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We deal with a perturbed eigenvalue Dirichlet-type problem for an elliptic hemivariational
inequality involving the p-Laplacian. We show that an appropriate oscillating behaviour of the
nonlinear part, even under small perturbations, ensures the existence of infinitely many solutions.
The main tool in order to obtain our abstract results is a recent critical-point theorem for nonsmooth
functionals.

1. Introduction

Hemivariational inequalities appear in the mathematical modeling of several complicated
mechanical and engineering problems, whose relevant energy functionals are neither convex
nor smooth. For instance, this is the case of non-monotone multivalued interface laws
or constitutive relations that occur in certain contact and friction processes, as well as of
phenomena related to large displacements and deformations expressed by nonlinear strain-
displacement laws.

The theory of hemivariational inequalities can be viewed as a new field of nonsmooth
mechanics since the main ingredient used in the study of these inequalities is the notion
of the Clarke subdifferential of a locally Lipschitz continuous functional. The mathematical
theory hemivariational inequalities, as well as their applications in mechanics, engineering
or economics were introduced and developed by Panagiotopoulos [1, 2].

For a treatment of this topics, we refer the reader to the monographs by Naniewicz and
Panagiotopoulos [3], Motreanu and Panagiotopoulos [4], Motreanu and Rddulescu [5, 6],
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and Rddulescu [7, 8]. Moreover, very recently, several inequalities problems have been
studied; see, for instance, the papers [9-14].

Our work is inspired by the very nice and seminal papers of Marano and Motranu
[13, 15]. In particular, by following [13], where the authors stated the existence of infinitely
many solutions of a Neumann-type problem for an elliptic variational-hemivariational
inequality, in this paper we treat a Dirichlet-type problem for an elliptic hemivariational
inequality driven by the p-Laplacian, by using a different technique (see Remark 3.2).

Precisely, let Q be a nonempty, bounded, open subset of the real Euclidean
N-dimensional space (RY,|-[), N > 1, with smooth boundary 9Q, p €]N, +oo[, and let
f.g : R — R be two locally essentially bounded functions. Set a, p € L'(Q) such that
min{a(x), f(x)} > 0, almost everywhere in Q and, finally, A,y € R with A > 0 and y > 0.
The main purpose is to study the following elliptic hemivariational inequality problem, say
(P['%).

Find u € W," (Q) fulfilling

- f [Vu(x)|P2Vu(x) - V(o(x) - u(x))dx
¢ (1.1)
<A fg a(x)F° (u(x); (v(x) — u(x)))dx + ﬂfgﬂ(x)G"(u(x); (v(x) —u(x)))dx,

for every v € Wg’p(Q), where F° and G° are the generalized directional derivatives of the
locally Lipschitz continuous functions

14 14
H@:waﬂ Q@=Lg®% (1.2)

for every ¢ € R

Here, by using a recent abstract critical-point result (see Theorem 2.2 below), under
some hypotheses on the behavior of the potential of the nonlinear term f at infinity, we show
the existence of a precise interval of parameters A such that, for each A € A, and every locally
essentially bounded function g that satisfies certain conditions at infinity, the perturbed

problem (P{’ l‘f ) admits a sequence of solutions which are unbounded in the Sobolev space
Wé'p(Q); see Theorem 3.1.
Further, replacing the conditions at infinity of the potential of f and of the perturbation

term g, by a similar one at zero, the same results hold and, in addition, the sequence of
pairwise distinct solutions uniformly converges to zero; see Theorem 3.6.

If f,g € C°(R), as pointed out in Remark 3.5 below, a function u € Wé’p(Q) solves
(P{’If) if and only if it is a weak solution of the Dirichlet problem

Apu = da(x) f(u) + up(x)g(u) in Q, ;
(D)
Ulpo =0,

where A, = div(|Vul’ “2Vu) is the p-Laplacian operator.
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The existence of infinitely many solutions for some elliptic Dirichlet problems has
received a great deal of interest in recent years; see, for instance, the papers [16-20]. Moreover,
very recently, existence results for problems involving a perturbation term have been studied
in [21-23].

Here, we present a special case of our result.

