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A nonlinear model is developed for an epidemic with contact tracmg, and its dynamic is 
studied. A linear version of the model is presented in both deterministic and stochastic 
versions. We present the data for the cuban HIVIAIDS epidemic and fit the linear model to 
the data, we obtain estimates for the size of the Cuban HIV epidemic. 
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1 INTRODUCTION 

Contact tracing has been used as a method to con- 
trol endemic contagious diseases [9,10]. While there 
is still a debate about contact tracing for the HIV 
infection [4,15] the resurgence of infectious tuber- 
culosis and outbreaks of drug-resistant tuberculosis 
secondary to HIV induced inmunodepression is forc- 
ing many public health departments to reexamine this 
policy [2,7]. A model of the HIV epidemic allow- 
ing for contact tracing would help evaluate the effect 
of this method of control on the size of the HIV 
epidemic. The HIV/AIDS data for Cuba where con- 
tact tracing has been initiated at the start of the 
HIV epidemic provides a unique test for validating 
such model. 

In Cuba the first AIDS case was diagnosed in April 
1986. Some HIV seropositives had been detected at 

the end of 1985. Earlier the Cuban Government had 
started preventive measures in order to contain the 
possible outbreak of the epidemic. One of the mea- 

sures was a total ban on the import of blood and 
blood byproducts. Once the first cases were con- 

firmed, a program based on the experience with other 
sexually transmitted diseases was initiated. This pro- 

gram had among other actions the tracing of sexual 
contacts of known HIV seropositives to prevent the 

spreading of the virus. Contact tracing was carried 

out by the Epidemiology Departments at all levels 

of the Cuban Health System through partner noti- 
fication and interviews. With this case in mind we 
present models for the HIV epidemic in Cuba, that 

take into account detection of HIV positives long 
before they become AIDS cases. We estimate the 

size of the HIV epidemic, the percentage of known 
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HIV positives, and discuss the effect of contact trac- 
ing on the size of the epidemic. We develop a four 
class nonlinear deterministic model, a linear version 
of this nonlinear model, and a stochastic version of 
the linear model. We present the data for the Cuban 
HIVIAIDS epidemic and fit the models to the data. 
All data presented is for the period 1986-1997. 

2 THE CUBAN HIV-AIDS DATA 

There are 707 diagnosed AIDS cases in Cuba, 
527 males and 180 females. Of the males 74% 
are homobisexuals (we consider the group of 
homobisexuals to be formed by the hon~osexuals 
and the bisexuals). There have been 481 deaths 
due to AIDS. Through the program a total of 1831 
HIV positives have been found, 477 female and 
1354 males. Of the males 75% are homobisexuals. 
Contact tracing allowed to find 35.1% of the HIV 
positives. Table 1 gives the new HIVIAIDS cases 
detected by years. 

The epidemic is a small one, with a population 
of around 11 millions the cumulative incidence rate 
for AIDS is 65 per million. The epidemic is mainly 
localized in 5 provinces: the City of Havana with the 
neighboring Havana Province account for 51.5% of 
the HIV positives, Pinar del Rio 7.4410, Villa Clara 
14.5% and Sancti Spiritus 5%. The first three are in 
the western part of the island, the others in the centre 

TABLE I HIV positives, AIDS cases and deaths due to 
AIDS CUBA 

Year HlV AIDS Death? due to AIDS 

1986 99 5 2 
1987 75 1 I 4 
1988 93 14 6 
1989 121 13 5 
1990 140 28 23 
1991 183 37 17 
1992 175 71 32 
1993 102 82 59 
1994 122 102 62 
1995 124 116 80 
1996 234 99 92 
1997 363 129 99 

of the idand. The epidemic is mostly autonomous 
with 12% infected outside Cuba. The most affected 
age groups is the 15-35 years of age. 

The epidemic started as a mainly heterosexual one 
but the homosexual component has increased in time. 
Vertical transmission has been very reduced (6  cases), 
as all pregnant women are tested at the beginning of 
their pregnancy and given the option of an abortion. 
There are only 8 cases of infection by transfusions, 
and 2 hemophiliacs. These are the result of the early 
measures taken by the Cuban Government. 

