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This paper investigates the eigenvalue problem for a class of singular elastic beam equations where
one end is simply supported and the other end is clamped by sliding clamps. Firstly, we establish
a necessary and sufficient condition for the existence of positive solutions, then we prove that the
closure of positive solution set possesses an unbounded connected branch which bifurcates from
(0,0). Our nonlinearity f(t,u, v, w) may be singular at u,v,t =0and/or t = 1.

1. Introduction

Singular differential equations arise in the fields of gas dynamics, Newtonian fluid mechan-
ics, the theory of boundary layer, and so on. Therefore, singular boundary value problems
have been investigated extensively in recent years (see [1-4] and references therein).

This paper investigates the following fourth-order nonlinear singular eigenvalue
problem:

u® () = Mf(t,u(t), u'(t),u"(t)), te(0,1),
(1.1)
u(0)=u'(1) =u"(0) =u"(1) =0,

where A € (0, +o0) is a parameter and f satisfies the following hypothesis:

(H) f € C((0,1) x (0,400) x (0,+00) x (=o0,0], [0, +00)), and there exist constants a;, B;,
N;, i=1,2,3(—00<a1§05ﬁ1<+00, —OO<CX2§OS[52<+OO, 05“3Sﬁ3<1,
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Zf’zl fi <1, 0< N; <1,i=1,23) such that forany t € (0,1), u,v € (0,+0),
w € (—o0,0], f satisfies

cﬂlf(t,u,v,w) <fteuv,w) <M f(t,u,v,w), Y0<c< Ny,
cﬂzf(t, u,v,w) < f(t,u,co,w) <cf(t,u,v,w), Y0<c< Ny, (1.2)

cﬂ3f(t,u,v,w) < ftu,v,cw) <c®f(t,u,v,w), Y0<c<Ns.

Typical functions that satisfy the above sublinear hypothesis (H) are those taking
the form

ny mp ms

fluwv,w) =33 > pijruvin®, (1.3)

i=1 j=1k=1

where p;;x(t) € C[(0,1),(0,+)], 7i,5; € R, 0 < or < 1, max{r; 0} + max{s;} + ox < 1,
i=1,2,...,m,j=1,2,...,my, k=1,2,...,m3. The hypothesis (H) is similar to that in [5, 6].

Because of the extensive applications in mechanics and engineering, nonlinear fourth-
order two-point boundary value problems have received wide attentions (see [7-12] and
references therein). In mechanics, the boundary value problem (1.1) (BVP (1.1) for short)
describes the deformation of an elastic beam simply supported at left and clamped at right
by sliding clamps. The term u” in f represents bending effect which is useful for the stability
analysis of the beam. BVP (1.1) has two special features. The first one is that the nonlinearity
f may depend on the first-order derivative of the unknown function u, and the second one is
that the nonlinearity f(t, u, v, w) may be singular at u,v, t =0and/ort = 1.

In this paper, we study the existence of positive solutions and the structure of positive
solution set for the BVP (1.1). Firstly, we construct a special cone and present a necessary and
sufficient condition for the existence of positive solutions, then we prove that the closure of
positive solution set possesses an unbounded connected branch which bifurcates from (0, 9).
Our analysis mainly relies on the fixed point theorem in a cone and the fixed point index
theory.

By singularity of f, we mean that the function f in (1.1) is allowed to be unbounded
at the points u = 0,0 = 0,+ = 0,and/or t = 1. A function u(t) € C?[0,1] n C*(0,1) is called
a (positive) solution of the BVP (1.1) if it satisfies the BVP (1.1) (u(t) > 0, —u"(t) > 0 for
t € (0,1] and u'(t) > 0 for t € [0,1)). For some A € (0, +o0), if the BVP (1.1) has a positive
solution u, then A is called an eigenvalue and u is called corresponding eigenfunction of the
BVP (1.1).

The existence of positive solutions of BVPs has been studied by several authors in
the literature; for example, see [7-20] and the references therein. Yao [15, 18] studied the
following BVP:

u®(t) = f(tu(t),u'(t)), te[0,1]\E,

u(0) =u'(0)=u"(1) =u"(1) =0,

(1.4)

where E C [0, 1] is a closed subset and mesE =0, f € C(([0,1]\E) %[0, +o0) x[0, +o0), [0, +00)).
In [15], he obtained a sufficient condition for the existence of positive solutions of BVP (1.4)
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by using the monotonically iterative technique. In [13, 18], he applied Guo-Krasnosel’skii’s
fixed point theorem to obtain the existence and multiplicity of positive solutions of BVP (1.4)
and the following BVP:

u®(t) = f(t,ut), te[01],
(1.5)
u(0) =4'(0) =u(1) =u"(1) =0.

These differ from our problem because f(t,u,v) in (1.4) cannot be singular atu =0, v = 0
and the nonlinearity f in (1.5) does not depend on the derivatives of the unknown functions.

