Hindawi Publishing Corporation
Boundary Value Problems

Volume 2011, Article ID 901796, 18 pages
doi:10.1155/2011/901796

Research Article

Existence Results of Three-Point Boundary
Value Problems for Second-order Ordinary
Differential Equations

Sheng-Ping Wang' and Long-Yi Tsai®

! Holistic Education Center, Cardinal Tien College of Healthcare and Management, No.11, Zhongxing Road,
Sanxing Township, Yilan County 26646, Taiwan
2 Department of Mathematical Sciences, National ChengChi University, Tuipei 11605, Taiwan

Correspondence should be addressed to Sheng-Ping Wang, spwang@alumni.nccu.edu.tw
Received 19 May 2010; Revised 15 September 2010; Accepted 24 September 2010
Academic Editor: Daniel Franco

Copyright © 2011 S.-P. Wang and L.-Y. Tsai. This is an open access article distributed under
the Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

We establish existence results of the following three-point boundary value problems: u”(t) +
f(t,u(t)) =0,t € (0,1), (BC)u(0) = 0 and u(l) = 6u(n), where0 < 7 < land 0 < 6 < 1. The
approach applied in this paper is upper and lower solution method associated with basic degree
theory or Schauder’s fixed point theorem. We deal with this problem with the function f which is
Carathéodory or singular on its domain.

1. Introduction

In this paper, we consider three-point boundary value problem

W' () + f(tu(t) =0, te(0,1), (1.1)

w(©0)=0,  u(1)=6u(y), (1.2)

where0<f<land0<6< 1.

In the mathematical literature, a number of works have appeared on nonlocal
boundary value problems, and one of the first of these was [1]. Il'in and Moiseev initiated the
research of multipoint boundary value problems for second-order linear ordinary differential
equations, see [2, 3], motivated by the study [4-6] of Bitsadze and Samarskii.

Recently, nonlinear multipoint boundary value problems have been receiving
considerable attention, and have been studied extensively by using iteration scheme
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(e.g., [7]), fixed point theorems in cones (e.g., [8]), and the Leray-Schauder continuation
theorem (e.g., [9]). We refer more detailed treatment to more interesting research [10, 11]
and the references therein.

The theory of upper and lower solutions is also a powerful tool in studying boundary
value problems. For the existence results of two-point boundary value problem, there already
are lots of interesting works by applying this essential technique (see [12, 13]). Recently; it is
shown that this method plays an important role in proving the existence of solutions for
three-point boundary value problems (see [14-16]).

Last but not least, as the singular source term appearing in two-point problems,
singular three-point boundary value problems also attract more attention (e.g., [17]).

In this paper, we will discuss the existence of solutions of some general types on three-
point boundary value problems by using upper and lower solution method associated with
basic degree theory or Schauder’s fixed point theorem.

This paper is organized as follows. In Section 2, we give two lemmas which will be
extensively used later. In Section 3, when the source term f is a Carathéodory function, we
consider the Sobolev space W?1(0,1) defined by

W2L(0,1) = {u eCl0,1] | u" € Ll(o,1)}, (1.3)

and obtain the existence of W2!-solution in Theorems 3.5 and 3.11. In Section 4, we discuss
the singular case, that is, f maybe singular at the end points t =0 or t = 1, or at u = 0. We will
introduce the «#/-class of functions and another space W> (see [18, 19]) as follows:

J::{heLl

loc

0,1) | s(1 - s)h(s) € Ll(o,l)},
(1.4)
W24 (0,1) = {u e WM (0,1) | u' € 4},

and prove the existence of W**-solution in Theorems 4.1 and 4.4. Some sufficient conditions
for constructing upper and lower solutions are given in each section for applications.