A Kaplan-Meier estimation for the incubation 
period, taking 899 HIV positives with a known 
probable date of infection, gives a mean at 9.2 years 
with a standard deviation of 0.273 and the median at 
8.42 years, with 95% confidence interval [7.5,8.83]. 
Some patients receive medication that helps to 
increase the incubation period, but this does not 
change the incubation period significantly. 

Kaplan-Meier estimation for the survival probabil- 
ity, gives an average of 2.28 years with a standard 
deviation of 0.128 and the median at 1.08 years with 
95% confidence interval [ 1,1.33]. 

3 THE NONLINEAR MODEL WITH FOUR 
CLASSES 

In Cuba when a person is detected as HIV positive 
shelhe is informed of the results of herhis test and 
follows couoselillg so that shethe is well aware of his 
condition as a possible source of infection. Depending 
on a first evaluation shethe continues herkis regular 
life or enters a sanatorium with relaxed access and 
visitation for further counseling evaluation and treat- 
ment [14]. Consequently to this provision of health 
care, the HIV positives do not, in general, infect other 
susceptibles. 

We consider the following variables 

N the population of sexually active persons or 
susceptibles. 
X the number of HIV positives that do not know 
they are infected, 
Y the number of HIV positives that know they are 
infected, 
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Z the number of AIDS cases, 

with transitions between the variables given by the 
following diagram where 
cr is the rate at which susceptibles become unknown 
HIV positives as result of their infection by the 
individuals in class X, 

k the rate at which the HIV positives are detected, 
P the rate at which the HIV positives develop AIDS, 
p the death rate of the sexually active population, 
p' the death rate due to AIDS, 
6 the recruitment into the class of susceptibles, 
u the immigration of unknown HIV positives, 
p the immigration of AIDS cases. 

The diagram reflects the fact that the infection is 
carried out only by the HIV positives that are not 
aware of their infectiousness. The differential system 
that describes the model is: 

System (1) is a nonlinear system. Since the immi- 
gration constants will have no influence on the behav- 
ior of the equilibria but only on the values, we will 
study the following system 

with two equilibria at 

which is the no epidemic case, and 

where No = k + p + P  
> xo = 

S Y - - 
a k + h +  a'  

k 
Yo = - 

P + P  
The basic reproduction number [3] of the model is: 

The techniques used in the study of the stability 
of the equilibria are similar to those used in other 
cases in the literature so we will only give the results 
with some comments. We will give the basic result 
on the global stability of the equilibria of system (2) ,  
restricted to the space 

Notice that in (2), the first two equations function 
as an independent two dimensional system for the 
variables N and X. 

THEOREM 1 Con~ider the system (2)  restricted to the 
region N, then 

1. If Ro < 1 then there is only one equilibrium point 
in N and it is globally asynzptotically stable. This 
equilibrium point corresponds to the epidemic free 
equilibrium. 

2. If Ro > 1 then there are two equilibria in N and 
one is globally asymptotically stable, the other is 
unstable. The stable one corresponds to an endemic 
level of the epidemic, and the unstable one is the 
epidemic free one. 

The proof of the theorem is based on the stability of 
the corresponding equilibria for the system formed 
by the first two equations of (2) in the restriction of 
N, and the fact that you can integrate the last two 
equations of (2) ,  obtaining expressions in tenns of 
X ( t ) ,  and then find the limits of the trajectories in the 
full space. 

4 DETERMINISTIC AND STOCHASTIC 
LINEAR MODEL 

The nonlinear system is very hard to fit taking into 
account that the system is in general "stiff' and that 
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the number of points available is small. Also as the 
epidemic is still at an early stage, we can consider that 
the nonlinear term of the equations can be linearized 
by taking N as constant and substituting a N  with A 
in (1) to obtain a new h e a r  system that we will fit 
to the Cuban HIVIAIDS data. 

