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1. Introduction and Preliminaries

We consider the following open problem (see [1, Open Problem 2]).
Foreach of the following four distinct systems

(14,21), (15,21), (21,21), (21,38), (1.1)

determine the following:

(i) the boundedness character of its solutions,
(ii) the local stability of its equilibrium points,
(iii) the existence of prime period-two solutions,

(iv) the global character of the systems.
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Equation (3.4) is of the form

xn+1=A1+]/n’ n=0,1,...; (1.2)
equation (3.5) is of the form
xn+1:%, n=0,1,...; (1.3)
equation (3.16) is either of the form
Xy = N o1, (1.4)
Yn
or the form
Y1 = % n=0,1,... (1.5)
n

depending on whether it appears as first or second equation in the system; equation (38) is
of the form

Y2Yn

. T ,
Ar+ Boxptyn (1.6)

Yne1 =

The typical results are the following theorems. The first theorem is a combination of
Theorems 2.3 and 2.5 and the second theorem is Theorem 3.3.

Theorem 1.1. Consider system (14, 21) and assume that y, A1 # ay. If 1 > A, then there exists a set
C C R which is invariant and a subset of the basin of attraction of E. The set C is a graph of a strictly
increasing continuous function of the first variable on an interval (and so is a manifold) and separates
R into two connected and invariant components, namely,

W-:={xeR\C: 3y € Cwith x<.y},
(1.7)
W, :={xeR\ C: 3y € Cwith y<e.x},

which satisfy

lim (x,,yn) = (0,00) for every (xo,y0) € W-,
(1.8)
lim (x,,yn) = (00,0)  for every (xo,y0) € Ws.
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Assume that p1 < Ay. Every solution {(x,, yn)} of system (14, 21), with xo > 0, yo > 0,
satisfies

lim x,, =0, lim y,, = oo. (1.9)

n— oo n— oo

Theorem 1.2. Consider system (21, 21). There exists a set C C R which is invariant and a subset
of the basin of attraction of the unique equilibrium E. The set C is a graph of a strictly increasing
continuous function of the first variable on an interval (and so is a manifold) and separates R into two
connected and invariant components, namely,

W_:={x €R\ C: Iy € C with xZy},
(1.10)
W, ={xeR\C: Iy e Cwith y<.x}.

which satisfy

lim (x,,, y,) = (0,00) for every (xo,yo) € W-,
1.11)
lim (x,,yn) = (00,0)  for every (xo,y0) € Ws.

All considered systems are competitive systems, which we discuss next.
A first-order system of difference equations

Xn+1 = f(xn/ ]/n)
n=0,1,2,..., (x_1,x0) €R, (1.12)

Yni1 = g(xn, yn)

where R ¢ R? (f,g) : R — R, f, g are continuous functions, is competitive if f(x,y)
is nondecreasing in x and nonincreasing in y, and g(x,y) is nonincreasing in x and
nondecreasing in y. If both f and g are nondecreasing in x and y, the system (1.12)
is cooperative. A map T that corresponds to the system (1.12) is defined as T(x,y) =
(f(x,y),g(x,y)). Competitive and cooperative maps, which are called monotone maps, are
defined similarly. Strongly competitive systems of difference equations or maps are those for
which the functions f and g are coordinatewise strictly monotone.

If v = (u0) € R’ we denote with Q¢(v), ¢ € {1,2,3,4}, the four quadrants in R?
relative to v, thatis, Qi (v) = {(x,y) € R* : x > u,y > v}, Qa(v) = {(x,y) ER*:x <u,y > v},
and so on. Define the South-East partial order <5, on R? by (x,y)=.(s,t) if and only if x < s
and y > t. Similarly, we define the North-East partial order <,, on R? by (x,y)=<n(s,t) if
and only if x < sand y < t. For 4 C R? and x € R?, define the distance from x to o4 as
dist(x, o#) :=inf {||x — y|| : y € #}. By int &# we denote the interior a set 4.
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It is easy to show that a map F is competitive if it is nondecreasing with respect to the
South-East partial order, that is, if the following holds:

1 2 1 2
(=) =)= ()

Competitive systems were studied by many authors; see [2-17], and others. All known
results, with the exception of [2, 3, 18], deal with hyperbolic dynamics. The results presented
here are results that hold in both the hyperbolic and the nonhyperbolic case.

We now state three results for competitive maps in the plane. The following definition
is from [17].

Definition 1.3. Let S be a nonempty subset of R?. A competitive map T : S — S is said
to satisfy condition (O+) if for every x, y in S, T(x)<,.T(y) implies x<,.y, and T is said to
satisfy condition (O-) if for every x, y in S, T(x)<,.T (y) implies y<,.x.

The following theorem was proved by DeMottoni-Schiaffino for the Poincaré map of
a periodic competitive Lotka-Volterra system of differential equations. Smith generalized the
proof to competitive and cooperative maps [14, 15].

Theorem 1.4. Let S be a nonempty subset of R?. If T is a competitive map for which (O+) holds then
forall x € S, {T"(x)} is eventually componentwise monotone. If the orbit of x has compact closure,
then it converges to a fixed point of T. If instead (O-) holds, then for all x € S, {T*"} is eventually
componentwise monotone. If the orbit of x has compact closure in S, then its omega limit set is either
a period-two orbit or a fixed point.

The following result is from [17], with the domain of the map specialized to be the
cartesian product of intervals of real numbers. It gives a sufficient condition for conditions
(O+) and (O-).

Theorem 1.5. Let R C R? be the cartesian product of two intervals in R. Let T : R — R be a C!
(continuously differentiable) competitive map. If T is injective and det Jr(x) > 0 forall x € R, then T
satisfies (O+). If T is injective and det J7(x) < 0 for all x € R, then T satisfies (O-).

The next results are the modifications of [8, Theorem 4]. See [18].

Theorem 1.6. Let T be a monotone map on a closed and bounded rectangular region R C R2. Suppose
that T has a unique fixed point e in R. Then e is a global attractor T on R.

The following four results were proved by Kulenovi¢ and Merino [18] for competitive
systems in the plane, when one of the eigenvalues of the linearized system at an equilibrium
(hyperbolic or nonhyperbolic) is by absolute value smaller than 1 while the other has an
arbitrary value. These results are useful for determining basins of attraction of fixed points of
competitive maps.