2. Preliminaries

Define G : [0,1] x [0,1] — (—o0,00) by

G(t,s) :=

1 6
—3g) — [ — < <
1_611t(1 s)—U(t, s) 1_671V(t,s), 0<t s<1, (2.1)

where 6 and 7 are given as (1.2) and

, t<s,
(2.2)
t(n—s), s<mn,
Vits) = (n-s) 1
0, n<s

By direct computations, we get the following results.
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Lemma 2.1. (i) The function G : [0,1] x [0,1] — (—o0, o0) defined by (2.1), is the Green function
corresponding for the problem

u'(t) =0,
(2.3)
u(0) =0, u(1) = éu(n).
(ii) The function G : [0,1] x [0,1] — (—o0, 00) defined by (2.1), is continuous.
(iii) In the case 0 < 61 < 1, we have
( 2
1/1-067
- 2-7n)<1
1 8<1—67’l>, 611( 7/l)—’
-1 . —
Q= max J; G(t, s)ds = S 6n(1-1) (2.4)
Ay on2-n) =1
2(1-6m)
Lemma 2.2. If h € &4, then the problem
u'(t)+h(t)=0 (2.5)
with boundary condition (1.2) has a unique solution u € W**(0,1) such that
1
utt) = [ G, 9nEds 26)
0

where G(t, s) is defined by (2.1).

3. Carathéodory Case
In this section we first introduce the Carathéodory function as follows.

Definition 3.1. A function f(t,u) defined on E C [a,b] x R is called a Carathéodory function
on E if

(i) for almost every t € [a,b], f(t,-) is continuous on R;
(ii) for any u € R, the function f (-, u) is measurable on [a, b];

(iii) for any r > 0, there exists h, € L(a,b) such that for any u € [-r,r] and for almost
every t € [a,b] with (t,u) € E, we have |f(t,u)| < h,(t).

We in this section assume that f is a Carathéodory function and discuss the existence
of W*!l-solution by assuming the existence of upper and lower solutions.

3.1. Existence of W*'-Solutions

We first introduce the definitions of W>!-upper and lower solutions as below.
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Definition 3.2. A function a € C[0, 1] is called a W?!-lower solution of problem (1.1) and (1.2)
if it satisfies

(i) 2(0) <0, a(1) < ba(n), and

(ii) for any ty € (0,1), either D~a(ty) < D.a(ty), or there exists an open interval Iy C
(0,1) containing t such that a € W?21(Iy) and, for almost every t € Iy, we have

a'(t) + f(ta(t)) >0. (3.1)

Definition 3.3. A function f € C[0,1] is called a W?!-upper solution of problem (1.1) and (1.2)
if it satisfies

(i) p(0) 20, (1) 2 6p(n7), and
(ii) for any to € (0,1), either D_p(ty) > D*p(to), or there exists an open interval Iy C
(0,1) containing t, such that p € W*!(Ij) and, for almost every t € Iy, we have

B’ () + f(t p(t)) <0. (3.2)

Before proving our main results, we first consider such a modified problem given as
follows:

W)+ f(eyeuw) + D0 o re ), (33)

with boundary condition (1.2), where y : [0,1] x R — R is defined by

a(t) if u<a(t),
yt,u) =< u if a(t) <u<p(t), (3.4)
pt) if u> p(t).
Proposition 3.4. Let a(t) and B(t) be respective W>'-lower and upper solutions of problem (1.1)

and (1.2) with a(t) < (t) on [0,1]. If u € W*1(0,1) is a solution of problem (3.3) and (1.2), then
a(t) <u(t) < p(t), forany t € [0,1].

Proof. Suppose there exists ty € [0,1] such that

min (u(t) - a(t)) = u(t) - alt) <0 (35)

Case 1. If ty € (0,1), we have u/(ty) — D_a(ty) < u'(tp) — D*a(ty), which implies D~ a(ty) >
D.a(ty). Hence, by Definition 3.2 and the continuity of u — a at ¢, there exist an open interval
Iy € (0,1) with ¢y € Iy, « € W*!(I) and a neighborhood N of t; contained in Ij such that for
almost every t € [yN N,

&' () + f(t,a(t)) > 0. (3.6)
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Furthermore, it follows from /' (tg) — a'(ty) = 0 that for t > ty, t € N, we have

u(t)—a(t) = t (u"(s) —a"(s))ds
to

' y(s,u(s)) — u(s)
< LO [—f(s,y(s,u(s))) - W +f(s,a(s))] ds

(3.7)
t a(s) —u(s)
= LO [‘f(S/“(S)) - m +f(S,0£(5))] ds
<0.
This implies that the minimum of u — & cannot occur at fy, a contradiction.
Case 2. If ty = 0, by the definition of W*!-lower solution a(0) < 0, we then have
0=u(0) <u(0) —a(0) <0. (3.8)
And we get a contradiction.
Case 3. If ty = 1, it follows from the conclusion of Case 1 that
u(l) —a(l) > 6(u(n) —a(n)) > 6w(1) - a(1)) > u(l) - a(l), (3.9)

which is impossible.