In this paper, we first establish a necessary and sufficient condition for the existence
of positive solutions of BVP (1.1) for any A > 0 by using the following Lemma 1.1. Efforts
to obtain necessary and sufficient conditions for the existence of positive solutions of BVPs
by the lower and upper solution method can be found, for example, in [5, 6, 21-23]. In [5,
6, 22, 23] they considered the case that f depends on even order derivatives of u. Although
the nonlinearity f in [21] depends on the first-order derivative, where the nonlinearity f
is increasing with respect to the unknown function u. Papers [24, 25] derived the existence
of positive solutions of BVPs by the lower and upper solution method, but the nonlinearity
f(t,u) does not depend on the derivatives of the unknown functions, and f (¢, 1) is decreasing
with respect to u.

Recently, the global structure of positive solutions of nonlinear boundary value
problems has also been investigated (see [26-28] and references therein). Ma and An [26]
and Ma and Xu [27] discussed the global structure of positive solutions for the nonlinear
eigenvalue problems and obtained the existence of an unbounded connected branch of
positive solution set by using global bifurcation theorems (see [29, 30]). The terms f(u) in
[26] and f(t,u,u") in [27] are not singular att = 0,1, u = 0, u” = 0. Yao [14] obtained one or
two positive solutions to a singular elastic beam equation rigidly fixed at both ends by using
Guo-Krasnosel’skii’s fixed point theorem, but the global structure of positive solutions was
not considered. Since the nonlinearity f(t, u, v, w) in BVP (1.1) may be singular at u,v,t = 0
and/or t = 1, the global bifurcation theorems in [29, 30] do not apply to our problem here.
In Section 4, we also investigate the global structure of positive solutions for BVP (1.1) by
applying the following Lemma 1.2.

The paper is organized as follows: in the rest of this section, two known results are
stated. In Section 2, some lemmas are stated and proved. In Section 3, we establish a necessary
and sufficient condition for the existence of positive solutions. In Section 4, we prove that the
closure of positive solution set possesses an unbounded connected branch which comes from
0,0).

Finally we state the following results which will be used in Sections 3 and 4,
respectively.

Lemma 1.1 (see [31]). Let X be a real Banach space, let K be a cone in X, and let €1, Q; be bounded
open sets of E, 0 € Q1 C Q1 C L. Suppose that T : KN (Q, \ Q1) — K is completely continuous
such that one of the following two conditions is satisfied:

M AT < llxll, x € K0 oL, [T(x)]| 2 [lx]l, x € KN 0oLy,
2) ITE = [lx]l, x € KN oy [IT(x)] < [lx]l, x € KN 0Lp.

Then, T has a fixed point in K N (Qa \ Q1).
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Lemma 1.2 (see [32]). Let M be a metric space and (a,b) C R". Let {a,}o, and {b,};2, satisfy

a<--<a,<---<a;<b;<---<b,<---<b,

(1.6)
lim a, = a, lim b, =b.
n— +oo n—+oo

Suppose also that 3, = {C, : n = 1,2,...} is a family of connected subsets of R* x M, satisfying the
following conditions:

(1) Cun({an} x M) #@and C, 0 ({by} x M) #0 for each n.

(2) For any two given numbers a and pwith a < a < f < b, (Uje; Cn) N ([, f] x M) is a
relatively compact set of R* x M.

Then there exists a connected branch C of limsup,, _, ,  C,, such that

CNn({A} x M)#0, Vie(ab), (1.7)
wherelimsup, _,, C, = {x € M: there exists a sequence x, € Cy, such that x,, — x, (i — o)}.
2. Some Preliminaries and Lemmas

Let E = {u € C2[0,1] : u(0) = 0, #/(1) = 0, u"(0) = 0}, |lull, = max{|ul, &, |l«"||}, then
(E, || - II,) is a Banach space, where ||u|| = maxe(o,1]|u(t)|. Define

P= {u €E:u(t) > <t— §>||u||, u'(t) > %(1 —-n||'||, —u" ) > t||u"||, te [O,l]}. (2.1)

It is easy to conclude that P is a cone of E. Denote
Po={ueP:|ul,<r}; OP, ={ueP:|ul,=r} (2.2)

Let

IA
9]

IA
-
IN
A

s, 0
Go(t,s) =
t, 0

1
G(t,s) = fo Go(t,r)Go(r, s)dr.

IA
-
IN
9]

IN
A

(2.3)
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Then G(t, s) is the Green function of homogeneous boundary value problem
u® () =0, te(0,1),
u(0) =u'(1) =u"(0) =u"(1) =0,
s* s(f-s%)
3T
3 (s -1%)

—+T+ts(1—s), 0<t<s<l,

+st(1-t), 0<s<t<l1,
G(t,s) =

(2.4)

s(1-1t), 0<s<t<],

Gi(t,s) = Gi(t,s) = 2 P

z - <t<s<
> 2+S(1 s), 0<t<s<l,

IN
IN
IN

1,
1.

s, 0<s<t
Ga(t,s) = =G/ (t,s) =
t, 0<t<s

IN
IN
IN

Lemma 2.1. G(t,s), Gi(t,s), and Gy(t, s) have the following properties:

(1) G(t,s) >0,Gi(t,s) >0,i=1,2,forall t,s € (0,1).