Theorem 1.1. Let f : R — R be a nonpositive continuous function with potential F(¢) := fé f(t)dt,
for every ¢ € R. Assume that the following condition holds:

(fy) liminf; .o, ((-F(¢)) /&) < (1/4)limsup, ,  ((-F())/&).
Then, for each

8 2
./\, A = 7T, N 7 .
S imsup, o (CF@)/8) Timingy 1o (- (@) /8) (13)

for every nonpositive continuous function g : R — R such that

(g)) G = limg s ([ g(1)dE/E) > —c0,
for every p € [0, fig [, where

fig) = Gi (2 ~ MiminfEE©) ) (1.4)

% i+ ¢

the following problem

u' =Af(u) +pug(u) in0,1J,

u(0)=u(l)=0

(P/%)

admits a sequence of pairwise distinct positive classical solutions.

The present paper is arranged as follows. In Section 2, we recall some basic definitions
and preliminary results, while Section 3 is devoted to the existence of infinitely many
solutions for the eigenvalue problem (P){’ f ). Finally, in Section 4, we give concrete examples
of application of our abstract results.

2. Preliminaries

Let (X, || - ||) be a real Banach space. We denote by X* the dual space of X, while (-, -) stands
for the duality pairing between X* and X. A function h : X — R is called locally Lipschitz
continuous when to every x € X, there correspond a neighborhood V, of x and a constant
L, > 0 such that

|h(z) - h(w)| < Lellz - wl, Vz,w e V;. (2.1)
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If x,z € X, we write h°(x; z) for the generalized directional derivative of h at the point x
along the direction z, that is,

h(w + tz) — h(w)

h°(x;z) = limsup (2.2)
w—x, t—0" t
The generalized gradient of the function h in x, denoted by 0h(x), is the set
Oh(x) = {x* € X" : (x*,z) <h®°(x;z), Yz € X}. (2.3)

Two meaningful properties of generalized directional derivatives are collected in the
proposition below. Their proofs and a thorough treatment of this topic can be found in [24];
let us mention [25] too.

Proposition 2.1. Let h : X — R be locally Lipschitz continuous functional. Then, h° : X x X — R
is upper semicontinuous and for all A > 0, x, z € X, one has

(Ah)°(x; z) = AR°(x; 2). (2.4)
Moreover, if hi, hy : X — Rare locally Lipschitz continuous functional, then

(h +h2)°(x,2z) < hj(x,z) + h5(x,z), Vx,zeX. (2.5)

When a nonsmooth functional, g : X —] — oo, +00], is expressed as a sum of a locally
Lipschitz continuous function, h : X — R, and a convex, proper, and lower semicontinuous
function, j : X —] — oo,+00], thatis, g := h + j, a (generalized) critical point of g is every
x € X such that

h°(x;z-x)+j(z)—j(x) >0, (2.6)

for all z € X; see [4, Chapter 3].

If j =0, then it clearly signifies 0 € Oh(x), namely, x is a critical point of h according to
[25, Definition 2.1].

From now, assume that X is a reflexive real Banach space, ® : X — R is a sequentially
weakly lower semicontinuous functional, Y : X — R is a sequentially weakly upper
semicontinuous functional, A is a positive real parameter, j : X —] — oo, +00] is a convex,
proper and lower semicontinuous functional, and D(j) is the effective domain of j.

Write

Y=Y -j, Ji=@ -\ = (D- 1Y) + Aj. (2.7)
We also assume that @ is coercive and

D(j) @' (]-oo, 7[) #0, (2.8)
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for all r > infx®. Moreover, from (2.8) and provided r > infx®, we can define

<5upveq,1 (]_w/r[)‘P(v)> -W¥(u)
p(r) = inf

ued-1 (]—c0,r[) r—®(u) ! (2.9)

=1i i f ’ 6:: i ; f ‘
r=liminfp(r), 6= limint ()

If @ and Y are locally Lipschitz continuous functionals, in [26] the following result is proved,
which is a more precise version of [13, Theorem 1.1] (see also [27]).

Theorem 2.2. Under the above assumptions on X, ®, and ¥, one has

(a) If y < +oo, then, for each A €]0,1/y], the following alternative holds:

either
(a1) Ji possesses a global minimum,
or

(ap) there is a sequence {u,} of critical points (local minima) of J, such that
lim, , o, ®(u,) = +oo.