Consider the same variables as in the previous 
section and the following system of equations 

where k,  p, pf ,  u and p are the same as in the previous 
section, X is the rate at which new H1V positives 
are produced by the individuals in class X and LL is 
the death rate of the HIV positive population. Let 
a = X - k - p - p a n d y = p + B .  
The solutions to this system with initial conditions 

are given by 

where 

The equilibrium point is 

It follows from (4) that the eigenvalues are a ,  -y and 
- p f .  If a is negative the equilibrium point is stable 
and the solutions tend to an endemic level given by 
the values of the variables at the equilibrium point. 

We will now present a stochastic version of this 
linear model (4) .  Let (X ( t ) ,  Y ( t ) ,  Z (f ), : t  2 0 )  be a 
process such that conditional to X ( t )  = x, Y ( t )  = y 
and Z ( t )  = :, the infinite5imal transition probabili- 
ties are: 

P [ X ( t + d t j = x +  l . Y ( t + d t ) = y , Z ( t + d t ) = z ]  

= (Ax + u)dt + o(d t )  

P [ X ( t  + d t ) = x  - l . Y ( t + d t ) = y +  l . Z ( t  + d t ) = z ]  

= kxdr + o(d t )  

P [ X ( t + d t ) = x - l , Y ( t + d t ) = y , Z ( t + d t ) = z + l ]  

= B.xdt + o(d t )  

P[X( r  + d t ) =  X -  l , Y ( t + d t ) = y , Z ( f + d t ) = ~ l  

= pxdt + o(d t )  

P [ X ( t + d t ) = x , Y ( t + d t ) = y  - l . Z ( t + d t ) = z +  11 

= Ppdt + o ( d t )  

P [ X ( t + d t ) = x , Y ( t + d t ) = y -  l , Z ( t + d t ) = z ]  

= pydt + o  ( d f  ) 

P [ X ( t + d t j = x , Y ( t + d t ) = ) : , Z ( t + d t ) = z + l ]  

= pdt + o ( d t )  

P [ X ( t + d t ) = x , Y ( t + d t ) = y , Z ( t + d t ) = z  - 11 

= p'zdt + o ( d t )  

P [ X ( t + d t ) = x , Y ( t + d t ) = y , Z ( t + d t ) = z ]  

= 1 - ( ( A  + y + k j x  + pfz + yy 

+ u + p)df + o(d t ) .  

In this case we consider the same interpretation of the 
variables. In our case Y  ( t ) ,  is the class of the known 
HIV seropositives, as some of the new cases detected 
are found through contact tracing (35%),  it can be 
argued that the infected persons are not observed 
independently of each other. The coefficient k in 
the equations is the rate at which new seropositlves 
are found through the program, this includes contact 
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tracing and screening programs, as for example, the 
testing of all pregnant women and blood donors. Tak- 
ing this into account we will consider our model as an 
approximation of a more complex situation. Parame- 
ter 3 is the inverse of the incubation period for AIDS. 
our modeling implies that the incubation period fol- 
lows an exponential distribution. This is not true in 
general, but in our case when we fit the Kaplan-Meier 
curve of the incubation period to a gamma distribu- 
tion we obtain an exponential distribution, thus for 
the moment our hypothesis is valid. 

Let Q(u,  v, w , t )  be the probability generating func- 
tion of the trivariate process (X ( t ) ,  Y ( t ) . Z ( t ) )  with 
(X(0)  = .xo, Y (0)  = yo, Z(0)  = zo). Then *(u ,  v. w ,  t )  
verifies 

and 9 ( u ,  v, M: , 0) = ~ ~ v ~ b ~ 0 .  The general solution of 

t  2 O), we will consider diffusion approximation for 
the model in a future paper. 