(2) G(t,5) <s(t—12/2), Gi(t,s) < s(1-t), Ga(t,s) <t (or s), forall t,s € [0,1].

(3) maxeqo,1]G(t, 5) < (1/2)s, maxeo1)Gi(t,s) <s,i=1,2, forall s € [0,1].

(4) G(t,8) > (s/2)(t—t2/2), Gi(t,8) > (s/2)(1 — 1), Ga(t, s) > st, forall t,s € [0,1].

Proof. From (2.4), it is easy to obtain the property (2.18).
We now prove that property (2) is true. For 0 < s <t <1, by (2.4), we have

3 2 3 2 2
S st S st t
G(t,s)=§+———+st—st2§st——=s<t——>,

2 2 2 2 2.5)

Gi(t,s) =s(1-t), Gy(t, s) < t(or s).

For0<t<s<1,by (2.4), we have

P8 ts? 2 12
G(t,s):§—§+ts—%Sst—%:s<t—§>,

(2.6)
t2 2

Gi(t, s) :S—E—%Ss—ts:s(l—t), Ga(t,s) <t (or s).

Consequently, property (2) holds.

From property (2), it is easy to obtain property (3).

We next show that property (4) is true. From (2.4), we know that property (4) holds
for s =0.
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ForO0<s<1,ifs<t<1,then

G(t,s) 2 s 1 t2 2 s? 1 t2 T 1 2
PR N R PR (PO | Y PR (PR L L P
s 2% 21" 2° 2 3 )|72|' 27 2 3)|72 2 )

Gl (t/ S)
S

=(1-t> %(1—t), Ga(t, s) 2 st;

if 0 <t <s, then

G(t,s) 2 ts 1 t2 1 2 1
AVAZA S P e ] (T [
] Ll Gl 3)°2

t2
(-2)
2.8)

Therefore, property (4) holds. O

Lemma 2.2. Assume that u € P\ {0}, then ||ul|, = ||u"|| and
]' ! ! ]' " ! "
< tut < flfl, Sl < )l < flall (2.9)

.t llull, < u(t) < B ] 1(1—tf)|| o <u'(t) < (1 =t)|lull
S 5 Jllully < u(t) < 5 Jlullz i ull, <u'(t) < ul|,,

(2.10)

tHull, < —u"(t) < lull,, Vte[0,1].
Proof. Assume thatu € P\ {6}, then u/(t) >0, -u"(t) >0, t € [0,1], so

t 1
— ! d — ! d < !
Jull = s | ) = | w(sys < ),
||| = maxf u'(s)ds = f u'(s)ds > = ||| f (1-s)ds=—|«/||,
tG[O,l] 0 0 2 0 4
2.11)

1 1
||| = maxf -u"(s)ds =f —u"(s)ds < ||u"]|,
0

te[0,1] )4

1 1 1
T o _ ey " _1 "
||| _t?[g,i(],]; u (S)ds—f0 u (s)dszfo s||u"|| ds = 2||u II-

Therefore, (2.9) holds. From (2.9), we get

ul

1]l = max{{full,

o1} = ]| 212)

7
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By (2.9) and the definition of P, we can obtain that

1 t 1 2 2
u(t) = fo Go(t,s)(-u"(s))ds < <f0 sds + L tds> ||| = <t - %) ||| = <t - %) llull,,

vt e [0,1],
t) > 1?—ﬁ I ||>1 t—ﬁ lull,, Vte[0,1]
u( ) 2 5 ull 2 3 > u 27 71,
1
w(t) = [ - (s)ds < =Dl = (-,
t
) 1 s L
u'(t) > E(l -H||u| > Z(l -t)|lull,, Vtel0,1],
il = tllu"| < —u"(t) < [l = ull,, Vit € [0,1].
(2.13)
Thus, (2.10) holds. O
For any fixed A € (0, +o0), define an operator T by
1
(Thu)(t) = ./\J‘ G(t,s)f (s,u(s),u'(s),u"(s))ds, YueP\ {6}. (2.14)
0
Then, it is easy to know that
1
(Thyw)'(t) = )Lf Gi(t,s)f (s, u(s),u'(s),u"(s))ds, VueP\ ({6}, (2.15)
0
1
(Thw)"(t) = —.)Lf Gao(t,s)f(s,u(s),u'(s),u"(s))ds, VueP\ {6} (2.16)
0
Lemma 2.3. Suppose that (H) and
1 2
0<J. sf<s,s—§,1—s,—1>ds<+oo (2.17)
0

hold. Then Ty(P \ {8)) ¢ P.
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Proof. From (H), for any t € (0,1), u,v € (0, +o0), w € (-0, 0], we easily obtain the following
inequalities:

¢ f(t,u,v,w) < f(t cu,v,w) < cﬂlf(t, u,v,w), Vc> Nl_l,
¢ f(t,u,v,w) < f(t,u,co,w) < cﬂzf(t, u,v,w), Vc> Nz_l, (2.18)
¢ f(t,u,v,w) < f(t,u,v,cw) < cﬂf’f(t, u,v,w), VYc> Ngl.