(b) If 6 < +oo, then, for each A €]0,1/8], the following alternative holds:

either
(b1) there is a global minimum of ® which is a local minimum of J,,
or

(by) there is a sequence {u,} of pairwise distinct critical points (local minima) of J, with
limy, @ (uy) = infx D, which weakly converges to a global minimum of @.

We recall here some basic definitions and notations. As usual, W(}’P(Q) is the closure
of C§°(Q) with respect to the norm

lu]l = (fg |Vu(x)|pdx>l/p. (2.10)

We are interested in the existence of infinitely many solutions for problem (P{’ 5 )- The main

objective is to use the abstract Theorem 2.2.
Put

cueW,"(Q), u¢o}. (2.11)
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Since p > N, one has k < +o0. For our goal, it is enough to know an explicit upper bound for
the constant k. Denoting by I' the Gamma function defined by

T'(t) :=f Zle™2dz, Vt>0. (2.12)
0

In this connection, it is well known (see [28, formula (6b)]) that if we set

~1/p 1/N —1\p
e NT F(“%] (;f—N> meas (Q)/N177, (2.13)
— =

where “meas(Q2)” is the Lebesgue measure of ©, one has k < m (equality occurs when Q is a
ball). Then,

lllls < mjuell, (2.14)
for every u € Wol’p(Q). Define
: -
o(N,p) = rzé]%,fl[m' (2.15)
and consider 77 €]0, 1[ such that o(N, p) = (1 - ﬁN)/(ﬁN(l -1)7). Moreover, let
T := sup dist(x, 0Q2), (2.16)

xeQ

where “dist(x, 0Q2)” denotes the usual Euclidean distance from x € Q to the boundary 0Q.
Simple calculations show that there is x € Q such that B(xg, ) C Q. Further, put

K= < TP > ”a”Ll(B(xo,ﬁT)), 2.17)

mP|la|| 110 (N, p) 7w,

where m is given by (2.13). We also denote by

N JZ'N/Z )18
wr =T _1_,(1+N/2)/ ( . )
the measure of the N-dimensional ball of radius 7. Finally, let
—F(t _
A= liming 220 CFO) g e CEO)
{—+o0 ép R, é
(2.19)
w7 o (N, p) 1
/\1 = —

= ’ 2 = T T A
PP el 11 (B(xo ) B pmP||al| ) A
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3. Main Results

In this section, we present our main existence result for the hemivariational inequality
problem (P{’/f).

Theorem 3.1. Let f : R — R be a locally essentially bounded function and put F(¢) := jg f(t)dt,
forevery ¢ € R Assume that

(f1) sup,oF(@) =0
(f2) and that
maxj<¢(~F (£))

. : (=F())
Iiminf ——————= < xlimsu ,
§—>+OO ép §—>+oop ép

(3.1)

where x is given by (2.17).

Then, for every A €]\1, A2o[, for every locally essentially bounded function g : R — R whose
potential G(¢) := jg g (t)dt for every ¢ € R, satisfies

(81) sup,,G(§) =0,
(g2) Goo = limg , oo (Maxy<e (=G(t)) /&P) < +oo,

and for every p € [0, pg [, where

1

maxi < (—F(t)) }
Hol = o= —_— ¢, 3.2
T B0y Gt (3:2)

the problem (P){’ f ) admits a sequence of solutions which are unbounded in Wol’P(Q).

Proof. Our aim is to apply part (a) of Theorem 2.2. To this end, fix A €]\;, 2[ and let g be a
function that satisfies hypotheses (g,)-(g,). Owing to A < A2, one has

1 T - maXig (-F (1))
U, 3= —{1 — ApmP ||| ;1 (o lim inf ———————— ¢ > 0. (3.3)
A Bl Gorp T g
Fix 0 < < p 7 and denote by X the Banach space WS'P (Q) endowed of the norm
1/p
lu|| := (J. |Vu(x)|’”dx> . (3.4)
Q

Assume j identically zero in X and let @, ¥ : X — R defined as follows:

[el”

DO(u) :=——, Y(u):= f Hy(u(x))dx, VYuelX, (3.5)
P Q
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where

Hy(u) = —a(x)F () - %ﬂ(x)G(u), (3.6)

for every u € X.

