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The existence and uniqueness of a slowly oscillating solution to parabolic inverse problems for a
type of boundary value problem are established. Stability of the solution is discussed.

1. Introduction

It is well known that the space ##/)(R) of almost periodic functions and some of its
generalizations have many applications (e.g., [1-13] and references therein). However, little
has been done for #//(R) to inverse problems except for our work in [14-16]. Sarason in [17]
studied the space SO(R) of slowly oscillating functions. This is a C*-subalgebra of C(R), the
space of bounded, continuous, complex-valued functions f on R with the supremum norm
IfIl = sup{|f(x)| : x € R}. Compared with 4/ (R), SO(R) is a quite large space (see [17-20]).
What we are interested in SO(R) is based on the belief that SO(R) certainly has a variety of
applications in many mathematical areas too. In [15], we studied slowly oscillating solutions
of a parabolic inverse problem for Cauchy problems. In this paper, we devote such solutions
for a type of boundary value problem.

Set J € {R,R"}. Let C(J) (resp., C(J x Q), where Q C R™) denote the C*-algebra of
bounded continuous complex-valued functions on J (resp., J x Q) with the supremum norm.
For f € C(J) (resp., C(J xQ)) and s € ], the translate of f by s is the function Ry f (t) = f(t+5s)
(resp., Rsf(t,Z) = f(t+5,2), (t,Z) € ] x Q).

Definition 1.1. (1) A function f € C(J) is called slowly oscillating if forevery T € |, R, f — f €
Co(J), the space of the functions vanishing at infinity. Denote by SO(J) the set of all such
functions.

(2) A function f € C(J x Q) is said to be slowly oscillating in ¢ € J and uniform on
compact subsets of Q if f(-,Z) € SO(J) for each Z € Q and is uniformly continuous on
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J x K for any compact subset K C Q. Denote by SO(J x Q) the set of all such functions. For
convenience, such functions are also called uniformly slowly oscillating functions.

(3) Let X be a Banach space, and let C(J,X) be the space of bounded continuous
functions from J to X. If we replace C(J) in (1) by C(J, X), then we get the definition of
30(J, X).

Asin [17], we always assume that f € SO(J) is uniformly continuous.

The following two propositions come from [15, Section 1].

Proposition 1.2. Let f € SO(J) (8O(J x Q)) be such that 0 f/0x; is uniformly continuous on J.
Then 0f /0x; € SO(J) (SO(J x Q)).

For H = (hy, hy, ..., h,) € C(R)", suppose that H(t) € Q for all t € R. Define H x 1 —
Q xR by

H xu(t) = (hi(t), ha(t), ..., ha(t),t) (¢ €R). (L.1)

The following proposition shows that the composite is also slowly oscillating.

Proposition 1.3. Let f € SO(RxQ).IfH € SOR)" and H(t) € Q forallt € R, then fo(H x1) €
SO(R).

In the sequel, we will use the notations: RT' = R™ x (0,T), ||F|l; = sup{|F(x,t)| : x €
R", 0 <t <T}. F € SO(R" x RY') means that F(x", x®,t) is slowly oscillating in x™ € R"
and uniformly on (x,t) € R?; F € SO(R" x R™) means that F(x"), x() is slowly oscillating
in x( € R"” and uniformly on x® e R™,

Let

Z(x,t;¢,5) =

2
1 exp {_zm—;-)

[ (x,§ €R™™) (1.2)
(2\/yr(t—s)> At-s) } )

be the fundamental solution of the heat equation [21].

2. A Type of Boundary Value Problem

We will keep the notation in Section 1 and at the same time introduce the following new
notation:

X = (xlerr-~-/xn—1)/ é = (élr§2r---/§n—l)r

X =(x,x,), ¢=10(,¢), D"={XeR":x,>0}.