For every u € P\ {0}, t € [0,1], choose positive numbers ¢; < min{Njy, (1/8)Nil|jull,}, c» <

min{ N, (1/4)Na|lull,}, c3 > max{N3"', N3 ||ull,}. It follows from (H), (2.10), Lemma 2.1, and
(2.17) that

1
(Tyu)(t) = A fo G(t,s)f (s,u(s),u'(s),u"(s))ds

<3 f o <S’ B (su_(ss)Z/z) <S‘S?2> @ c?1(s) 71-5), (Ve "(S)>
3 f <cl(su—(i)2/2)>ﬂl i (czl(t;(i)@)mcgg (”_i?)f <S’ =g _1> -
S% f <|Iu||2> Cz (HZZHZ> 33<%>u3f<s,s—%2,1—s,—1>ds

2

1 b e
<5 RS ||ﬂ1+ﬂ2+”‘uf sf<s, 5 l—s,—l>ds<+oo.

(2.19)

Similar to (2.19), from (H), (2.10), Lemma 2.1, and (2.17), for every u € P\ {0}, t €
[0,1], we have

1
(Thw)'(t) = A fo Gi(t,s)f (s, u(s),u'(s),u"(s))ds

! u(s) s? u'(s) "(5)
S.)LJ‘O Sf<S,Clm<S_E>/C C( )(1_5) ( 1) 3 >

2

m -p tlz -p2 ﬂz usH ||ﬂ1+ﬂ2+m)‘f Sf<5 1-s —]>ds < 400
< ST ¢ '
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1
—(Thyw)"(t) = A fo Ga(t,s)f (s, u(s),u'(s),u"(s))ds

! u(s) s? u'(s) "(s)
S)LIO Sf<S,Clm<S—E>/CZC2(1_ )(1—5) (-Des >

2

<Cil1—ﬂlcgz—ﬂ2 B3~ tl3|| ||ﬂ1+ﬂ2+m)LJ‘ Sf<S 5— 7 1-s, 1>d5 < +oo.

(2.20)
Thus, T) is well defined on P\ {0}.
From (2.4) and (2.14)—(2.16), it is easy to know that
(Thu)(0) =0, (Tyw)'(1) =0, (Taw)"(0) =
1
(Tyu)(t) = )Lf G(t,s)f (s,u(s), u'(s),u"(s))ds
0
2 1
> < - %)/\J. %sf(s,u(s),u’(s),u"(s))ds
<t - —> f max G(T s)f (s, u(s),u'(s),u"(s))ds
tZ
<f— —>||TW|| vte [0,1], ue P\ {6},
1
(Thw)'(t) = )Lf Gi(t,s)f (s, u(s),u'(s),u"(s))ds
% —t))LJ. sf(s,u(s),u'(s),u"(s))ds (2.21)

> %(1 -t)A fo gl[g,)l(]Gl(T/ s)f (s, u(s),u'(s),u"(s))ds

=2 A-Dl|Twy]l, Vel ueP\ (o),
1
—(Tyw)"(t) = A fo Ga(t,s)f (s, u(s),u'(s),u"(s))ds
1
> t.A,J‘ sf(s,u(s),u'(s),u"(s))ds

> t)LJ‘ masz(T s)f(s,u(s),u'(s),u"(s))ds
=t||(Taw)"||, Vte[0,1], ue P\ {6)}.

Therefore, T(P \ {0}) C P follows from (2.21). O
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Obviously, u* is a positive solution of BVP (1.1) if and only if u* is a positive fixed
point of the integral operator T, in P.

Lemma 2.4. Suppose that (H) and (2.17) hold. Then for any R > r > 0, Ty : P_R \P, —» Pis
completely continuous.

Proof. First of all, notice that T) maps Pr \ P, into P by Lemma 2.3.
Next, we show that T is bounded. In fact, for any u € Pg \ P,, by (2.10) we can get

Tt <u(t) < i~ )R Ta-bH<u(t)<A-HR, rt<—u"(t) <R, Vte[0,1]
s\/72)="¥= 2 )% 1 Sul = o TS = o2

(2.22)

Choose positive numbers ¢; < min{Nj, (r/8)N1}, c; < min{N,, (r/4)N2}, c3 > max{Nsl,
NglR}. This, together with (H), (2.22), (2.16), and Lemma 2.1 yields that

1
[(Ta)" (1) = A fo Ga(t,s)f (s, u(s),u'(s),u"(s))ds

! u(s) s? u'(s) ”(s)
S)LJ.O Sf<S,C1m<S—?> C2 P (1 )(1—5) ( 1) C3
Doafws) NP e w(s) o (o) s?
<[54 (o55m) ¢ Gate) 4(50) f(e-Tamem)s
ar=p1_ar=P2 P33 g 1pr+a ! s*
<c ey Moy TR SAI sf s,s—E,l—s,—l ds
0

<+o0, Vte[0,1], u€Pg\P,.