By standard arguments, one has that @ is Gateaux differentiable and sequentially
weakly lower semicontinuous and its Gateaux derivative (at the point u) is the functional
@'(u) € X* given by

@' (u)(v) = fQ |Vu(x)[P?Vu(x) - Vo(x)dx, (3.7)

for every v € X. Furthermore, ¥ is, in particular, sequentially weakly upper semicontinuous.
Put J(u) = @(u) - AW (u) for every u € X. We want to prove that, under our hypotheses,
there exists a sequence {u,} C X of critical points for the functional J5, that is, every element
U, satisfies

]%(ﬂnzv —uy) 20, (3.8)

for every v € X.
First of all, we will show that A < 1/y. Hence, let {c,} be a real sequence such that
lim,, _, o¢;; = +oo0 and

. maXj<c, (=F(t))
llm _— =

n—oo CZ

A. (3.9)

Put r,, = ¢}, /mPp for every n € N. Taking into account formula (2.14), one has max, g|v(x)| <
¢y for all v € X such that ||v||” < pr,. Moreover, for every n € N, it follows that

SUP |, <pr Jo Hy(v(x))dx — [ Hy(u(x))dx . SUP|y 1 <pr Jo Hy(v(x))dx

rn) = iInf
prm) l[ullP <pr. ra— |lull/p n
< SUP 1o <pr, Jo —a(x)F(v(x))dx . H SUP o) <pr, Jo =P(x)G(v(x))dx
- n A n
maxj<c, (—F(t)) pmPp max<c, (=G(t))
<mPpllallq 7 + —|fllpgy——
Cn A Cn

(3.10)

Therefore, from the assumption (f2), one has A < +oo. Hence, from hypothesis (g>), we obtain

. maXj<, (-G(t))
lim — = 7 =

n—oo Cﬁ

Goo. (3.11)
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Then,

o pm?
ysgggwuﬂgmwAmmm»+ﬁTfmmmmcw<+w. (3.12)

Assumption 0 < i < Ko immediately yields

pm? 1 - Apm? |lallp o)A
y <mPpllalpg A+ % ”ﬁ”U(Q)Gm <mPpllall i qA + < . (3.13)
Hence,
_ 1 1
A= (3.14)

— — < —.
miplally A+ (1-Xpm?lallygA) /AT

We claim that the functional J5 is unbounded from below. Let {{,} be a real sequence such
that limy, , ,o{,, = +o0 and

g CFG) .
n— oo én
For each nn € N, define
0, if x € Q\ B(xo, T),
Wy (x) = é"_(T—u—xML if x € B(xo, 7) \ B(x0,77), (3.16)
T(1-7)
Gns if x € B(xo, 77).
One can prove that
1-7"
el = fg |V, (x)[Pdx = Shews [W] (3.17)
Indeed,
f [V, (x)|Pdx = f g—ﬁ_pdx
Q Blxo,m\B(xor) TP (1= 77)
P
= Cfnp (meas(B(xo,7)) — meas(B(xo,77))) (3.18)
(1-1m)"7
QZ“JT —N
= o (1-7N).
Gy
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At this point, bearing in mind (f1), we infer

fQ<—a(x)F<wn<x))>dx > [ CalF @) 2 F@lalp . YN

B(x0,77)
(3.19)
and, clearly, one has
1 ()P0 () < TPl 7 (3.20)
Moreover, owing to (g1), it follows that
- fg (-B(x)G(wy(x)))dx <0, (3.21)

for everyn € N.
Hence, inequalities (3.20) and (3.21) imply that

||wn||

Ji(wn) = ®(wy) = V¥ (w,) = f\f (=a(x) F (wn(x)))dx ~ #f (=B(x)G(wn(x)))dx

||wn|| G [ 1-7
< J\f (—a(x)F(wy(x)))dx < ” [Tp(l—ﬁ)p

] S XE @l ey
(3.22)

for everyn € N.
If B< +oo, lete G](wTﬁNG(N,p))/(J\p’r”||a||L1(B(x0/ﬁT))B), 1[. By (3.15), there exists v,
such that