Our first result gives conditions for the existence of a global invariant curve through a
fixed point (hyperbolic or not) of a competitive map that is differentiable in a neighborhood
of the fixed point, when at least one of two nonzero eigenvalues of the Jacobian matrix of the
map at the fixed point has absolute value less than one. A region R C R? is rectangular if it is
the cartesian product of two intervals in R.
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Theorem 1.7. Let T be a competitive map on a rectangular region R C R2. Let X € R be a fixed point
of T such that A := R Nint(Q1(X) U Q3(x)) is nonempty (i.e., x is not the NW or SE vertex of R),
and T is strongly competitive on A. Suppose that the following statements are true.

(@) The map T has a C* extension to a neighborhood of X.

(b) The Jacobian matrix of T at X has real eigenvalues \, u such that 0 < |\| < p, where |A| <1,
and the eigenspace E* associated with \ is not a coordinate axis.

Then there exists a curve C C R through X that is invariant and a subset of the basin of attraction
of x, such that C is tangential to the eigenspace E* at X, and C is the graph of a strictly increasing
continuous function of the first coordinate on an interval. Any endpoints of C in the interior of R
are either fixed points or minimal period-two points. In the latter case, the set of endpoints of C is a
minimal period-two orbit of T.

Corollary 1.8. If T has no fixed point nor periodic points of minimal period-two in A, then the
endpoints of C belong to OR.

For maps that are strongly competitive near the fixed point, hypothesis (b) of
Theorem 1.7 reduces just to |A| < 1. This follows from a change of variables [17] that allows
the Perron-Frobenius Theorem to be applied to give that at any point, the Jacobian matrix of
a strongly competitive map has two real and distinct eigenvalues, the larger one in absolute
value being positive, and that corresponding eigenvectors may be chosen to point in the
direction of the second and first quadrant, respectively. Also, one can show that in such case
no associated eigenvector is aligned with a coordinate axis.

The following result gives a description of the global stable and unstable manifolds of
a saddle point of a competitive map. The result is a modification of [8, Theorem 5].

Theorem 1.9. In addition to the hypotheses of Theorem 1.7, suppose that u > 1 and that the
eigenspace EV associated with p is not a coordinate axis. If the curve C of Theorem 1.7 has endpoints
in OR, then C is the global stable manifold 10° (x) of x, and the global unstable manifold 10" (x) is a
curve in R that is tangential to E¥ at X and such that it is the graph of a strictly decreasing function
of the first coordinate on an interval. Any endpoints of " (X) in R are fixed points of T.

The next result is useful for determining basins of attraction of fixed points of
competitive maps.

Theorem 1.10. Assume the hypotheses of Theorem 1.7, and let C be the curve whose existence is
guaranteed by Theorem 1.7. If the endpoints of C belong to OR, then C separates R into two connected
components, namely,

W- = {x eR?\ C:Jy € C with xZ.Yy},
(1.14)
W, = {x eR?\ C:Jy € C with y<s.x},

such that the following statements are true.

(1) W_ is invariant, and dist(T" (x), Q2(x)) — O0asn — oo for every x € J0_.

(ii) W, is invariant, and dist(T" (x), Qs(X)) — 0asn — oo for every x € W,.
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If, in addition, X is an interior point of R and T is C* and strongly competitive in a neighborhood of
X, then T has no periodic points in the boundary of Q1(x) U Q3(x) except for x, and the following
statements are true.

(i) For every x € W~ there exists ny € N such that T"(x) € int Q,(x) for n > ny.
(ii) For every x € W, there exists ny € N such that T"(x) € int Q4(x) for n > ny.

In this paper we study the global dynamics of four rational systems of difference
equations mentioned earlier, where all parameters are positive numbers and initial conditions
xo and yo are arbitrary nonnegative numbers. Two of these systems have a nonhyperbolic
semistable equilibrium point. In general all four systems share the common feature that the
global stable manifolds of either saddle points or nonhyperbolic equilibrium points serve
as boundaries of basins of attraction of different local attractors or points at infinities. The
techniques used here can be applied to treat number of competitive systems which appear in
applications, such as Leslie-Gower competition model, see [19], or Leslie-Gower competition
model with stocking, see [20], or genetic model, see [13]. An important new feature of our
techniques is that they are applicable to nonhyperbolic case as well, which was shown for
the first time in [18] where we have completed analysis of basic Leslie-Gower competition
model from [19]. Furthermore, system (21, 38) can be considered as a variant of Leslie-Gower
competition model, where the first equation has been replaced by another equation, which
does not allow extinction of both species. In fact, all four considered competitive systems
share common feature that they do not allow the extinction of both species.

2. System (14,21)

Now we consider the following system of difference equations:

Prxy, a + VolYn
, = - =7 =0,1,..., 2.1
A1+ Yy Yn1 Xp " (21)

Xn+l =

where the parameters Ay, f1,a,, and ¥, are positive numbers and initial conditions x; >
0, ¥0>0.

System (2.1) was considered in [1, Example 1], where it was shown that the associated
map T(x,y) = (Bix/ (A1 +y), (a2 + y2y)/x) is injective and

det Jr(x,y) = h — (nAI - m). (2.2)
X

(A1 +y)

When y,A; > ay, det Jr(x,y) > 0. Therefore, in view of Theorems 1.4 and 1.5 every solution
of system (2.1) is eventually componentwise monotonic. If y2A; < ay, then det Jr(x,y) <0,
and four subsequences

{x2n}, {x2n41}, {]/Zn }/ {]/2n+1 } (2.3)

of every solution {(x,, y,)} of system (2.1) are eventually monotonic.
Thus, if y2 A1 # a, the Jacobian matrix of T in (x, y) is invertible.
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The Jacobian matrix of the corresponding map T'(x, y) is of the form

,51 _ ﬂlx
A 2
Jr(x,y) = Y (Avry)T (2.4)
_mtpy r
x2 x

2.1. Linearized Stability Analysis

The equilibrium points (X, y) of system (2.1) are solutions of the system of equations

_ pix _ m+ny
= = —-————— 2.
a5y Y = (2.5)
from which we obtain
— — 2]
y=p1- Ay, X = m +72. (2.6)
Lemma 2.1. (i) If p1 > As, then system (2.1) has a unique equilibrium point:
E = <p1 — Al +Y2,ﬂ1 A1>, (27)

which is a saddle point.
(ii) If p1 < Au, then system (2.1) has no equilibrium points.