(2.23)

Thus, T, is bounded on Pg \ P,.

Now we show that T} is a compact operator on Pg \ P,. By (2.23) and Ascoli-Arzela
theorem, it suffices to show that T)V is equicontinuous for arbitrary bounded subset V' ¢
Pr\ P,.

Since for each u € V, (2.22) holds, we may choose still positive numbers ¢; < min{Nj,
(r/8)Ni1}, c2 <min{Ny, (r/4)N>}, c3 > max{N;', N;'R}. Then

1
[(Taw)" (1) = A ft f(s,u(s),u'(s),u"(s))ds

1 g2 (2.24)
SCOJ‘ f s,s—E,l—s,—l ds
t

= H(t), te(0,1),
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where Cy = Ac?l_ﬂ ! c;rﬂz c§3_“3 RPr+P+as Notice that

1 1 Al 2
f H(t)dt:Cof f f<s,s——,1—s,—1>dsdt
0 0Jt 2
1 ps 52
:COJ. J. fls,s——=,1-s,-1 |dtds (2.25)
0J0 2
1 2
:Cof sf<s,s—?,l—s,—l>ds<+oo.
0

Thus for any given ty,t, € [0,1] with t; < t, and for any u € V, we get

" H(t)dt. (2.26)

t

)
|(Taw)" (t2) = (Taw)" (t)| < | [(Taw)" ()| dt <

From (2.25), (2.26), and the absolute continuity of integral function, it follows that T,V is
equicontinuous.
Therefore, T\ V is relatively compact, that is, T is a compact operator on Pr \ P,.
Finally, we show that T) is continuous on P_R\ P.. Suppose u,, u € P_R\ P,n=1,2,...
and |lu, —ull, — 0, (n — +o0). Then u)(t) — u"(t), u,(t) — u'(t) and u,(t) — wu(t) as
n — +oo uniformly, with respect to t € [0, 1]. From (H), choose still positive numbers ¢; <
min{N1y, (r/8)N1}, c2 <min{N,, (r/4)N3}, c5 > max{Ngl,NglR}. Then

0 < ft,u,(t), u,(t), up(t)) < C0f<t,t— g,l - t,—1>, te(0,1),

0< Ga(t,s)f (s, un(s), t),(s), uy(s)) < Cosf<s,s - %2,1 -5, —1>, te[0,1], s€ (0,1).

(2.27)

By (2.17), we know that sf(s,s— s2/2,1-s,-1)is integrable on [0, 1]. Thus, from the Lebesgue
dominated convergence theorem, it follows that

lim [[(Tute) = (T, = Lim [|[(Tawn)” = (Taw)’|
n—+oo n— +co

n—+oo

1
:AIS
0

=0.

< lim A 1S|f(s, Un(s), 1y, (s), up(s)) — f (s, u(s), u'(s),u"(s))|ds
0 (2.28)

im(f(s,un(s), 4(5), 45 (5)) - £ (5,u(5),1(5), 145(5)) ) |dis

Thus, Ty is continuous on Pg \ P,. Therefore, T) : Pr \ P, — P is completely continuous. [
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3. A Necessary and Sufficient Condition for Existence of
Positive Solutions

In this section, by using the fixed point theorem of cone, we establish the following necessary
and sufficient condition for the existence of positive solutions for BVP (1.1).

Theorem 3.1. Suppose (H) holds, then BVP (1.1) has at least one positive solution for any A > 0 if
and only if the integral inequality (2.17) holds.

Proof. Suppose first that u(t) be a positive solution of BVP (1.1) for any fixed A > 0. Then there
exist constants I; (i =1,2,3,4) with 0 < I; <1 < I;;1,1 = 1,3 such that

I <t - g) <ut)y<I <t - g) LA-t)<u(t)<L(1-t), te[0,1].  (3.1)

In fact, it follows from u® (t) > 0,t € (0,1) and u(0) = /(1) = u"(0) = u"(1) = 0, that " (t) <0
fort € (0,1] and u"(t) <0, u'(t) > 0 for t € [0, 1]. By the concavity of u(t) and u'(t), we have

2
() 2 tu(1) + (1 - Hu(0) = Hu] 2 <t - %> Jul,

(3.2)
W) >l (1) + (1-Hu'(0) = 1-t)||u||, Vte[o,1].
On the other hand,
1 t 1
u(t) = f Go(t,s)(-u"(s))ds = f s(-u"(s))ds + f t(—u"(s))ds
0 0 t
t2 t2
<Shelsea-oge = (15, 63

u'(t) = J.: -u"(s)ds < (1 -t)||u"]|, Vte[0,1].