2.1)

In this section, we always assume the following: f, fy.x, € SOR"™ 1 x D_TU), h(x,t) >
const > 0, b, (Ah—h;) € SORE?), ¢, ¢x,x, € SOR™'xD), 9 € C*(R"'xD),and g, (Ag—g:) €
SO(R%)‘l).
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Let

GX,t;6,7) = Z(X,£:6,6n,T) + Z(X, 556, ~6n, T) (2.2)

be Green'’s function for the boundary value problems [22, 23].
The following estimates are easily obtained:

ftds G(X, ¢, s)dt|| < mi(T),
0 D

It dsj Z(X,t;¢,0,5)d¢|| < my(T), (2.3)
0 Rn-1

T

<ms(T),

where m;(T) (i = 1,2,3) are positive and increasing for T > 0 and m;(T) — O0asT — 0.
To show the main results of this section, the following lemmas are needed. The first
lemma is Lemma 3.1 on page 15 in [24].

Lemma 2.1. Let ¢, ¢, and y be real, continuous functions on [0, T] with y > 0. If
t
p(t) < P(t) + J‘ x(s)p(s)ds (te€[0,T]), (2.4)
0
then

¢ ¢
p(t) < P(t) + fo x(s)p(s) exp{f X(p)dp}ds (te[0,T]). (2.5)

Lemma 2.2. Let ¢ be a continuous function on [0,T]. If ¢, y1, and x» are nondecreasing and
nonnegative on [0,T] and

p(t) < () + a0 fo p(s)ds + xa(t) fo s e, 26)
then
p() < $(8) [+ 11 (1) + 2vExa(B)] ), 27)
where

X(8) = txF(t) + 4VEx1 () xa(t) + )5 (). (2.8)
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Proof. Replacing ¢(s) in the two integrals of (2.6) by the expression on the right hand

side in (2.6), changing the integral order of the resulting inequality and making use of the
monotonicity of ¢, y1 and y», one gets

t
p(t) < $(1) [1+ b1 (1) + 2vVExa ()] + [ () + 4VE1 (D)2 (8) + w30 f 9(eds. (29)

Apply Lemma 2.1 to get the conclusion. O

Lemma 2.3. Let F(X,t) € SO(D_@, P(x,1),q(x,t) € SORE?), and ¢ € SO(D"). Then the
problem

u—Au+qu=F(X,t), (Xt)eDy,
u(X,0) =p(X), XeD" (2.10)

Uy, (x,0,t) = p(x,t), (x,t)€ Rg’fl

has a unique solution u, and u is in SO(D_?) and satisfies
VT
lully < K(T) [TMFMT el + 59l |, 1)

where K(T) = 2(1 + T||q|| e lr).

One sees that K(T') depends on ||g||; only and is bounded near zero.

Proof. The existence and uniqueness of the solution comes from Theorem 5.3 on page 320 in
[25].
As in [22, 23], the solution u can be written as

u(X,t) = fDn (Q)G(X, t;¢,0)de + IO ds fDn F(Z,8)G(X,t;¢,5)d¢
t t
-f de q(é,s)u(é,s)G(X,t;é,s)dc—Zf dsf P, 5)Z(X,¢,0,5)dé  (2.12)
0 Dn 0 R

t
=v(x,t) - J‘o ds JDn q(¢,s)u(¢,s)G(X, t; ¢, s)dg.

SO,
t = S \/7 s S

By Lemma 2.1, one gets the desired inequality.
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Now we show that u € SO(D_¥). As in the proofs of Lemmas 2.1 and 2.3 in [15], one
gets v € SO(DE). For x, 7 € R with [x| > A> 0,

U(X + 7T, X, 1) = U(X, X, )
= 0(X + T, X, t) = O(X, Xp ) — f; ds | (&8l 9)[Gx+ 7%, ,8) = G, i 5)ldL
= O(X + T, X, t) = V(X, X )
- ﬂ dsf ) [qx+ T+ & 8)u(x+T + ¢, x5+ &n,8) — q(x + &, 8)u(x + &, % + &0, 5)| G(6, 15 ¢, 8)d
= O(X + T, X, t) = O(X, X )