F(¢n) < —€Bgh, Vn>wv.. (3.23)

Moreover,

Zw”r 1- 7 Ky
Ji(wn) < ¢ » [TP(l ?ﬁ)p - )L||“||L1(B(x0,ﬁr))€B§Z
(3.24)

—N
_ s Wil o(N,p) -
“e (,07 Ml eB ), Vs e

Taking into account the choice of €, one has

r}ijr;o]I(wn) = —0c0. (3.25)
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If B = +o0, let us consider

—N
w1 (N,
Ms @ oNp) (3.26)
AptP ||l 11 B xy 7))
By (3.15), there exists v such that
F(¢n) <-Mg,, VYn>wvum. (3.27)
Then,
G [ 1-7" ] < p
~(wy) < — Al X0 T M
Jataon) < 22| s = Thalu ey MG
(3.28)
p wTﬁNO'(N/P) T
= Gn — Mallpr gy men™M ), ¥ >vum.
Finally, inequality (3.26) implies that
nhf;ojx(w”) = —00. (3.29)

From part (b) of Theorem 2.2, the functional J; admits a sequence of critical points {u,} C X
such that lim,, _, @ (u,) = +o0. Since @ is bounded on bounded sets and taking into account
that lim,, _, ,,,®@(u,) = +oo, then {u,} has to be unbounded. Moreover, if u, € X is a critical
point of Jy, clearly, by definition, one has

J5 @, 0 =) 20, (3.30)
for every v € X.
We will prove that u, solves problem (PJ{,’ 5). From (3.30), taking into account
Proposition 2.1 and by the regularity of the term @, one has

@ (U, v — Up) + A~ (U, v — Uy)]° > 0, (3.31)

for every v € X.
From (3.31), it follows that

f IV (O 2Vt (x) - ¥ (0(x) ~ () dx + X
Q

fQ a(x)F (uy(x); (v(x) = uy(x)))dx
_ (3.32)
+£ f P(x)G(un(x); (v(x) - ﬂn(x)))dx] >0, YoeX.

AJa
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By using Proposition 2.1 and from formula (2) on p. 77 in [24], we have
U () F (1 (x); (0(x) — i (x)))dx + £ f B(x)G (11 (x); (0(x) ~ Ta(x)))dlx
Q AJa

< f () F° (T (x); (0(x) — T (x)))dlx + £ f B(x) G (T (x); (0(x) — Tn(x)))dx.
Q AJe (3:33)

Then,
f IV, (O 2V T (%) - V (0(x) — Tin(x)) dx
Q

+A

fQ a(x)F° (i, (x); (v(x) — Uy (x)))dx + % fgﬂ(x)G"(ﬁAx); (v(x) —uu(x)))dx| >0,
(3.34)

that is,

- f VT () P2V (x) - V (0(x) — T (x))dlx
Q

<A fQ a(x)F°(un(x); (v0(x) — un(x)))dx + fQ P(x)G® (Un(x); (v(x) — un(x)))dx,
(3.35)

for every v € X. The proof is complete. O

Remark 3.2. In [13], it is showed, under suitable assumptions on the potentials F and G, the

existence of infinitely many solutions for the following variational-hemivariational inequality
problem. Find u € K fulfilling

- fg (VG2 Vu(x) - V() - u(x)) + g0 lu(0P2u() (0(x) - u(x))|dx

< fg [a(x) F° (u(x); (0(x) — 1(x))) + B(x)G° (u(x); (0(x) ~ u(x))]dx, Vo €K,
(3.36)

where g € L*(Q) with ess infyeoq(x) > 0 and K is a closed and convex set of the Sobolev
space W'P(Q) that contains the constant functions. Hence, roughly speaking, variational-
hemivariational inequalities may be regarded as hemivariational inequalities subject to
variational constraints. We pointed out that, in their treatment, the authors consider the
presence of the constant functions. In our approach, for problem of Dirichlet type, the rule

of the constant functions is played by the sequence {w,} C WS’P(Q) defined in Theorem 3.1
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and previously introduced by Bonanno and Livrea in [29]. It is worth noticing that the
techniques adopted here and introduced by Bonanno and Molica Bisci in [26] (see also [30])
are fundamentally proving Theorem 3.1, since the usual method utilized in order to obtain
infinitely many solutions (see [13, 31]) cannot be easily applied in the Dirichlet problems.