Consequently, we obtain a(t) < u(t) on [0,1]. By the similar arguments as above, we
also have

u(t) < B(t), on [0,1]. (3.10)
O

Theorem 3.5. Let a(t) and p(t) be W>'-lower and upper solutions of problem (1.1) and (1.2) such
that a(t) < B(t) on [0, 1] and let f be a Carathéodory function on E, where
E:={(t,u)e[0,1] xR|a(t) <u<p(t), te[0,1]}. (3.11)

Then problem (1.1) and (1.2) has at least one solution u € W**(0,1) such that, for all t € [0,1],

a(t) < u(t) < B(b). (3.12)
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Proof. We consider the modified problem (3.3) and (1.2) with respect to the given a(t) and
p(t). Consider the Banach space C[0,1] with supremum and the operator T : C[0,1] —
C[0,1] by

¥ (s, u(s)) — u(s)

T e | (3.13)

1
(Tu)(t) = fo G(t,5) [f(s,Y(s,u(S))) v

for u € C[0,1], where G(t, s) is defined as (2.1). Since f is a Carathéodory function on E, for
almost all t € [0, 1] and for all x € [a(t), B(t)], there exists a function h € L(0,1), we have

|f(tw)| < h(t). (3.14)
Define
K:={ueC[0,1] | |lu|]| £ M}, (3.15)
where
1
M := trer;gﬁ J;)|G(t, s)|[h(s) + M;]ds < oo, (3.16)
M; = max M (3.17)

U7 gwelonixe 1+ |ul

It is clear that K is a closed, bounded and convex set in C[0, 1] and one can show thatT : K —
K is a completely continuous mapping by Arzela-Ascoli theorem and Lebesgue dominated
convergence theorem. By applying Schauder’s fixed point theorem, we obtain that T has a
fixed point in K which is a solution of problem (3.3) and (1.2). From Proposition 3.4, this
fixed point is also a solution of problem (1.1) and (1.2). Hence, we complete the proof. O

We further illustrate the use of Theorem 3.11 in the following second-order differential
equation:

W'(E) + f(t,ut)) + h(t) =0 (3.18)

with the boundary condition (1.2).

Corollary 3.6. Assume that f : [0,1] x R — R is a Carathéodory function satisfying f(t,u)/u is
essentially bounded for |u| > M, where M is a constant large enough. Assume further that h € L(0,1)
and there exists a constant 0 < v/A < or /2 such that

t,
lim supmax M <A

te[0,1] U (3.19)

[ = o0

Then, problem (3.18) and (1.2) has at least one solution.
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Proof. By hypothesis, for any given € > 0 small enough such that vVA+¢e < a/2 and for

almost all t € [0, 1], for any u large enough, we have
ft,u) < (A+e)u.
We now choose an upper solution f(t) of the form
B(t) = w(t) + sy (t) > 0.
To this end, we compute

B'+ f(t,p) +h(t) < p'+ (A+e)p+h(t)
=w"+(A+e)w+h(t) +s[¢" + (A+e)y].

Clearly, one can choose w such that

w"+ (A+e)w+h(t) =0,
w(0) =0, w(l) = 6w(n),

that is,
~ sin<mt> 1 sin(\/m(s _ 1)> o
w(t) = 6sin<\/m71> - sin(ﬁ) ,[0 JAte (s)ds
6 sin(ﬁt) 1 sin(ﬁ(rl _ s)) o
+ 6sin(\/m1l> - sin< A+ 6') J‘O VA+e (s)ds

t sin(x/zm(s - t)>
+ f h(s)ds,

0 VA+e

and choose ¢ (t) = Isin vV A + et, where | > 0, which is a positive solution of

¢"+(A+e)p =0,

¢(0) =0.

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

Hence, if s is large enough, we can show that (0) = 0 and (1) > 6p(r), where 6 < 1, which
implies that f(t) is a positive W>!-upper solution. In the same way we construct a W*!-lower

solution a = w(t) - s¢g <0on [0,1].