- jt dsj [qix+T+¢,8) —q(x+¢, 8)|u(x+7+& x4 + &, 8)G(6,1¢,5)dg
O "n

- It dsf (u(x+T+&x0+&n,5) —u(x+¢,x, +E&n,5)]q(x +¢,5)G(6, ¢, 5)d¢.
O 1
(2.14)

Note that

j ds f [G(x + 7 +&,8) — g+ &, )] Ut T+ &, X+ b, $)G(6, ¢, 5)d2| < B - dista (Req — q),
0 n

Han(é,s)Gw,t;g,s)dé < B4]l,,
(2.15)

where B is a constant and

dista(Rrq,9),= sup |q(x+7,5)-q(x,s)]|. (2.16)
se[0t],|x|>A

So,
t
dista(Rru, u), < dista(R;v,v), + B - dista (R4, q), + B’[ dista(Rru, u),||q]| ds. (2.17)
0
By Lemma 2.1, one has
dista(Rru, u), < m[dista(R,v,v), + B - dista(R-q,9),], (2.18)

where m is a constant. Since v and g are slowly oscillating, the right-hand sides of the
inequality above approaches zero as A — oo. This means that u € SO(D7}). The proof is
complete. O
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Consider the following problem.

Problem 1. Find functions u € SO(R"™' x Dr) and q € SO(RE™?) such that

w—Au+qgx,thu=f(Xt), (Xt)eDj, (2.19)
u(X,0) =¢p(X), XeD" (2.20)
Uy, (x,0,t) = g(x,t), (x,t) € R?‘l, (2.21)
u(x,a,t) = h(x,t), (x,t) €RE?, ae(0,00). (2.22)
One sees that
h(x,0) = o(x,a), @, (x,0)=g(x,0), xeR", (2.23)

hi(x,0) = wyly _os0 = [Au—qu+ f(X, t)]xn:a,t:0 = A(P(X)lxn:a —q(x,0)p(x,a) + f(x,a,0),

8t (.X', 0) = Uix, |x,,=0,t:0 = A(Pxn (X) |xn:0 - Q(xr 0)(Pxn (xr 0) + fxn (X, 0/ 0)
(2.24)

It follows from (2.24) that

Px, (x/ O)A(P(X) |xn=a + f(x/ a, 0)(Pxn (x/ 0) - ht(x/ 0)(Pxn (x/ O)

(2.25)
= p(x,a) Mgy, (X)| . o + fr, (x,0,0)p(x, ) - gi(x,0)p(x, a).

Let V(X,t) = uy,(X,t), and let W(X,t) = V, (X,t). We have the following two
additional problems for V and W, respectively.

Problem 2. Find functions V € SO(R" x Dr) and g € SORE) such that

Vi — AV +q(x, )V = fo (X, 1), (X,t) € DL, (2.26)
V(X,0) = ¢, (X), XeD", (2.27)

V(x,0,t) = g(x,t), (x,t) R, (2.28)

Vi, (x,a,t) = hy — Ah +gh - f(x,a,t), (x,t) € R (2.29)

Problem 3. Find functions W € SO(R™! x Dr) and qe 5(9(R¥‘1) such that

Wi = AW +q(x, )W = frr, (X, 1), (X, t) € D}, (2.30)
W(X,0) = ¢y, (X), XeD" (2.31)
Wy, (x,0,t) =g — Ag+qg — fx,(x,0,t), (x,t)€ R;‘l , (2.32)

Wi(x,a,t) =h — Ah+hq- f(x,a,t), (xt) €RF. (2.33)
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Lemma 2.4. Problems 1, 2, and 3 are equivalent to each other.