Proof. By (2.6) and (2.4) the Jacobian matrix evaluated at the equilibrium point E has the form

T

rEey=| _ P 2.8)
e
x x

The corresponding characteristic equation evaluated at the equilibrium point E is
P -pLl+g=0, (2.9)

where

p=Tejr(%y) =1+ % >0,

" (2.10)

g=Det)r(%,7) = = - [%
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Notice that in view of (2.6) y/p1 =1 - A1/p1 and so

1+q=1+£—1=1+2—1+ﬂ>o. (2.11)
X

P x 55}

Since p > 0 and 1 + g > 0, we need to show

Dp>1+g,
(Il) p* — 49 > 0.

Indeed,
Dp>1+gel+pn/x>1+p/x-y/ph&0>-y/p,
which is satisfied (because ff; > 0 and i > 0). Furthermore
(ID) P2 -49 >0 (1+12/%)° - 4(y2/%) + 47 /1) > 0 (1 -1 /%)” +4(y/p1) >0,

which is satisfied. O

2.2. Global Results
2.2.1. Case p1 > Ay
Theorem 2.2. System (2.1) has no prime period-two solutions.

Proof. System (2.1) can be reduced to the following second-order difference equation:

_ Yna (A1 + yn) (a2 + V2Yni1)

- (2.12)
s Pr(az +12yn)
or to the following second-order difference equation:
2
Xy = PronXps (2.13)

(A1xy + a0 = 12A1) Xns1 + 2P0

Now it is sufficient to prove that both of the difference equations (2.12) and (2.13) have no
prime period-two solutions. Assume that this is not true for (2.12), that is, that

w5 dw..., (P#e) (2.14)

is a prime period-two solution of (2.12). Then we have

_¢(Ar+¢) (@ +1y) _9(Ai+g) (a2 + 1)

Bi(az + 12) ’ f1 (a2 + 120 (2.15)

¢
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This implies

prg(az +129) = ¢ (A1 + @) (a2 + 12gp),

(2.16)
Py (a2 + o) = p(A1 + ¢) (a2 + 126h).

By subtraction, we obtain
hd-g) e+ r@+9)] =Anl-0) +n(e*-¢)| +drie-9), @17
that is,

(P-¢) (a2 +12(P+¢)) + Ai(az + (¢ + $)) + Py12] =0, (2.18)

and this implies that ¢ = ¢, which is a contradiction.
Now assume that

XX (X7P) (2.19)

is a prime period-two solution of (2.13). Then we have

y= Prxy” 0= Prox” (2.20)
(Al +a - A +ppiy’ (A1p+a — A x +1apip”
from which
(=) [Auxe + 121 (x +9) + Prxe] =0, (2.21)
and this implies that y = ¢, which is a contradiction. O

Theorem 2.3. Consider system (2.1) and assume that p > Ay and y, A1 # ap. Then there exists a set
C C R which is invariant and a subset of the basin of attraction of E. The set C is a graph of a strictly
increasing continuous function of the first variable on an interval (and so is a manifold) and separates
R into two connected and invariant components, namely,

W_:={xeR\C: 3y e Cuwith xZ.y},
(2.22)
W, = {xeR\C: Iy e Cwith y<.x},

which satisfy

lim (x,,yn) = (0,00) for every (xo,y0) € W-,
(2.23)
lim (x,,yn) = (00,0)  for every (xo,y0) € Ws.
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Proof. Clearly, system (2.1) is strongly competitive on (0, o0) x [0, 00). In view of Theorem 2.2
we see that all conditions of Theorems 1.7, 1.9, and 1.10 and Corollary 1.8 are satisfied with
R = (0,c0) x [0, 0) and so the conclusion follows. O

Remark 2.4 (see [1]). If y2 A1 = ap, then system (2.1) can be decoupled as follows:

prx,

Xn+l = 55 s
Ai1xy + iy

1
Ynil = ﬂ—lyn(Al +yn), n=0,1,... (2.24)

and every solution of this system (depending of the choice of the initial condition (x, yo)) is
either bounded and converges to an equilibrium point or increases monotonically to infinity.

2.2.2. Case p1 < Ay
In this case system (2.1) has no equilibrium points. Now we have the following.

Theorem 2.5. Assume that p; < Ay and y, A1 # ayp. Every solution {(x,, y,)} of system (2.1), with
x0 >0, yo >0, satisfies

lim x, =0, lim y,, = oo. (2.25)
Proof. If 1 < A;, then
Xpp1 < ﬂxn = x, < <ﬂ> xg—0 (n— o0), (2.26)
A1 A1

which implies limy, —, ,,x,, = 0.

On the other hand, if §; = Ay, then x,.1 = A1x,/ (A1 + y,) < x,,, and we obtain that
the sequence {x,},, is strictly decreasing. Because x,, > 0 for all n, we see that {x,},., is
convergent and lim, _, ., = 0, since otherwise, that is, lim,_, ,x, = a > 0, the first equation
of system (2.1) implies lim,, _, .y = p1 — A1 = 0 or the second equation of system (2.1) implies
limy, —, o Yn = a2/ (a-y2) # 0, which is a contradiction, since otherwise system (2.1) would have
an equilibrium point in the first quadrant.

We see that if i < Aj, then every solution {(x,,y,)} of system (2.1) satisfies
lim,, _, »x,, = 0.

But then the denominator in

A + Yoy
Yui1 = "’Xi (2.27)

is, for all large n, strictly less than a constant 77 < y», which in turn implies

wn>%+%w,n2N (2.28)



Discrete Dynamics in Nature and Society 11

Iterating this inequality we obtain
N\ N
+ <_) yn, n2N, (2.29)

and this forces y, to infinity. O

The obtained results lead to the following characterization of the boundedness of
solutions of system (2.1).

Corollary 2.6. Consider system (2.1) subject to the condition ay # A1y». If p1 > Ay, then all bounded
solutions converge to the unique equilibrium with the corresponding initial conditions belonging to
the graph of a continuous increasing function C in the plane of initial conditions. All solutions that
start in the complement of C are asymptotic to either (o0,0) or (0,00). If p1 < Ay, then all solutions
are unbounded in the sense that {x,} is bounded and {y,} approaches oo.

3. System (21,21)

Now we consider the following system of difference equations:

+ +
xn+1 = M/ yn+1 = w/ n= 0/ 1/' ey (31)
Yn Xn

where the parameters ay, f1, a2, and y, are positive numbers and initial conditions xo >
0, Yo > 0.