O
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3.2. Nontangency Solution

In this subsection, we afford another stronger lower and upper solutions to get a strict
inequality of the solution between them.

Definition 3.7. A function a € C[0,1] is a strict W?!-lower solution of problem (1.1) and (1.2),
if it is not a solution of problem (1.1) and (1.2), a(0) < 0, a(1) < 6a(n) and for any t, € (0,1),
one of the following is satisfied:

(i) D a(to) < D;a(to);

(i) there exist an interval Iy C [0,1] and e > 0 such that t, € int(Ip), « € W*!(Iy) and
for almost every t € I, for all u € [a(t), a(t) + €] we have

a'(t) + f(t,u) >0. (3.26)

Definition 3.8. A function g € C[0, 1] is a strict W!-upper solution of problem (1.1) and (1.2),
if it is not a solution of problem (1.1) and (1.2), (0) > 0, p(1) > 6f(n) and for any t, € (0,1),
one of the following is satisfied:
(i) D-p(to) > D*p(to),
(ii) there exist an interval I C [0,1] and e > 0 such that t; € int(Ip), f € W*!(Iy) and
for almost every t € Iy, for all u € [B(t) — €, f(t)] we have

p'(t) + f(t,u) <O0. (3.27)
Remark 3.9. Every strict W2!-lower(upper) solution of problem (1.1) and (1.2) is a W?!-
lower(upper) solution.

Now we are going to show that the solution curve of problem (1.1) and (1.2) cannot
be tangent to upper or lower solutions from below or above.

Proposition 3.10. Let a(t) and p(t) be respective strict W1 -lower and upper solutions of problem
(1.1) and (1.2) with a(t) < B(t) on [0,1]. If u € W*1(0,1) is a solution of problem (1.1) and (1.2)
witha <u < Pon [0,1], then a(t) < u(t) < p(t), forany t € [0,1].

Proof. As a is not a solution, u is not identical to a. Assume, the conclusion does not hold,
then

to := inf{t € [0,1] | u(t) = a(t)} (3.28)

exists. Hence, u — @ has minimum at ¢, that is, u(fy) — a(ty) = 0.

Case 1. Setty € (0,1). Since u—a has minimum at ¢y, we have D_a(ty) > D*a(ty). According to
the Definition 3.7, there exist Iy, g > 0 and t; € Iy with t; < ¢y such that, for every t € (t1,tp),
u(t) <a(t) +ep, u'(t1) —a'(t1) <0and for a.e. t € (t1, )

@' () + f(t,u(t)) > 0. (3.29)
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Hence, we have the contradiction since

to

0<(u—a)(ty)-(u-a)(t)= —I [f(tu(t)) +a"(t)]dt <O0. (3.30)

t
Case 2. If t) = 0, by the definition of strict W21 lower solution that «(0) < 0, we then have

0= u(0) — (0) > 0. (3.31)

And we get a contradiction.

Case 3. If ty = 1, repeat the same arguments in Case 3 of the proof of Proposition 3.4.
Therefore, we obtain a(t) < u(t) on [0,1]. The inequality u(t) < p(t) on [0,1] can be proved
by the similar arguments as above.

O

Theorem 3.11. Let a(t) and B(t) be strict W*-lower and upper solutions of problem (1.1) and (1.2)
such that a(t) < p(t) on [0,1] and let f : E — R be a Carathéodory function, where

E:={(t,u) € [0,1] xR | a(t) <u(t) <p(t), t €[0,1]}. (3.32)
Then, problem (1.1) and (1.2) has at least one solution u € W>1(0,1) such that, for any t € [0,1],

alt) < u(t) < p(b). (3.33)

Proof. This is a consequence of Theorem 3.5 and Proposition 3.10 and hence, we omits this
proof. O

4. Singular Case

In this section we give a more general existence result than Theorem 3.11 by assuming the
existence of W?!-lower and upper solutions. This makes us to deal with problem (1.1) and
(1.2), where the function f is singular at the end pointt = 0 and t = 1.