Proof. The existence and uniqueness of the solution (V, q) of Problem 2 can be easily obtained
from that of the solution (1, q) of Problem 1. Conversely, let (V, g) be the solution of Problem
2. We show that Problem 1 has a unique solution (u,g). The uniqueness comes from the
uniqueness of (2.19)-(2.21). For the existence, let

u(X, t) = Jmn V(x,y,£)dy + h(x, t). (2.34)

a

Obviously, u(X, t) € SO(R* ! x Dr) and satisfies (2.22). Also u satisfies (2.21) because
Uy, (x,0,t) = V(x,0,t) = g(x,t). By (2.23) and (2.27), one sees that (2.20) is true. Finally, we
show that u satisfies (2.19) and therefore, along with g, constitutes a solution of Problem 1. In
fact,

uy— Au+qu=hy - Ah + gh +I " [Vi(x,y,t) = AV (x,y,t) +qV(x,y,t)]dy

a

2

X §2 ) Xn
+fa a—yZV(xry/t)d]/_ mjﬂ V(x’y’t)dy (235)
=hi— Ah+gh+ f(X 1) = f(x,a,t) + Vi, (X, 1) = Vi, (x, a,8) = Vi, (X, 1)

= f(X,t). (by (229))

Thus, we have shown the equivalence of Problems 1 and 2. Replacing (2.34) by the function

V(X,t) = fx" W(x, y, t)dy + g(x,8), (2.36)

a

the equivalence of Problems 2 and 3 can be proved similarly. The proof is complete. O

By Lemma 2.4, to solve Problem 1, we only need to solve Problem 3. By (2.30)—(2.32),
we have the integral equation about W:

t
W= [ pa@Ce e 0+ [ ds[ o000 ne s
t
[ Las[ a@oawe G e (237)
0 Dr
t
- Zf dSI [8s — A8 +48 — f2.(8,0,9)] Z(X, £:¢,0, 5)d.
0 Jre

Rewrite (2.33) as
g=Lg=h"(x,t)[Ah—h + f(x,a,t) + W(x,a,t)], (2.38)

where W is determined by (2.37).
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One can directly test that Problem 3 is equivalent to (2.37)-(2.38).

Note that for a given g(x,t) € SO(R%'), Lemma 2.3 shows that (2.30)—(2.32) (or
equivalently, (2.37)) have a unique solution W € SO(R"!' x Dr). Thus, (2.38) does define
an operator L. Therefore, we only need to show that the integral (2.38) has a unique solution
gand g € SORX™!). That is, L has a fixed point in SO(R} ™). Let

+

t
j ds f Fon (& 5)G(x, a5, 9)dg
0 Dn

{ AR = b+ f(x,a,1) ||, + 2| 9%,
To

_ M
RIS

(2.39)

+2

t
J dsf [Ag—gs+ f2,(¢,0,9)] Z(x,a,t;¢,0,5)dé
0 R

Set BIM,T) = {q € SO(R’;’l) :liglly £ M}, where T < Ty. If g € B(M, t), then, by Lemma 2.3,
W(X,t) is in SO(R"! x Dr), and so, by (2.38), Lg is in .SO(R?‘l) with

M
ILqll; < - + | 1||T0 [2ma(D)|8]ly, + i (DIW Il M. (2.40)

Equation (2.37) gives the estimate

IWlly < [|2¢&nénl| +2m2(To) || gt = Ag = fx, (x, 0, 1) ||, + 2Mma(To) |||,
(2.41)

+ 1111 (T0) || fr,,

o+ My (T)[ W]l

Choose ty < Tp such that when T < ty, one has 1 < 2(1 — Mm;(T)). It follows that

Wil <2{2[| s,

+2my(To) || g = Ag ~ f, (x,0, D) ||, + 2Mma(To) || g |, + 111 (To) || faoe I, }.
(2.42)

Choose T; <ty such that when T < Tj, one has

2|, {malislly, + (D)

1
% (2l [l + 2m2(To) | g1 = Ag = fr, (.0, )|, + 2Mma(To) | gl + 11 (T0) | fr 1) } < 5.