System (3.1) was considered in [1, Example 3], where it was shown that the associated
map T is injective and

—a1 (a2 + oY) — fravx

o <0, (3.2)

det Jr(x,y) =

that is, the Jacobian matrix of T in (x, y) is invertible. Therefore, in view of Theorems 1.4 and
1.5, four subsequences

(X}, {x2mi1}, {v2n}, {vonn) (3.3)
of every solution {(x,, y,)} of system (3.1) are eventually monotonic.
3.1. Linearized Stability Analysis
Equilibrium points of system (3.1) are solutions of the system

hrtm o mtny (3.4)

y x

E:
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Since x #0 and i # 0, we have
— 1
= 2— [—(062 -] — ﬂﬂ’z) +/ Dl], (35)
Y2

where
Dy = (az—a; - .51}’2)2 +4piy0as. (3.6)

Sincey_<0andy, >0, system (3.1) has a unique positive equilibrium E = (x,,¥,), where

E+ = %(dz —a] + '61}’2 + \/1?2), (37)

where D; = () — aq + ,51}”2)2 +4p1ya1.

Lemma 3.1. System (3.1) has a unique positive equilibrium point:
E = <2ﬁ < —a1 + ,[51}’2 + vV D2> < (az -] — ,61}’2) \/ >> (38)

which is a saddle point.

Proof. The Jacobian matrix of the corresponding map T'(x,y) = ((fix+a1)/y, (a2 +12y)/x) is
of the form

ﬁ_1 _ﬂlx + a1
2
Jr(x,y) = Y Y (3.9)
Mty 12
x? x
By using (3.4) we obtain
f_x
rey=Y 7| (3.10)
yn
X X

The corresponding characteristic equation evaluated at the equilibrium point E of system
(3.1)is

-prl+g=0, (3.11)
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where
p=TrJr(x,y) = @ + % >0,
Y 5 (3.12)
q = DetJr(%,7) = ;:;2 -1.
Notice that
lego1+ P2 g P2y (3.13)
Xy Xy
Since p > 0 and 1 + g > 0, we need to show
Dp>1+g,
(Il) p> - 4g > 0.
Now, we get
(I) p> 1 +q<:)ﬂ1/y+y2/f>ﬂ1y2/@<:)@—zx1 +@—a2 >ﬂ1}f2.
By using (3.4), (3.5), and (3.7) we obtain
o 1 1
pxX+1py =2y -m—a =i+ 5VDi+5VD: > fiy. (3.14)
Furthermore
(I) P2 —4q >0 & (b1 /T + 12/ %) — 4By /5h - 1) > 0 & (B[ - 12/3) +4> 0,
which is satisfied. O
3.2. Global Results
Theorem 3.2. System (3.1) has no prime period-two solutions.
Proof. System (3.1) can be reduced to the following second-order difference equation:
y YnYni1 (@2 + Y2Uns1) (3.15)
n+2 = ’ .
’ a1 Yni1 + Pr (a2 + Y2yn)
or to the following second-order difference equation:
n+ + nin+
g = — LT )X (316)

WXt + 2 (Prxn + 1)
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Now it is sufficient to prove that both of the difference equations (3.15) and (3.16) have no

prime period-two solutions. Assume that this is not true for (3.15), that is, that
¢ by ($F9)
is a prime period-two solution of (3.15). Then we have

¢y (a2 + 1290) __ 9p(@+1d)
g+ pr(ax +129)” 4 ad+ pi(ax + 1)’

¢ =

that is,

glatny)  ¢a+pd)
ag+pi(m+1p)  a+pi(a+ny)

from which
(- ) {mdors + b [ + 20012 (¢ + ¢) + 12 (82 + pyr +¢2) ]} =0,

and this implies that ¢ = ¢, which is a contradiction.
Now assume that

XX (X79)
is a prime period-two solution of (3.16). Then we have

_ (Prp+a)xe o= (Bry +a)xe
axp+y2(Pry + ) ar + (P +ar)

from which
(x =) [Rf1(x + ) +r2a1 + pi1xg] =0,

and this implies that y = ¢, which is a contradiction.

The global behavior system (3.1) is described by the following result.

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

Theorem 3.3. Consider system (3.1). There exists a set C C R which is invariant and a subset of
the basin of attraction of E. The set C is a graph of a strictly increasing continuous function of the
first variable on an interval (and so is a manifold) and separates R into two connected and invariant

components, namely,

W_:={xeR\C: 3y e Cwith xZ.y},
W, ={xeR\C: 3y e Cwith y<.x},

(3.24)
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which satisfy

lim (x,,yn) = (0,00) for every (xo,y0) € W-,

. (3.25)
lim (x,,yn) = (00,0)  for every (xo,yo) € Ws.
n— oo

Proof. In view of Theorem 3.2 and the injectivity of the map T we see that all conditions of
Theorems 1.7, 1.9, and 1.10 and Corollary 1.8 are satisfied with R = (0, o0) x [0, o0) and so the
conclusion follows. O

The obtained result leads to the following characterization of the boundedness of
solutions of system (3.1).

Corollary 3.4. All bounded solutions of system (3.1) converge to the unique equilibrium with the
corresponding initial conditions which belong to the graph of a continuous increasing function C in
the plane of initial conditions. All solutions that start in the complement of C are asymptotic to either
(00,0) or (0, 0).

4. System (15,21)

Now we consider the following system of difference equations:

ﬁlxn [2%] V2Yn
i B == 5-01,..., 4.1
len Yn Ynal Xn ( )

Xnt+1 =
where the parameters f;,Bi, a;, and y, are positive numbers and initial conditions xo >
0, yo 0. The Jacobian matrix of the corresponding map T(x,y) = (fix/ (Byx + ), (a +
Y2y)/x) is of the form

py  pux
B > (B ?
]T(x,y) — ( 1x+y) ( 1x+y) ) (4.2)
_mtpy 72
x2 x

System (4.1) was considered in [1, Example 2], where it was shown that the
corresponding map T is injective and

Praz

det]T(x,y) = —m
1

<0, (4.3)

that is, the Jacobian matrix of T in (x, y) is invertible. Therefore, in view of Theorems 1.4 and
1.5, four subsequences

{x2n}, {%2m1}, {Y2n}, {Yonn} (4.4)

of every solution {(x,, ¥,)} of system (4.1) are eventually monotonic.
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4.1. Linearized Stability Analysis

Equilibrium points of system (4.1) are solutions of the system

_ prx _ mtny
= = ——. 4.
YTBx+y YT % (*3)
Since x # 0, we obtain
B, +£+/D
7, - PrpbivDs (4.6)
2B,

where D3 = (ﬂl - B1Y2)2 - 4Bla2 > 0.
This implies that we have the following three cases for the equilibrium points.