Remark 3.3. Assume that in Theorem 3.1, f is a nonpositive continuous function. Hence,
hypothesis (f2) can be written as follows:

(fy) liminfy .o ((=F(§))/¢F) <xlimsup,_,,  ((=F(§))/&),

as well as
. (=F(}) }
=1 - Apm”|a meas(Q)lim inf .
HgA ”ﬂ”LI(Q)GmeP{ p ” ”Ll(Q) ( )§—>+oo ép (337)
Remark 3.4. If f is such that condition (f1) holds and
—F(t _
lém infmaxlt%é()) =0, lim sup( 1;@)) = +0o0, (3.38)
—+00 §—>+OO

clearly, hypothesis (f>) is verified and Theorem 3.1 guarantees the existence of infinitely
many solutions for problem (P{ ' 5 ), for every pair (A, p) € D, where

1
D:ﬂ@+w[xk;————————[ (3.39)
”ﬂ”Ll(Q)GoompP

Moreover, under the assumption G, = 0, the main result guarantees the existence of infinitely
many solutions for problem (P){ ’ l‘f ), for every u > 0.

Remark 3.5. When f, g : R — R are continuous functions, the inequality (P){’ 5 ) takes the form

—f |Vun(x)|p72Vu(x) -Vo(x)dx = )LJ‘ a(x) f(u(x))v(x)dx + ‘uf P(x)g(u(x))v(x)dx,
Q Q Q (3.40)

for every v € W(}'P (Q).
Therefore, in such a case, a function u € Wg’p(Q) solves (P){’i) if and only if it is a
weak solution of the Dirichlet problem

Apu = da(x) f(u) + pp(x)g(u) in Q, .
(D}%)
Ulyq = 0.

Hence, Theorem 1.1 in Introduction is a particular case of Theorem 3.1 taking into account
Remarks 3.3 and 3.4.
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We want to emphasize the fact that, replacing the condition at infinity of the potential
F by a similar one at zero, the existence of a sequence of pairwise distinct solutions (uniformly

converging to zero) of problem (P){’ /f), is achieved by using part (b) of Theorem 2.2 instead
of part (a). For this goal, put

—F(t _
A* = limin maxj<z(—F( )), B limsup( F(é)),
¢—0* & —or & (3.41)
o wTe(Np) L '
Vo prPllallp e o) BT 20 pmllallp g AT

Theorem 3.6. Let f : R — R be a locally essentially bounded function and put F(¢) := jg f(t)dt,
for every ¢ € R Assume that
(f1) supsoF(&) = 0
(fy) and that
maxj< (—F(t))

liminf ——————= < xlimsup L@)),

min > msup~—, (3.42)

where « is given by (2.17).
Then, for every A €]\, A3[, for every locally essentially bounded function g : R — R whose

potential G(¢) := jg g (t)dt for every ¢ € R, satisfies
(81) sup;5,G(§) =0,
(83) Go :=limg o+ (maxi; (-G()) /&) < +oo,
and for every p € [0, ‘u;/ L, where

1

‘u* — maxmsg(—F(t)) }
gt ”ﬁ”Ll(Q)GOOmPP '

{1 - )me”||a||L1<Q)li§nl%1}f g

(3.43)

the problem (P{ ' 5 ) possesses a sequence of nonzero solutions which strongly converge to 0 in W (Q).

Proof. Taking X, @, and ¥ as in the proof of Theorem 3.1, fix X €]A], A3, let g be a function
that satisfy hypotheses (g1)-(g9) and take 0 < u < Hyo- As first step, we will prove that

A <1/6. Then, let {cn} be a real sequence of positive numbers such that lim, _, ¢, = 0 and

o (=F(t
lim max‘”s—p(()) - A", (3.44)
n—oo CTl
Arguing in a similar way of Theorem 3.1, by using hypotheses (f7) and (g?), we can prove
that

maX\t|5c,,(—F(t)) + ﬁnipp ”ﬂ”Ll @ maxmgcn—(—G(t)), (3.45)

(rn) <mPp||a
Prn pllall o) 7 1 7



Boundary Value Problems 15

for each n € N and where r,, = c},/mPp. Since
o Do A% umPp
6< 111{21;1&;)(1’”) <mPpA|lallpg) + 5 ||ﬁ||L1<Q)G0 < +00. (3.46)
From0 <pu < #;,X’ the following inequalities hold

1 - Apm?|lall 1 g A*
- .