and therefore, ||Lq|; < M.
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Let qi1,0 € B(M,T). By (2.38), ||[Lgi1 — Lgz|l; < |k~ Y7 [[W1 = Wa||. Note that the
function W = W; — W, is the solution of the problem
Wt—AW+qW=W2(q2—q1), (X,t)EDn,
W(X,0)=0, XeD" (2.44)

We, (x,0,t) = (g2 — q1)g(x,t), (x,t) € R

So, by Lemma 2.3, one has

VT
nMwTsKaw<7;wh—mnmgM+7ﬂm—qﬂHMhM>- (245)

Choose T» < tg such that for T < Ty, ||h 7|5, [W1 - Wally < (1/2)]l91 — g2l Now, set
T < min{T;, T>}. Then L is a contraction from B(M, T) into itself, and therefore, has a unique
fixed point. Thus, we have shown.

Theorem 2.5. Let functions f, g, h, and ¢ be as above. Then, for small T, Problem 3 has a unique
solution (W, q) in R with W € SO(R"™ x Dr) and q € SOR™™).

Let (W', g;) (i = 1.2) be the solutions of Problem 3 in D} for the functions f, g’, b, and
¢.Seth’ =h'—h?, fO= f1— 2, ¢" = ¢! —?, and g° = g' - ¢%. For the stability of the solution,
we have the following.

Theorem 2.6. For 0 <t < T, one has

0
Px,.x,

fousa

+c6||gt0 ~Ag° —fgn(x,O,t)”t,

t+c4| +C5”h?—Ah°—f°(x,a,t)”t

|Iq1—q2||t5C1||h0”t”2||30”f+c3| (2.46)

gt —Ag" ~ fi,(x,0,0)],.

Proof. By (2.33),

where ¢; (1 < i < 6) depends on t, |Ih'll, lg'ly IIf5,xll, 19yl llgill, lgzll, and

-1
- = (1) [ARY =K+ fOx,a,8) - b + W = W], (2.47)
So,

o=l < | ()| [Jam =i+ ] < haall 2], < 1w - wan]. - @as)
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Note that the function W = W; — W is the solution of the problem
Wi = AW + oW = f,(c)nxn -W (6]1 - lh)/ (X,t) € Dy,
W(X,0) = (pgnxn (X), XeD", (2.49)

Wy, (x,0,t) = g0 = A"+ 928" — 2 (x,0,8) + (g1 — q2)g", (x,t) eRF.

Using a formula similar to (2.37) and Lemma 2.2 for the function W, one gets

t t
Wi, < {t £+ o =2y Sl 8], + 228 - 25 - £ 0.0
I, (o -
t t t
g tf a1~ |l f
+|W: - ds + dpds ;.
=l s o B {020 b [, s
Applying Lemma 2.2 and (2.48), one gets the desired conclusion with
-1
=90 ()" | el
El/,\ ! !
=200\ 2] ()| Bl o | el s
1 t
c3 =t(i)(t)H<h1> exp{f "qzllsds},
t 0
(2.51)

e =9 (')

t
oxp{ [ el
t 0

4

¢s = qb(t)“(hl)'1

t

Co = 2¢(t)\/§” <h1>_1

t
oxp{ [ Il
t 0

where
¢(t) = (1 + () + 2\/Exz(t)>etx(t),

X(8) = txT(t) + 4VEx1 (D) xa2(t) + )5 (),

x1(t) = H(h1>1||t¢)(t) exp{f; ”qz”Sds}, (2.52)

<h1>_1Ht||g1"texp{f; ||q2||5ds}

Xo(t) =772
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and @(t) is majorant of ||Wil|,;. One can specially assume that

1

‘s - Ag' - £1,(x,0,9)] f
(1) = <| oL . +t| £l t+f0 NETE ds ) exp f lga]l.dst.  (253)
The proof is complete. O

Corollary 2.7. Under the conditions in Theorem 2.6, the solution of Problem 3 is unique.
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