(i) If 1 — B1y2 > 24/ Bja, then there exist two equilibrium points of system (4.1):

E. - <ﬁ1+YzBl+\/D3 ﬂ1—Y231—\/D3>

2B, 2
(4.7)
E - p1+y2Bi —\/D3 p1—y2Bi ++/Ds
T 2B, ’ 2 ’
(ii) If p1 — B1y2 = 2/Biay, then system (4.1) has a unique equilibrium point:
Biyo+p1 p1—Biy
= . 4.8
E ( pih B ) (48)

(iii) If p1 = B1y2» < 0 or 0 < f1 — Biy» < 24/Biay, then system (4.1) has no equilibrium

points.

Next, by using (4.5) we have

1- &y _x
Jr(x,y) = po b . (4.9)
g_b r
X X

The corresponding characteristic equation evaluated at the equilibrium point E = (X, ) is

A —pl+q=0, (4.10)
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where
—\_Y . 7P Bix 1y
p=Tr]T(x/y) =_+:=1__+:,
pr X p1 x
B - (4.11)

——\_ ) 172 Bix Yy v

:Dt , =:——+——1=—_——_

q = DetJr(x,7) " h 5 T

Notice that p > 0.

Lemma 4.1. If 1 — Biy» > 2+/Biay, then the equilibrium point E. of system (4.1) is locally
asymptotically stable and the equilibrium point E_ is a saddle point.
If p1 — Biy2 = 2v/Biay, then the equilibrium point E of system (4.1) is nonhyperbolic.

Proof. First, assume 1 — B1y» > 2/Bia. For the equilibrium point E, we need to prove that

lp| <1+g<2, (4.12)
or equivalently (because p > 0):
Mp<l+gq
() g<1.
Indeed,
(I) we have
Bix 12 Y2 Biyz Bix
<l+ge=1l-—+=<l+=-——+—-1
peira Bhx T Bk B
(4.13)
B x B B1 ++/D
<=>1+1—Y2<2%<=)1+ 1y2<ﬂ1+y21+ 3(=)O<\/D3,
B B B B
which is true. Furthermore
(II) we have
B x Bix -
q<1(:>2_1_ﬁ+@_1<1(=w2<i_i>+ 17 = P <1
x P 1 x P
- Bix - Bix - Bix
<=>y2('61 _1x>_ﬁ1 1x<1<=>'81 1x<2—1><1 (4.14)
ﬁlx ,31 ﬂl X
<=>1<1—§—1><1<=>—a—2_<1,
P xy pix

which is true.
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For the equilibrium point E_ we need to prove that

lp| > p*-4q>0, (4.15)
that is (because p > 0and 1 + g > 0)
DHDp>1+g,
(Il) p> - 4g > 0.
Indeed,
B
l4g>0es14 2 002 BiX 4
X ,51 ,51
b BT B (4.16)
1 — D1X le y 1x
— — >0 = > 0.
12 xp ﬁl ST ,31 B
Now
(I) we have
B
p>1+q<=>1—%+2>1 E——1Y2+%—1
1 X x b P
B = _
ey B2 2B1x 1+ By, . p1+12B1 — /D3 (4.17)
55} 55} 55} 53}
— 0> -vDs,

which is true.
Similarly

(IT) we have

2_4 >0<=><y+Y2> —4:(H y)>0
P==4 fr fx P

—2 —
y Ry v Y (y Yz) y
S S -2+ S +4->0= (--= ) +4->0,
ﬂ1 prx _2 P pr x P

(4.18)

which is satisfied.

Assume that f; — B1y2 = 2v/Bias.
We need to prove that

|1+4]=1p|, (4.19)
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that is (because p > 0 and, 1+ g > 0),
1+g=p.

We have

By, 2BiX By, 2B Biys +
logopesi1+ D02 2%, By 2B Bipth

1 JE i B B 2B

4.2. Global Results
Theorem 4.2. System (4.1) has no prime period-two solutions.

Proof. The second iterate of map T is

2 B pix  ax+yy
T(x’y)_T<B1x+y’ x )

_ < pi1(Prix/(Bix +y)) “2+Y2((“2+Y2y)/x)>
Bi(pix/(Bix+y)) + (@ +yoy)/x" pix/(Bix +y)

_ < prx* (Bix +y) (@2x + Y202 + 13 >

Bif1x2 + (a2 + 1oy) (Bix + )’ prx?

Period-two solution satisfies

pix®

B1ﬂ1x2 + ((Xz + Yzy) (le + y) -

x=0,

(Bix +y) (2x + paz + 3y)
prx?

pix = Bipix” + (a2 + 12y) (Bix +y),

y=0,

pryx* = (Bix +y) (azx +ay, + y22y>.

From this system we have
()x = (1/2B)(B + 12B1 + \/(B1 - Biyp)* ~4Biwy), y
\/(.51 - Biy)’ - 4Biay),
(i) x = (1/2B)(f1 + 1B1 - \/(ﬂl -Bip)’ - 4Bim), y
\/(ﬂl - Bip)’ - 4Biay),

19

(4.20)

(4.21)

(4.22)

(4.23)

(1/2B1)(p1 = v2B1 -

(1/2B1)(p1 — y2B1 +

(iii) x = —y2+ (1/2B2) (a1 + f212 — Biaaya + Bifrys =/ A1), y = —(1/2p172) (a2fr + Pry2 -

Biazys + Bifiys — VA1),
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(iv) x = =2+ (1/2f]) (21 + Biy2 = Braaya + Biprys + VA1), y = =(1/21y2) (@afpr + B2 -
Biaxy, + Bipiy;s + VAy),
(V) x=0, y=-aly,
where A1 = (a — fy) (af? + 36%y + B*ay? + 2Bf*y* — B2 By> — 2Bafy).
In cases (i) and (ii) solutions (x, y) are equilibrium points E, and E_, and in case (v)
solution (x, y) is not in the first quadrant in the plane. It is sufficient to prove that solutions

(x,y) in cases (iii) and (iv) are not in the first quadrant in the plane. Namely, if A; <0, x and
y are not real. Supose that Ay > 0. If axp1 + f7y> — Biaay, + Bif1y; — /A1 > 0, then y < 0. If

afr + ﬁ%yz - Biaryx + By ﬂlyzz - VA1 <0, then x < 0 for solution in case (iii). By analogous
reasoning we have that the same conclusion for case (iv) holds. O

Our linearized stability analysis indicates that there are three cases with different
asymptotic behavior, depending on the values of parameters 51, Bi, ay, and y».