Let I = min{|jul||,1/2}, let I, = Is = max{|[#"||,2}, and let Is = min{||/||,1/2}, then (3.1)
holds.
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Choose positive numbers ¢; < NiI', ¢, < NoI,', ¢3 > max{N;', N;'|lull,}. This,
together with (H), (1.2), and (2.18) yields that

f<t,t—§,1—t,—1>:f<t,c1 ti{)z u(t),c 27 ,(i) ‘1), l ”(t) u"(t )>
= <%>ﬁlcgz <cju_’<i>>ﬂ2 @) € u”(t)) Sl ,40)
ca () () () () semmtom

= C* (") P F (b ut), o (1), (1), te(0,1),

(3.4)
where C* = ¢ p 5 Pl A A I ” Hence, integrating (3.4) from t to 1, we obtain
1 2
Af (—u"(s))ﬂ3f<s,s - 51- s,—l>ds <C*(-u"(t)), te(0,1). (3.5)
t
Since —u" (t) increases on [0, 1], we get
1 &2
(—u"(t))ﬂmf f<s,s -51- s,—1>ds <C*(-u"(t)), te(0,1), (3.6)
t
that is,
1 SZ _um(t)
.A,J‘ f s,s—E,l—s,—l dsSC*—ﬂ, te(0,1). (3.7)
: )
Notice that 3 < 1, integrating (3.7) from 0 to 1, we have
1.1 &2 . 1
)LJ‘ f fl s s- ?,l -s,-1 Jdsdt<C*(1-p3) (-u"(1)) ™. (3.8)
0Jt
That is,
1 ps 52 1 1-p
)Lf J. flss- 5151 dtds <C*(1-p3) (-u"(1)) ™. (3.9)
0Jo
Thus,

1 2
J. sf <s,s - ?,l -5, —1>ds < +00. (3.10)
0
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By an argument similar to the one used in deriving (3.5), we can obtain
1 2
Af (—u"(s))“3f<s,s - 1- s,—l>ds > C(-u"(t), te(0,1), (3.11)
t
_ B pr-ar az—f3 -y 7-ar
where C, =c; "¢, ¢ I,7'1,7.So,
1 2
.)Lf f<s,s -5 1- s,—1>ds > Cylull,™ (—u"(t)), te(0,1). (3.12)
t

Integrating (3.12) from O to 1, we have

1.1 2
)Lf f f<s,s - %,1 s, —1>ds dt > C.lull;* (~(1)). (3.13)
0Jt
That is,
1 ps 52
.A,J‘ f f<s,s - ?,1 - s,—1>dt ds > C,||ull, (-u"(1)). (3.14)
0Jo
So,
1 $2
J. sf<s,s—§,l—s,—1>ds>0. (3.15)
0

This and (3.10) imply that (2.17) holds.
Now assume that (2.17) holds, we will show that BVP (1.1) has at least one positive
solution for any A > 0. By (2.17), there exists a sufficient small 6 > 0 such that

1-6 2
f sf<s,s—3,1—s,—1>ds>0. (3.16)

6

For any fixed A > 0, first of all, we prove

ITaully > [lull,, Yu € 0P, (3.17)

where 0 < r < min{ Ny, Ny, N3, (A6'F32-3F1+) j;_é sf(s,s—s2/2,1-s, _1)ds)1/(1*(ﬂ1+ﬂz+ﬂ3)) b
Let u € 0P,, then

g(t— g) <u(t) Sr<t— §> §N1<t— g) i(l—f) <u'(t) <r(1-t) < N(1-1),

or <rt<-u"(t)<r< N3, Vie[51-6].
(3.18)
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From Lemma 2.1, (3.18), and (H), we get

ITyull, = |[(Taw)"|| > .)L nax f Ga(t,s)f (s, u(s),u'(s),u"(s))ds

1-6

26/\,[‘5 sf<s,%<s E> u(s)(l_ s), (-1)(- uu(s))>

>6)LJ-1—6S< u(s) >ﬁ1<u(s)) ( uu(s))ﬁs _5_2 1-5.-1 \ds

s \s-s2/2/ \1 2 (3.19)
r B N ) 1-6 52

26<§> <Z> (67‘)&)4‘5 sf S,S—E,]_—S,—].>d5

1-6 2
> §1HPa 3 Pefa) pbrbatps ) f sf <s,s - % 1- s,—l>ds
6

>r=|ull,, u€oPp,.

Thus, (3.17) holds.
Next, we claim that

ITaull, < [lull,, Yu € 0Pk, (3.20)

i 1/ )
where R > max{8N;',4N;!, (AN}’ A f; sf(s,s—s2/2,1-5s,-1)ds) profats ).