Theorem 4.1. Let a(t) and p(t) be W>-lower and upper solutions of problem (1.1) and (1.2) such
that a(t) < B(t) on [0,1] and let f : (0,1) x R — R satisfy the following conditions:

(i) for almost every t € (0,1), f(t,-) is continuous on R;
(ii) for any u € R, the function f(-,u) is measurable on (0, 1);
(iii) there exists a function h € 4 such that, for all (t,u) € E,

| f(tu)| < h(t), (4.1)
where

E:={(tu) |te (0,1),alt) <u(t)<P(t)} C(0,1)xR. (4.2)
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Then problem (1.1) and (1.2) has at least one solution u € W (0, 1) such that, for all t € [0,1],
a(t) <u(t) < p(b). (4.3)

Proof. Consider the modified problem (3.3) and (1.2) with respect to the given a(t) and p(t)
and define T : C[0,1] — C[0,1] by (3.13). Note that by Lemma 2.2, T is well defined. Define

P:={ueC[0,1] | lull <N}, (4.4)
where

1
N := maxj |G(t, 5)|[h(s) + M1]ds < oo, (4.5)
te[0,1] 0

and M is defined by (3.17). The rest arguments are similar to the proof of Theorem 3.5. [J

Remark 4.2. We have similar results of Theorems 3.5-4.1, respectively, for (1.1) equipped with
u(0) = A, u(1) = 6u(n), (4.6)

where A € Ris a constant and §, 77 are given as (1.2).

Example 4.3. Consider the problem (4.7), for0<a <1,0<f<2-2a,i=1,2,

W)+ ——u®)*+1=0, 0<t<l,
O+ G
(4.7)
1
u(0) =0, u<§> =u(l).
Clearly, 0 is a W?!-lower solution of (4.7) and
G(t,s) :=2t(1-s)-U(t,s) -2V(ts), 0<t s<l1, (4.8)
where
t—-s, s<t,
Ul(t,s) =
0, t<s,
tH{=-—-s5), s<—,
Vits) =4 \? L2
0, E <s
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From Lemma 2.1, we have maxogci fé G(t,s)ds = 9/32 and define hy(t) := 1/tF/0-0(1 -
£)P2/(1-9) Gince, for 2 — pi/(1-a)>0,i=1,2,

1 1
fta-wmmw=ft@%m*W%LJW%MPW4<w, (4.10)
0 0

that is, hi(t) € <4, we have, from Lemma 2.2, fé G(t,s)(1 — a)hi(s)ds € W?¥ and
maxosi<i f; G(t,s)(1 — a)hi(s)ds exists. Let

1

1
B::thﬁgizgiéﬁfﬂhsﬂr—Mhﬂ@ds+1 (4.11)

and, by Lemma 2.2 again, choose f such that

B'(t) +aB + (1 - a)hy(f) +1=0,

p(0) =0, ﬁﬂ)=ﬂ<%>, (4.12)

Note that according to the direct computation, we see that f is well-defined and is bounded
by B. Next, let f(t,u) := (1/t/1(1 - )”?)u® + 1. By Young's inequality, it follows that

1
th1/(-a) (1 — t)ﬁz/(l—a) w1

=p"(t) + ap(t) + (1 - a)hy () + 1.

<0.

B'(t) + f(t, B(t)) <P"(t) + ap(t) + (1 - )
(4.13)

Hence, such f(t) is a W*!-upper solution of (4.7) and (t) > 0 on [0, 1]. Clearly, f satisfies (i),
(ii) of Theorem 4.1. By using Young's inequality again, for (t,u) € E := {(t,u) | t € (0,1),0 <
u(t) <p(t)} € (0,1) x R., we have

ft,u) <au+hi(t)
(4.14)
<aB+ hl(t) = hz(t).

and hy(t) € 4. Therefore, f satisfies the assumption (iii) of Theorem 4.1. Consequently, we
conclude that this problem has at least one solution u € W% (0, 1) such that, for all t € [0,1],

0 < u(t) < p(b). (4.15)

Notice that in Theorem 4.1, one can only deal with the case that f is singular at end
points t = 0, t = 1. However, when f is singular at u = 0, there is no hope to obtain the
solutions directly from Theorem 4.1. We will establish the following theorem to deal with
this case by constructing upper and lower solutions to solve this problem.
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Theorem 4.4. Assume

(Hy) the function f : (0,1) x R* — R is continuous;
(Hy) there exists k > or and for any compact set K C (0, 1), there is € > 0 such that

ftu) > k*u, VteK, ue(0,€]; (4.16)

(H3) for some M > 0and 0 < y < /Q, there is h € 4N C(0, 1) such that

f(t,u) <y*u+h(t), Vte(0,1), ue[M,x); (4.17)

where Q7' is defined as in Lemma 2.1.