Case 1. ﬁl - BlYZ > 2\/B1d2.
Case 2. '[31 - B1Y2 = 2\/ Blaz.
Case 3. ,61 - Bl)’g < Oor0< ﬂl - 31Y2 < 2‘\/310(2.

4.2.1. Global Results—Case 1

Theorem 4.3. Consider system (4.1) and assume that p1 — B1y, > 27/Biay. Then there exists a set
C C R which is invariant and a subset of the basin of attraction of E_. The set C is a graph of a strictly
increasing continuous function of the first variable on an interval (and so is a manifold) and separates
R into two connected and invariant components, namely,

_ = {xeR\C:EIyGCwith xﬁsey}

(4.24)
W, = {xeR\C: Iy e Cwith y<ex},
which satisfy
lim (x,,yn) = (0,00) for every (xo,y0) € W-,
4.25)
Bi++/Ds pi—12Bi—/D (
nli_{lgo(xn/yn) _ <ﬂ1 + Y22];1+ 3, -1 21 3> for every (xo, yo) € 10,

Proof. Clearly, system (4.1) is strongly competitive on R = (0, 00) x [0, o0). In view of injectivity
of T, invertibility of Jr, and Theorem 4.2, we see that all conditions of Theorems 1.7, 1.9, and
1.10 and Corollary 1.8 are satisfied and the conclusion of the theorem follows. O

4.2.2. Global Results—Case 2

Theorem 4.4. Consider system (4.1) and assume that p1 — B1y, = 27/Biay. Then there exists a set
C C R which is invariant and a subset of the basin of attraction of E. The set C is a graph of a strictly
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increasing continuous function of the first variable on an interval (and so is a manifold) and separates
R into two connected and invariant components, namely,

W-:={xeR\C: 3y € Cwith x<.y},
(4.26)
W, ={xeR\C: 3y e Cwith y<.x},

which satisfy

nlim (xn, ¥n) = (0,00) for every (xo,y0) € W-,

427)
B -B (
lim (x,,yn) = E = ( 1};2]; ﬂl,ﬂl 5 1Y2> for every (xo,y0) € W..
n— oo 1

Proof. In this case system (4.1) has a unique equilibrium point E = ((Biy> + p1)/2B1, (f1 -
Bi1y2)/2) which is nonhyperbolic. For p = g + 1, the corresponding characteristic equation is
of the form

M-pl+p-1=0. (4.28)
This implies
J\l Zp—l, .)L2: 1, (429)

and [M|<1lep-1<l1o0<p<2.
It is obvious that p > 0. We will show that p < 1. Indeed

/B B
1002 + Y251 <1

<l
P ﬁl Bl]/z +v/Biay
(4.30)
— BlY2 V Bias + Bias + p1Y2B1 < ﬂ1Y2B1 + ﬂl V B1as
— Bl]fz + v Biap < ﬂl = Bl)fz +2v/Bjay
which is satisfied. Thus, A1 € (-1,0).
The eigenvector corresponding to Ay =p —1is
1 1
2B1p1(p1 - Biy2) | = | 4BipiVBiaz |- (4.31)
(B1y2 +[51)2 (31Y2+ﬂ1)2

It means that all conditions of Theorems 1.7 and 1.10 are satisfied with R = (0, o0) x [0, o0).
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Assume that (xg, y0) € W.. Then (x,,y,) € W, for all n, and sequences {x2,}, {xX21+1},
{y2.}, and {y24+1} are monotone and bounded since x, < fi/B;. Thus these sequences
are convergent, which in view of Theorem 4.2 shows that they converge to the equilibrium
point. Since E is the unique equilibrium point in %, the statement for ¥, follows. The same
conclusion is obtained by using Theorem 1.6.

If (xo0,y0) is in W_, by Theorem 1.10 the orbit of (xo, o) eventually enters Q»(E).
Assume (without loss of generality) that (xg, 10) € int Q(E). An eigenvector associated with
the nonhyperbolic eigenvalue 1, = 1is v = (-1, B;). Choose a value of t small enough
so that E + tv € Qu(E) and (xo,y0) < E + tv. Let us show that T(E + tv) < E + to.
Indeed

By, + B1(2a, + — Byy? + 2Byt
T(E +tv) = QRN £ 1202+ pry2 — By 112
2B BlYZ + ,61 + 2Byt
(4.32)
Biy, + p1 1 - By
< —
< ( 28, t, 5 + Blt>
because
B (2 — B1y2 + 2Byt -
1202 + P12 — Biy; +2Biyat) > Pr-Biy + Byt (4.33)
BlY2+ﬁ1 + 2Bqt 2
reduces to
4B +4Bia + 2Bipriy: 2 B3 + BYY3 = 4Biay + 2B1fiy, (434)

where the last equality follows from the condition 1 — Biy» = 2v/Bias.
Since T(E + tv) < E + tv, it follows that {T"(E + tv)} is a monotonically decreasing

sequence in @Q,(E) which is bounded above by E. Since {T"(E + tv)} is coordinatewise
monotone and it does not converge (if it did it would have to converge to E, which
is impossible), we have that T"(E + tv) has second coordinate which is monotone and
unbounded. But (x,,, y,,) := T"(x0, yo) < T"(E + tv), which implies that v, — oo. From (4.1)
it follows that x,, — 0. ]

4.2.3. Global Results—Case 3

Theorem 4.5. Consider system (4.1) and assume that p — Biy, < 00r 0 < 1 — Biy2 < 24/Biaa.
Then every solution {(x,, y,)} of system (4.1) satisfies

lim x,, =0, lim y, = oo. (4.35)

n— oo n— oo
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Proof. In this case system (4.1) has no equilibrium points. Consider now the following system
satisfied by subsequences of the solution of system (4.1):

Pr1xok P1Xok+1
okt = Bixok + yox” Foke2 = B1Xoks1 + Yoka1
+ +
(4.36)
a2 + V2Y2k a2 + Y2Y2k+1
Yoksl = ————, Yok = ————.
X2k X2k+1
We know that each of the four subsequences
{22k}, {xoks1}, {vor}, {voxn} (4.37)

of every solution {(x,, y,)} of system (4.1) is eventually monotonic. The subsequences {xi }
and {xok+1} are bounded (by f1/B1), which implies that they are convergent. Suppose that
(a) limg —, o X2 = xg and (b) limg_, xX2k+1 = Xo. For the other two subsequences the following
four cases are possible: (1) limi_, Yok = YE, (2) limg_ oYk = o0, (3) limk_ o Y2k+1 = Yo, OF
(4) 1My yarn = 0.