Let ¢ = N3/R, then for u € 0P, we get

2 2 2
Ny <—%> s?(—%> Su(t)sR<t—%>, Ny'(1-0 < 30~ <u(h) <RA-D),

—cu"(t) < c||lull, =cR= N3, Vte]l0,1].
(3.21)

Therefore, by Lemma 2.1 and (H), it follows that

1
[(Ta)"(1)| = A fo Ga(t,s)f (s, u(s),u'(s),u"(s))ds

1 2
SJ\J.OSf<s,Sf(:2)/2<S—%> u(s)(l_ s), (- 1)( )( cu"(s))>
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1 u ( S) h v (S) po 1 bs " as 52
SJ\J.O <S—52/2> <1—S> (E) (_Cu (S)) f 515_?,1—5,—1 ds
az—f3 1 2
<Rt <&> RQSAI Sf<5,s ~2 -, —1>ds
R 0 2

1 2
= Rﬂ1+ﬂ2+ﬂ3(N3)“3’ﬁ3Af sf <s, s— %, 1- s,—1>ds
0

<R=|ul, ue€odPg.
(3.22)
This implies that (3.20) holds.

By Lemmas 1.1 and 2.4, (3.17), and (3.20), we obtain that T has a fixed point in P_R\ P,.
Therefore, BVP (1.1) has a positive solution in Pr \ P, for any A > 0. O

4. Unbounded Connected Branch of Positive Solutions

In this section, we study the global continua results under the hypotheses (H) and (2.17). Let

L={(\u)e(0,+0w)x(P\{0}): (N u) satisfies BVP (1.1)}, (4.1)

then, by Theorem 3.1, LN ({1} x P) #@ for any A > 0.

Theorem 4.1. Suppose (H) and (2.17) hold, then the closure L of positive solution set possesses an
unbounded connected branch C which comes from (0, 0) such that

(i) forany A >0, CN ({A} x P) #0, and

(i) Himueca—o-[tall; = 0, lim,ueci—+oolltall, = +oo.

Proof. We now prove our conclusion by the following several steps.
First, we prove that for arbitrarily given 0 < A1 < Ay < +o0, LN([A1, X2] xP) is bounded.
In fact, let

1 &2 1/ (1= (B1+p2+P3))
R =2maxq 8N;',4N;", <)L2N§‘3_ﬂ3 f sf <s, s= 5 1-s, —1>ds> , (42)
0

then foru € P\ {6} and ||u||, > R, we get

2 R 2 2
N{l <t— %> < §<t_ %) <u(t) < <t— %>||u||2, (3)

N;' (-0 € 5= U < A= Dlluly, e [0,1]
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Therefore, by Lemma 2.1 and (H), it follows that

1
[Ty < [Tl < 32 [ f(5,(5),1(5), 1 5)) s
0

! u(s) 52 u(s) ”u”Z N3 "
<)‘ff<7/z<?> A v S L
popr [ Na \“P o (" s? (4.4)
<aalhlf P () | s (ss- S )as

1 2
= )tz||u||§1+ﬂ2+ﬂ3(N3)a3fﬂ3 J‘ sf <s,s - %, 1-s, —1>ds
0

< ||u||2, VA e [.)Ll, .)Lz]

Let

1 1-6 2 1=(Pr+p2+p3))
r= 5 min<{ N1, N>, N3, <A161+ﬂ32_3(ﬂ1+ﬂ2) f sf <s,s -5 1- s,—l>ds> ,
5
(4.5)

where & is given by (3.16). Then for u € P\ {8} and ||u|>» < r, we get

@Q t22>< (t)<7<t_§>§N1<_§>' ||u||2(1 Hu()<r(l-1 < No(1-),

Ollull, < tllull, < -u"(t) <r<Nj;, Vte[51-6].
(4.6)

Therefore, by Lemma 2.1 and (H), it follows that

[T 2 [Tyl 2 41 o f Galt, ) f (5, u(s),u(5), 1 (5))ds

1-6 2
26A1f6 sf<s,%<s_%> u(s)(l_ s), (1) (- u"(s))>

25)L1J.1_6s<sil(si)/2>ﬂl<7i‘(5)) (—u"(s))P < _%2,1—5,—1>ds

6
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lullo) \* ( Mlello by [ s’
26<T> <T> (6]jull)™ M L sf s,s—E,l—s,—l ds
1-6 2
> 61+ﬂ32—3(ﬂ1+ﬂ2)||u||lz51+ﬂz+ﬂ3/\1 f sf<s,s - %, 1-s5, —1>ds
5

> ||lull,, u€OoP;.

(4.7)

Therefore, u = T)u has no positive solution in ([A1, A2] x (P \ Pr)) U ([A1, X2] x F,). As a
consequence, L N ([A1,1;] x P) is bounded.