(Hy) for any compact set K C (0, 00), there is hx € # such that

|f(t,u)| < hi(t), Vte(0,1), uek. (4.18)

Then problem (1.1) and (1.2) with & = 1 has at least one solution

u e C([0,1],R* U {0}) N C%((0,1),R"). (4.19)
Remark 4.5 (see [12, Remark 3.1]). Assumption (H>) is equivalent to the assumption that
there exists k > or and a function a; € C%([O, 1], R*) such that:

(i) a1 >0forallt € (0,1),
(ii) f(t,u) > k*u, forallt € (0,1),0 <u < ay(t),
(iii) a!(t) > 0, forall £ € [0,1/3] U [2/3,1],

where

C2([0,1],R¥) = {u € C2([0,1],R*) | u(0) = u(1) = o}. (4.20)

Proof.

Step 1. Construction of lower solutions. Consider k;, such that v < k, < min(k,3sr) and the
function

ay(t) = Ay cos ks (t - %), (4.21)

where A is chosen small enough so that

1 a1 ar

f(t,u) Zkzu, Vt € <§—2—k2,§+2—k2>, 0<u§0c2(t). (422)
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Next, we choose a; from the Remark 4.5, and let
ai(t) = Arai(t), (4.23)
where A; € (0,1] is small enough so that for some points t; € (0,1/3), t, € (2/3,1), we have:

ay (t) > aZ(t)/ vt € [O/ tl] U [t2/1]/ (424)

ar(t) > ai1(t), Vte[t,b]. (4.25)

Notice that by (4.24) and (4.25), for any h : (0,1) x R* — R such that

h(t,u) > f(t,u), for any (t,u) € (0,1) xR, (4.26)

we have:
aj(t) + h(t, a1 (t)) > aj(t) + K*a;(t) >0, for any t € [0,t] U [t2,1], (4.27)
ab(t) + h(t, ax(t)) > —k3aa(t) + kK*ax(t) >0, for any t € [y, t2]. (4.28)

Step 2. Approximation problems. We define foreachn e N, n > 1,
Ma(t) = max{%,mim(t,l - %) }, te(0,1) (4.29)
and set
Fa(t,u) = max{ f (1 (t), 1), f(t,u)}. (4.30)

We have that, for each index n, fn :(0,1) x R* — R is continuous and

an(t, u) = f(t,u), forany (t,u) € K, xR", (4.31)
where
1 1
K-,l = [W,l - WT] . (432)

Hence, the sequence of functions { fn} converges to f uniformly on any set K x R*, where K
is an arbitrary compact subset of (0, 1). Next we define

Fult,u) = min{ Fut,u), ..., fult,u) } (4.33)
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Each of the functions f; is a continuous function defined on (0,1) x R*, moreover
Filtu) 2 foltu) 2 - 2 fultw) 2 fra(bu) 2 - > F(t,) (4.34)
and the sequence { f,,} converges to f uniformly on the compact subsets of (0,1) x R* since

fu(t,u) = f(t,u), VteK,, ueR". (4.35)

Define now a decreasing sequence {e,} C R* such that

lime, =0,
nme (4.36)
ft,u)y>k*u, VteK, uc(0e,],
and consider a sequence of the following approximation problems:
u"(F) + fu(t,u(t)) =0,
(Pn)
(BO)u(0) = e, u(1) = u(n),
where 0 <7 < 1.
Step 3. A lower solution of (P,). It is clear that for any ¢ € (0, €,],
Fu(t,e) > f(na(t), ) > k*c > 0. (4.37)
As the sequence {e,} is decreasing, we also have
fult en) = min fi(t, €n) 2 ke, > 0. (4.38)
Clearly, a3(t) := €, satisfies
ay () + fu(t,az(t)) = fu(t, €4) > 0. (4.39)

It follows from (4.25) and (4.27) that a(t) := max(ay(t), a2(t), €,) is a lower solution of (P,).