Case 1 and Case 3 imply

Prxe P1xo
(4.38)
az + Y a + 7210
= Y= —"—"—
XE X0

that is, system (4.1) has a period-two solution, which is a contradiction by Theorem 4.2.
Case 1 and Case 4 imply

lim xp = xp =0 = lim x2441 = X0 = 0 = lim ypxs» = oo, (4.39)
k— oo k— oo k— o0

which is a contradiction by Case 1.

Case 2 and Case 3 imply
lim xpp1 = X0 = 0 = lim xox42 = xg = 0 = lim Y1 = oo, (4.40)
k— o0 k— o k—

which is a contradiction by Case 3.

Case 2 and Case 4 imply
klim Xok = XE = klim X2k+1 = X0 = 0. (4.41)

O

The obtained results lead to the following characterization of the boundedness of
solutions of system (3.1).
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Corollary 4.6. Consider system (4.1) and assume that 1 — By, > 2v/Biay. All bounded solutions
of system (4.1) converge to the unique equilibrium with the corresponding initial conditions which
belong to region below and on the graph of a continuous increasing function C in the plane of initial
conditions. All solutions that start above C are asymptotic to (0, o).

Consider system (4.1) and assume that either 1 — B1y, < 0 or 1 — Biy» < 2+/Bian. Then
every solution of (4.1) is asymptotic to (0, o).

5. System (21,38)

Now we consider the following system of difference equations:

ar + Prxy, Y2Yn
Xp4l = ————,  Ynsl

= =0,1,... .
Yn Az + Bzxn + ]/n, " 0’ ! ! (5 1)
where the parameters ay, 1, A, B>, and y, are positive numbers and initial conditions xy >
0, Yo > 0.

The Jacobian matrix of the corresponding map T(x, y) = ((a1+p1x)/y, y2y/ (As+Box +
y)) is of the form

& o Prx
Jr(x,v) ! v 52)
x,y) = ) .
ey 2By Y2(Az + Box)

- (A2 + Bzx + y)2 (A2 + Bzx + y)Z

System (5.1) was considered in [1, Example 4], where it was shown that the map T is
injective. In addition, when

p1Az2 > a1By, (5.3)

we see that

(P1A2 — a1By)

det Jr(x,y) =
r(xy) (A2+Bzx+y)2y

> 0. (5.4)

Therefore, when (5.3) holds, the Jacobian matrix of T in (x,y) is invertible and in view of
Theorems 1.4 and 1.5 every solution of system (5.1) is eventually componentwise monotonic.
When

p1A2 < 1By, (5.5)

we see that

(P1A2 — 11By)

det Jr(x,y) =
r(xy) (A2+B2x+y)2y

<0, (5.6)
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and the Jacobian matrix of T in (x, y) is invertible. Therefore, in view of Theorems 1.4 and 1.5,
four subsequences

{xon}, {x2n1}, {yZn}/ {]/2n+1} (5.7)

of every solution {(x,, y,)} of system (5.1) are eventually monotonic.

5.1. Linearized Stability Analysis

Equilibrium points of system (5.1) are solutions of the system

- a1 + ﬂlf — Yzy
YTy YT A Bx+y (5.8)
Since i #0, we have
_ 1
Xy = 2—B2<Y2—A2—‘51:I:\/174>, (59)
where
Dy = (12— Ay - 1)’ - 4ai By. (5.10)

It is easy to prove that the following result holds.

Lemma 5.1. (i) If y» — Az — 1 > 2v/a1 By, then system (5.1) has two equilibrium points:

E. - <Y2—A2—ﬂ1+\/D4 Yz—A2+ﬂ1—\/D4>
+ = 7 2

7

2B,

(5.11)

E - <Y2—A2—ﬂ1 -VDy p-Ar+p +\/D4>

T 2B, ! 2 ’

(ii) If y» — Az — p1 = 2/ a1 By, then system (5.1) has a unique equilibrium point:
2—Ar-p Yz—A2+ﬂ1>

= . 12
E- (2R 2o (512)

(iii) If yp < Ao+ Pror 0 < 12 — Ap — 1 < 28/a1 By, then system (5.1) has no equilibrium
points.

Lemma 5.2. If y» — Ax—p1 > 2\/a1 By, then the equilibrium point E, of system (5.1) is a saddle point
and E_ is locally asymptotically stable.
If y» — Ax = P1 = 2+/a1 By, then the equilibrium point E of system (5.1) is nonhyperbolic.
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Proof. By using (5.8) we have

pp x
_ y y
ZECADRN I (5.13)
2y Y
Y2 Y2

The corresponding characteristic equation evaluated at the equilibrium point E(X, y) is

P -pl+g=0, (5.14)
where
p:Tr]T(E,y):%+l—%,
oo (5.15)
_ 1 1 Box
=DetJr(x,y) == - — - —.
q (%) T

For the equilibrium point E, we need to prove that

,  p*-49>0, (5.16)

P> [1+q

that is (because p > 0and 1 + g > 0),

MHp>1+g,
(Il) p> - 4g > 0.

Indeed

p=@+1—1=1<@+n—y>=l<@+A2+BZ§)>0, (5.17)
vy  r np\y 2\ 7

which is always true, and in view of (5.8) y» — BoXx = i + A, we obtain

1+q>0(=)1+@—%—%>0

2 2

Y B (5.18)
Py -y

=)’2+7— 1—Bz§>0:y+A2+ﬂ1 y >0,

which is true because i < 7».
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Next, in view of (5.8) y» — Box =y + Ay,

(I) we have

p>1+q<=>@+1—1>1+@_&_@
y Y2 y 2 N

S Y<p+Bx e - A —BX < f1 + BX & 0< /Dy,

which is true.

Similarly,

(IT) we have

p2—4q>0<=)<

2 7 = =\2 -
<=><@> +2@+1—21@—21+<1> _4@+4@+4%>0
Y Y 2y )2 )2 Yy 12 Y2
<=><&—1+1> +4@>0,
y 12 Y2

which is true.

For the equilibrium point E_ we need to prove that

p<l+g<?2,

or equivalently

DHDp<l+g,
(I) g < 1.