By the complete continuity of Ty, L N ([A1, A2] x P) is compact.

Second, we choose sequences {a, };.; and {b, },., satisfy

O<--<ap<--<ay<by<---<b,<---,
(4.8)

lim a, =0, lim b, = +oo.
n—+oo n—+oo

We are to prove that for any positive integer n, there exists a connected branch C, of L
satisfying

Con({an} xP)#0,  Cun({bn} x P)#0. (4.9)

Let n be fixed, suppose that for any (b,,u) € LN ({b,} x P), the connected branch C, of
LN ([an, by] x P), passing through (b, u), leads to C, N ({a,} x P) = @. Since C,, is compact,
there exists a bounded open subset Q; of [a,, b,] x P such that C,, C Q;, QN ({an,} xP) =0,
and Q; N ([an, by] x {6}) = @, where Q; and later 0Q; denote the closure and boundary of
with respect to [a,, b,] x P. If LN 0Q; #0, then C,, and L N 0Q; are two disjoint closed subsets
of LNQ;.Since LNQ; isa compact metric space, there are two disjoint compact subsets M;
and M, of L N Q; such that LN Q; = M; UM,, C, € My, and L N 0Q; C M,. Evidently,
y =: dist(M;, M>) > 0. Denoting by V the y/3-neighborhood of M; and letting €2, = Q; NV,
then it follows that

CuCQu  Qun[({an) xP)U([an, bl x{6})] =0, LNOQ, =0. (4.10)

If L N 0Q; = 0, then taking Q, = Q.

It is obvious that in {b,} x P, the family of {Q, N ({b,} x P) : (b,,u) € L} makes up
an open covering of L N ({b,} x P). Since L N ({b,} x P) is a compact set, there exists a finite
subfamily {Q,, N ({by} x P) : (by, u;) € L}f=1 which also covers LN ({b,} x P). Let Q = Ule Qu,,
then

Ln({b,} xP) CQ, QN [({an} x P)U ([an, ba] x {6))] =0, LNnoQ =0. (4.11)
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Hence, by the homotopy invariance of the fixed point index, we obtain
i(Ty,, QN ({bn} x P), P) =i(T,,, Q2N ({a,} x P),P) = 0. (4.12)

By the first step of this proof, the construction of Q, (4.4), and (4.7), it follows easily that there
exist 0 < r, < R, such that

(@ ({ba) x P)) N ({ba} x P,) =8, (Q0 ({ba} x P)) € ({ba) x Pr,), (4.13)
i(Ty,, Py, P) =0, (4.14)
i(Ty,, Pr,, P) = 1. (4.15)

However, by the excision property and additivity of the fixed point index, we have
from (4.12) and (4.14) that i(Tp,, Pr,, P) = 0, which contradicts (4.15). Hence, there exists
some (b,, u) € LN({b,} x P) such that the connected branch C,, of LN ([ay, b,] x P) containing
(by, u) satisfies that C, N ({a,} x P) #0. Let C,, be the connected branch of L including C,, then
this C,, satisfies (4.9).

By Lemma 1.2, there exists a connected branch C* of limsup, _,,  C, such that C* n
({1} x P)#0 for any A > 0. Noticing limsup,_,, C, C L, we have C* C L. Let C be the
connected branch of L including C*, then C N ({1} x P) #0 for any A > 0. Similar to (4.4) and
(4.7), for any A > 0, (A, uy) € C, we have, by (H), (4.2), (4.3), (4.5), (4.6), and Lemma 2.1,

1
lually = [Taaeal, < Afo S (s, 11(s), ) (s), u)(5))ds

N az—p3 1 2
< Ay (—3> ||u1||33f sf <s,s -Z1-s, —1>ds

2l 0
(4.16)
+fo+ ! s?
= ./\“U)L”gl Pa+ps (NS)vcg—ﬂs f sf<s,s - 7,1 - s,—l>ds
0
1 &2
< ARPrP2tha (N) P f sf <s,s Y 1-s, —1>ds,
0
1
lltall, = IThmyll, > A max J. Ga(t,s)f (s, up(s), u)(s), u}(s))ds
tes1-61 )
P [i73 1-6 2
> )L(S( ||u/\||2) <||M)L||2) (6||M)L||2)ﬁ3 f sfls,s- S—,l —s,-1 )ds
8 1 s 2
(4.17)

1-6 S2
> AE BB ||y | 1P f sf <s, s-—,1-s, —1>ds
6

1-6 2
> AGHFs 0 3 Pr+fa) pfr+frefs f sf <s, s % 1-s, —1>ds,
6
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where 6 is given by (3.16). Let A — 0% in (4.16) and A — +oo in (4.17), we have

()L,u,\)lgcr,l)Ho+||u)”||2 =0 (/\,u))ilcr,r)}ﬁJ,w”u)‘llz = +oo. (4.18)
Therefore, Theorem 4.1 holds and the proof is complete. O
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