Let K ( a ,  b , c ,  t  ) be the cumulant-generating func- 
tion of the trivariate process. Expanding K(a ,  b ,  c ,  t )  
in powers of a ,  b ,  c ,  and using (8) we obtain 

with initial condition K ( a ,  b ,  c .  0 )  = xoioa + yob + zoc, 
hence the system for the first two moments 

d  
-EY ( t )  = kEX(t) - yEY ( t ) ,  
dt 

(8) is complicated by the presence of stage Z( t ) .  Our - a VarX(t) = 2aVarX(t) 
main interest is in the process (X ( t ) ,  Y ( t ) ,  : t  2 0). by dt 

a similar method as in [12] and [I31 we can find the + (A + k + y)EX(t) + v. (10) 
expression for Q  for the first two components of the 
process (X ( t ) ,  Y  ( t ) ,  Z ( t ) ,  : t 2 0):  

where Q, satisfies 

d 
-Vary ( t )  = -2-{Vary ( t )  + kEX(t) 
dt 

+ yEY ( t )  + 2kCov(X(t), Y  ( t ) ) ,  

d  
-VarZ(t) = 2,0Cov(X(t), Z ( t ) )  + /3EX(t) 
dt 

+ 2/3Cov(Y ( t ) ,  Z ( t ) ) .  

+ DEY ( t )  - 2p1VarZ(t) 

a@ U 

+ ( 1  - v ) y  - -Cov(X(t),  Y  ( t ) )  = (CJ - y)Cou(X(t),  Y ( t ) )  
dv dt 

+ kVarX(t) - kEX(t),  
and @(u,  ZJ, 0 )  = U .  

d 
As in [131, wc can find the expression of and then - Cov(X(t) ,  Z ( t ) )  = (c - p')Cov(X(t), Z ( t ) )  
that of the two marginal4 of @. We can also study the 

dt 

behaviour of {X( t ) ,  I > 0 )  and { Y ( t ) ,  t  2 0 )  for the + pVarX(t) - PEX(t), 

cases t -+ +ca, A  -i 0, y 0,  v -+ 0. We do not give + PC0 u(X(t>, Y ( t ) ) .  
the expressions because this is not in the scope of this d  
paper. For the trivariate process ( X ( t ) ,  Y ( t ) ,  Z ( t ) ,  : COv(Y ( r ) ,  Z ( t ) )  = 47 + d)Cov(Y ( f ) ,  Z ( t ) )  
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+ pVarY ( t )  - PEY (1) .  

The first three equations of ( l o )  form an 
autonomous system similar to (4) ,  with solutions that 
can be obtained from ( 3 ,  (6 )  and ( 7 )  substituting X ,  
Y and Z by their expectations EX,  EY and EZ; the 
remaining equations of (10) can be solved. Some of 
the expressions are cumbersome, but we are only 
interested in the expression for VarX(t)  which is 
given by 

where 

5 APPLICATION TO THE CUBAN HIVIAIDS 
DATA 

We will use the models (4 )  and (10) and their solu- 
tions to fit the data for the known HIV positives in 
Cuba. We will use the following values for the param- 
eters estimated from the available data: 

X(0)  = 230, this was estimated from the number of 
HIV positives that were found after 1986 and were 
already infected in 1986, 
Y ( 0 )  = 94, number of detected HIV positives that 
were alive at the end of 1986, 
Z ( 0 )  = 3,  number of AIDS cases that were alive at 
the end of 1986, 
p = 0.0053, yearly death rate for the HIV+ cases for 
1991 -1997, (S .D.  = 0.00254), 
p' = 0.3027, yearly death rate for the AIDS cases 
for 1986- 1997, (S  .D. = 0.07), 
v = 20, number of imported HIV positives (average 
for 1986-1997), 
f i  = 0.10870 = 119.2, obtained from the average 
incubation period, 
p = 0 ,  there are practically no imported AIDS cases. 

FIGURE 1 Diagram for the Nonlinear Model 

TABLE 11 Variation of the parameters 

Parameter Mean -- 2 S.D. Mean Mean + 2 S.D. 