(3.47)

. #m'p .
6 S mpp”[x”Ll(Q)A + T”ﬁ”Ll(Q)GQ < mpPHCX”Ll(Q)A +

Hence,

1= 1 <

mrpllallp e A* + (1 - Apm?|lall g A%) /1

(3.48)

S

In the next step, we show that 0 is not a local minimum point for the functional J;. Indeed,
let {¢,} be a real sequence of positive numbers such that lim, ¢, = 0 and

(=F(n) _ p
— = B*.

n

lim
n— oo

(3.49)

Consider the sequence of functions {w,} defined in Theorem 3.1. Of course, {w,} strongly
converges to zero in X, and from (g1) it follows that J5(w,) < 0 for every integer n sufficiently
large. Since J7(0) = 0, this means that 0 is not a local minimum of J;. Then, the unique global
minimum of @ is not a local minimum of the functional J;. From part (b) of Theorem 2.2, we
obtain a sequence {v,} C X of critical points of J such that lim,, _, ., ||v,|| = 0. Moreover, again
as in the proof of Theorem 3.1, one can show that every critical point of the functional J; is

also a solution of problem (PJ{,’ 5). Thus, the proof is complete. O

4. Applications

Finally, by using our results, we show the existence of infinitely many solutions in two
concrete cases.

Example 4.1. Set

_2nl(n+2)!'-1

_2nl(n+2)!'+1
= T mr )

b = An+ 1) (41)

for everyn € N.
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Define the nonpositive (and discontinuous) function b : R — R as follows:

2(n+ l)![np’l(n + )P~ (n— 1)P*1n!r’], if ¢ € (Jlan, bul,

n=0
h(§) := (4.2)
0, if ¢ R\ <U]an,bn[>.
n>0
Direct computations ensure that

where H (§) := fg h(t)dt, for every ¢ € R.
Then, for every (A, pu) €]0,+00[x[0,+00[ and for every nonpositive and locally
essentially bounded function g : R — R with potential G satisfying

. G()
§E1Pm§_p = 0, (44)

the following problem (Pillf)
Find u € Wy"(Q) fulfilling

—f |Vu(x) P2 Vu(x) - V(o(x) — u(x))dx
? (4.5)
< )LJ‘ H®(u(x); (v(x) — u(x)))dx + ﬂf G®(u(x); (v(x) - u(x)))dx,
Q Q

for every v € Wg’p(Q), possesses a sequence of solutions which are unbounded in Wé’p(Q).
The next is a simple consequence of Theorem 1.1.

Example 4.2. Define the nonpositive continuous function f : R — R as follows:

—tcos?(In(t)), if t>0,
f(t) = (4.6)
0, if t <0.

Since

L SCFO)dE 2y
im inf = ,
{—+oo &2 8 |
e B O 243
e T

(4.7)
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one has
¢ ¢
—f(t))dt —f(t))dt
liminfw < 1lim supw. (4.8)
gt é ¢—+oo g
From Theorem 1.1, for each
64 16
leA=|——, —|, 49
2++/2°2-42 (*9)

for every nonpositive continuous function g : R — R such that (g}) holds and for every
u € [0, fig [, where

AM(2-+v2)-16 ¢
(-v2)-16 /st

gy 1= - Jim 25 , (4.10)
the following problem
—u" = Af(u) + pg(u) in ]0,1J,
(Pf/ S’)
A op
u(0) =u(l) =0,
possesses a sequence of weak solutions which are unbounded in WS’Z(]O, 1D).
For instance, for each (A, u) € A x [0, +oo[, the Dirichlet problem
' +pr\/lul =Af(u) in]0,1[,
P ,)
H

u(0) =u(l) =0,

possesses a sequence of pairwise distinct positive classical solutions.
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