwal, M. Bohner, and P. Rehdk, “Half-linear dynamic equations,” in Nonlinear Analysis
and Applications: To V. Lakshmikantham on His 80th Birthday. Vol. 1, 2, pp. 1-57, Kluwer Academic
Publishers, Dordrecht, The Netherlands, 2003.

[4] R. P. Agarwal, V. Otero-Espinar, K. Perera, and D. R. Vivero, “Multiple positive solutions of singular
Dirichlet problems on time scales via variational methods,” Nonlinear Analysis: Theory, Methods &
Applications, vol. 67, no. 2, pp. 368-381, 2007.



Boundary Value Problems 19

[5] R.P. Agarwal, V. Otero-Espinar, K. Perera, and D. R. Vivero, “Multiple positive solutions in the sense
of distributions of singular BVPs on time scales and an application to Emden-Fowler equations,”
Advances in Difference Equations, vol. 2008, Article ID 796851, 13 pages, 2008.

[6] B. Ahmad and ]. J. Nieto, “The monotone iterative technique for three-point second-order
integrodifferential boundary value problems with p-Laplacian,” Boundary Value Problems, vol. 2007,
Article ID 57481, 9 pages, 2007.

[7] D.R. Anderson, “Solutions to second-order three-point problems on time scales,” Journal of Difference
Equations and Applications, vol. 8, no. 8, pp. 673-688, 2002.

[8] D.R. Anderson and I. Y. Karaca, “Higher-order three-point boundary value problem on time scales,”
Computers & Mathematics with Applications, vol. 56, no. 9, pp. 2429-2443, 2008.

[9] D. R. Anderson and G. Smyrlis, “Solvability for a third-order three-point BVP on time scales,”
Mathematical and Computer Modelling, vol. 49, no. 9-10, pp. 1994-2001, 2009.

[10] B. Aulbach and L. Neidhart, “Integration on measure chains,” in Proceedings of the 6th International
Conference on Difference Equations, pp. 239-252, CRC Press, Boca Raton, Fla, USA, 2004.

[11] K. L. Boey and P.]J. Y. Wong, “Positive solutions of two-point right focal boundary value problems on
time scales,” Computers & Mathematics with Applications, vol. 52, no. 3-4, pp. 555-576, 2006.

[12] A. Cabada and J. A. Cid, “Existence of a solution for a singular differential equation with nonlinear
functional boundary conditions,” Glasgow Mathematical Journal, vol. 49, no. 2, pp. 213-224, 2007.

[13] J.J. DaCunha, J. M. Davis, and P. K. Singh, “Existence results for singular three point boundary value
problems on time scales,” Journal of Mathematical Analysis and Applications, vol. 295, no. 2, pp. 378-391,
2004.

[14] J. A. Gatica, V. Oliker, and P. Waltman, “Singular nonlinear boundary value problems for second-
order ordinary differential equations,” Journal of Differential Equations, vol. 79, no. 1, pp. 62-78, 1989.

[15] J. Henderson, C. C. Tisdell, and W. K. C. Yin, “Uniqueness implies existence for three-point boundary
value problems for dynamic equations,” Applied Mathematics Letters, vol. 17, no. 12, pp. 1391-1395,
2004.

[16] E.R.Kaufmann and Y. N. Raffoul, “Positive solutions for a nonlinear functional dynamic equation on
a time scale,” Nonlinear Analysis: Theory, Methods & Applications, vol. 62, no. 7, pp. 1267-1276, 2005.

[17] R. A.Khan, J.]. Nieto, and V. Otero-Espinar, “Existence and approximation of solution of three-point
boundary value problems on time scales,” Journal of Difference Equations and Applications, vol. 14, no.
7, pp. 723-736, 2008.

[18] J. Liang, T.-J. Xiao, and Z.-C. Hao, “Positive solutions of singular differential equations on measure
chains,” Computers & Mathematics with Applications, vol. 49, no. 5-6, pp. 651-663, 2005.

[19] I Yaslan, “Multiple positive solutions for nonlinear three-point boundary value problems on time
scales,” Computers & Mathematics with Applications, vol. 55, no. 8, pp. 1861-1869, 2008.

[20] D.]J. Guo and V. Lakshmikantham, Nonlinear Problems in Abstract Cones, vol. 5 of Notes and Reports in
Mathematics in Science and Engineering, Academic Press, Boston, Mass, USA, 1988.