1 ,lo 8.6505 9.1996 9.7466 
P 0.00022 0.0053 0.01038 
P' 0.1627 0.3027 0.4427 
X 0.5353 0.5594 0.58494 
k 0.4487 0.4554 0.4629 
EX (1997) 394 414 435 

Using least squares method, we fit formula (6 )  to 
the number of known HIV positives and we obtain the 
remaining parameters of the systems, i.e., X = 0.5594 
and k = 0.4554. (Figure 2)  

Using ( 1 1 )  to compute an interval for EX(t), we 
find that the number of unknown HIV positives in 
Cuba for 1997 is within the limits (342, 486). 

We can also use the standard deviation of 13, p and 
p' to get an alternative estimate for EX as shown in 
Table 11. 

As we are considering a markovian process, the 
coefficient k can be interpreted as l/(mean time 
to detection) and we can estimate that the time 
between infection and detection is between 2.16 and 
2.23 years. 

6 DISCUSSION 

Parameter k plays an important role in the dynamics 
of the epidemic. it is the inverse of the mean time 
from infection to detection. Other parameters in the 
model can not be changed in a short term. Parameter 
k depends on the efficiency of the contact tracing 
system and the various screening processes of special 
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0 J 
1986 1988 1990 1992 1994 1996 1998 

Year 

FIGURE 2 Cuban HIV epidemic. Model fitted to data. 

population groups, and can vary according to how 
well the different levels of the cuban AIDS program 
do their job. Recall that 

is the condition for the stability of the no epidemic 
point for system (2). How valid is this condition for 

A 
the Cuban AIDS data? Assume cu = -, where N 

N 
is the sexually active population (15 years old or 
more) estimated to be 8.8 millions, take 6 as the 
average recruitment into the class of the sexually 
active population for the last ten years, 150,000 
and 8.66 per thousand for p the death rate of the 
sexually active cuban population [I]. Then we have 
Ro = 2.06. Therefore according to model (2) there is 
an HIV/AIDS epidemic in Cuba. 

If the value of k is increased to the value 1.0643, 
then the value of Ro would be less than one, this 
would mean that the average time for a seropositive 
from infection to detection would be reduced to less 
than 11 months. 

The recruitment into the class of the sexually active 
population, 6, shows a decreasing tendency due to a 
decrease in birth rate. If this trend continues and the 

value for 6 reaches a level of 100,000 per year then 
if the mean time from infection to detection is kept 
at an average of less than 18 months, then the value 
of Ro would drop bellow 1 and the epidemic would 
be controlled. 

Even in the epidemic case. variations in the values 
of k will influence the number of infected persons 
in the future, Table I11 presents predictions based on 
models (LO) and (4) for the HIV epidemic in Cuba in 
the year 2000 according to the variations of the value 
of k .  

If we look at Table I there is a drop in the number 
of new HIV infections detected in the years 1993-95, 
this was due in our opinion to the difficult economic 

TABLE 111 Effect of the Variation of k - 
Change In h Total HIV+ In the yea] 2000 Change tn % 

0 % 1683 
+10 % 1641 -3 5 
+20 R 1603 -4 7 
+30 C/c 1568 -6 8 
+40 % 1536 -8 7 
+SO 5% 1507 -10 4 
-30 % 1834 +9 
-50 9% 1962 +16 5 
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conditions in Cuba at that time. If we follow our 
model and the effect that a change in the coefficient 
k produces in the future of the epidemic, as seen 
in Table 111, then the consequences of this reduced 
detection in the years 1993-95 should produce an 
increase in the number of new infections in the future. 
This is already evident in the years 1996-97 with 597 
new HIV positives detected and for the year 1998 the 
number of new cases detected is 362. 

An increase of 50% on the coefficient k means 
that the mean time to detect a seropositive is reduced 
by 8 months from 26 to 18 months. Nonparamet- 
ric estimation for the time of the detection of a 
seropositive made in 1993 gave a value between 
18 and 20 months, this value has increased since, 
but no reliable estimation can be made yet because, 
for the seropositives recently detected, the time of 
infection is very difficult to determine. By giving 
more resources to the program (this is being done 
since 1997) a 50% increase of k could achieve a 
reduction of the epidemic of HIV by 10.4% in the 
year 2000. 
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