Step 4. Existence of a solution u; of (4.7) such that

max(a(t), ax(t),e1) < ui(t). (4.40)

From assumption (Hj3), we can find M > max(a;(t), a2(t), €1) and h € & such that, for all
te€(0,1), ue[M,o0),

f(t,u) < y*u+h(t). (4.41)
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Also, one has
f(m),u) <y’u+h(m®) <y*u+R,
where R > 0 is a suitable constant. Hence, we obtain, for such t and u,
fi(t,u) = max{ f(n1(t),u), f(t,u)} <y*u+h(t) + R.

Let C be a constant such that

C> %{M +max f: G(t,s)(h(s) + R)ds}.
Choose f such that
B'(t) + > C + h(t) + R =0,
pO) =M,  pQ)=p(n),
that is,

1

ﬁ(t)=M+f

G(t,s) <y2C +h(s) + R> ds,
0
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(4.42)

(4.43)

(4.44)

(4.45)

(4.46)

where G(t, s) is defined by (2.1). Note that § is well-defined and M < f(t) < C on[0, 1] since

h € 4. It is easy to see that

B+ fi(t, ) < B+ + h(t) + R
=y*(B-C)
<0.

So by Remark 4.2, there is a solution u; of (4.7) such that
max(ai(t), ax(t), €1) < ui(t) < p(t).
Step 5. The problem (P,) has at least one solution u, such that
max(ay (), ax(t), €n) < uy(t) < up_1(t).

Notice that u,_; is an upper solution of (P,), since

0= u:;q (t) + fn—l (tr Up-1 (t)) 2 u,,;,l + fn(t/ Up-1 (t))/

Up-1 (0) =€p-1 2 €y

(4.47)

(4.48)

(4.49)

(4.50)
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Step 6. Existence of a solution. Consider the pointwise limit

u(t) = limu,(t), on (0,1). (4.51)
It is clear that, for any n > 1,
max(a; (f), ap(t)) < u(t) <u,(t), foranyte(0,1) (4.52)

and therefore i (t) > O on (0,1). Let K C (0,1) be a compact interval. There is an index n* =
n*(K) such that K C K, for all n > n* and therefore for these n > n*,

0= u)(8) + fult, ua(D)) = () + F(E,un(D)), VEEK. (453)
Moreover, we have
sup{|f(t,u)| | t € K, max(ai(t), ax(t)) < u < up(t)} < co. (4.54)

By Arzela-Ascoli theorem it is standard to conclude that i is a solution of problem (1.1) and
(1.2) on the interval K. Since K is arbitrary, we find that # € C?((0,1), R*) and forall t € (0, 1),

u"(t) + f(tu(t)) =0. (4.55)
Since
u(0) = nh—I}c;loen =0, (4.56)

it remains only to check the continuity of # at ¢ = 0. This can be deduced from the continuity
of u,, and the fact that u,(0) = ¢, — 0asn — oo. O

Example 4.6. Consider the following problem (P), fora >0, 0 < f, 2 <2,

1
(1 - P2 (u(b)*

u'(t) +

0, O<t«l,
(4.57)

u(0) =0, u(%) =u(l).

Let f(t,u) = 1/tP (1 - t)ﬁzu"‘, where (t,u) € (0,1) x R*. Obviously, f satisfies (H;) and (Hj).
Moreover, for any given k > o and for any compact set K C (0, 1), for € > 0 small enough, we
have

LIS K’u, VteK, ue(0,€], (4.58)

1
f(t’u) 2 ; :uua+1 =
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Hence, (H) holds. Furthermore, for M > 0 large enough, 0 < y < 4/+/3, we have, from
Young’s inequality by choosing 1 < p <min{1/$,1/f}and1/p+1/9=1,

1 1
(tu) < —tPP(1 - )PP 4 Zya
/ 4 q
=y () + Ly (4.59)
q
< hi(t) + yzu, Vte (0,1), ue[M,x),

where hy := (1/p)t PP (1- t)_ﬂzp € #NC(0,1). Hence, (H3) holds. By Theorem 4.4, (P,) has at
least one solution

u e C([0,1],R* U {0}) N C?((0,1), R"). (4.60)
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