Indeed,

(I) we have

S Y>p+BXx e - A -BX > i+ Bx & 0>-/Dy,

27

(5.19)

(5.20)

(5.21)

(5.22)
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which is true, and in view of (5.8) f1/y =1-a1/xy

(IT) we obtain

g<le=s = -—- <l=1l-=-—-—x<1
2 N Xy 12 N
(5.23)
= -2 _ [ﬁ _Bx 0,
XYy 2
which is true.
Assume that y» — Ay — 1 =2/ Bs.
Let us prove that 1 + g = p. We have
liqepes1s B _PL_BX [, ¥
ooy 12 (5.24)
(=)y=ﬂ1+32§(=)2y=ﬂ1 +)’2—A2,
which is true. O
5.2. Global Results
Theorem 5.3. System (5.1) has no prime period-two solutions.
Proof. The second iterate of the map T is
T (x )=T(“1+ﬁ1x 12y >
Y y ! A2 + Bzx +y
_(a+pi((an+pix)/y) 12(r2y/ (A2 + Boax +y))
Y2y/(As+Bax +y) " Ay +By((a1 + f1x) /y) + 12y/ (As + Box +y) )’
(5.25)
that is,
(A + Box +y) (my + aa 1 + fix)
2y
T (x,y) = (5.26)
Ry’

y[(A2 + Bzx + y) (Azy + thll + Bzﬁlx) + YzyZ]
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Period-two solutions satisfy

(A2 + Box +y) (1y + a1 1 + fix) ~
P2y?

x=0,
(5.27)
Ry
y[(Az2 + Box +y) (Azy + Boay + Bofpix) + 1212

From this system we have

)
)
(iii) x = -A2/B, ¥y =0,
(iv) x =—a1/p1, y=0,
(V) x = =(1/By) (A2 + 12) = (1/2B2f112) (A +V/A2), y = (1/212(Az + 12)) (A +V/A2),
(vi) x = ~(1/B)(A +7) = (1/2B2f1y2) (A = V/A2), y = (1/22(A2 + 12)) (A = V/A2),
Where

A = Ay — A3B1 - Piys + By + AaBoay — 2A0B1Ys — Baoi i + Boanys,

Ag = ~(Aopy — Boy + i) (2436 + 2832 - Aoff} — A3 + 3113 - i

(5.28)
+ A%Bgal + Azﬂl)’zz + 4A2ﬂ%}f2 + Bzdlﬂ% - 3A%ﬂ1}’2

+ Bgal}/zz - 2A2B2a1ﬂ1 + 2A2B2a1y2 - 2B2a1ﬂ1y2>.

In cases (i) and (ii) solutions (x,y) are the equilibrium points E, and E_, and in cases (iii)
and (iv) solution(x, y) is not in the first quadrant in the plane. It is sufficient to prove that
solutions (x, y) in cases (v) and (vi) are not in the first quadrant in the plane. Namely, A, <0
implies that x and y are not real. Suppose that A, > 0. If

Azﬂ% - A%ﬂl - ﬂl}fzz + ﬂ%}fz + Aszal - 2A2ﬂ1}f2 - Bzalﬂl + B2£X1Y2 +V Az > 0, (529)
then y >0 and x < 0. If
Azﬂ% — A%[ﬁ - ‘[51}’3 + ﬂ%}fz + Asz[Xl — 2A2ﬂ1}’2 — lexlﬁ] + B2a1y2 + vV Az <0, (530)

then y < O for solution in the case (v). By analogous reasoning we have that the same
conclusion for case (vi) holds. O

Remark 5.4 (see [1]). When

p1A2 = 1By, (5.31)
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we see that

sl = N S (5.32)

Byxus1 + P’
and so system (5.1) can be decoupled as follows:

_ (a1 + P1xn) (P1 + Boxy) . V2Yn
Pry2 T R+ (A= B)ya + Biy

, n=01,.... (5.33)

n+1

The solutions of first equation (depending of the choice of the initial condition x) are either
bounded and converge to a finite limit or increase monotonically to infinity. Using this and
(5.32) we find the behavior of solutions of second equation.

Our linearized stability analysis indicates that there are three cases with different
asymptotic behavior, depending on the values of parameters f1, Bi, ap, and y»:

Case 1. Y2 — Az — ﬁl > 2v/a1B,.
Case 2. Y2 — A2 - ,61 = 2\/“132.
Case 3. Y2 < A2 +ﬂ1 or0< Y2 — Az - ﬂl < 2\/(1132.

5.2.1. Case Y2 — A2 — ﬁ1 > 2\/6!132

Theorem 5.5. Consider system (5.1) and assume that y» — Ay — p1 > 2v/a1B, and p1 Az # a1 B,.
Then there exists a set C C R which is invariant and a subset of the basin of attraction of E... The set
C is a graph of a strictly increasing continuous function of the first variable on an interval (and so is a
manifold) and separates R into two connected and invariant components, namely,

W_:={xeR\C: 3y e Cwith xZ.y},
(5.34)
W, = {xeR\C: 3y € C with y<x}.

which satisfy

. Y2—Ay—P1—VDs yo—Ay+p1++/Dy
TZIETOIO(X'n/yn) = < ZBZ s 2

nlim (%n, Yn) = (00,0)  for every (xo,yo) € W..

> for every (xo,y0) € W-,
(5.35)

Proof. Clearly, system (5.1) is strongly competitive on R = [0,00) x (0, ). In view of the
injectivity of T, the invertibility of Jr and Theorem 5.3, we see that all conditions of Theorems
1.7,1.9,and 1.10 and Corollary 1.8 are satisfied and the conclusion of the theorem follows. [
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5.2.2. Case Y2 — A2 - ﬁ1 = 2\/“132

Theorem 5.6. Consider system (5.1) and assume that y» — Ay — p1 = 2\/a1B, and p1 Az # a1 B,.
Then there exists a set C C R which is invariant and a subset of the basin of attraction of E. The set C
is a graph of a strictly increasing continuous function of the first variable on an interval (and so is a
manifold) and separates R into two connected and invariant components, namely

W= {x € R\ C: 3y € C with xZ.y},

(5.36)
W, = {xeR\ C: 3y € Cwith y<.x},
which satisfy
Ay - “A
lim (x,, y,) =E = (Yz 2 ﬂl, r 2 +ﬁ1> for every (xo,y0) € W_,
o 2B 2 (5.37)

lim (x4, yn) = (c0,0) for every (xo,y0) € W-.

Proof. In this case system (5.1) has a unique equilibrium point E = ((y2 — A2 — p1) /2B, (12 —
Aj + p1)/2) which is nonhyperbolic. By p = g + 1, the corresponding characteristic equation
is of the form

A -pl+p-1=0. (5.38)
This implies
J\l Zp—l, .)L2: 1, (539)

and [M|<1lep-1<l1o0<p<2.
It is obvious that p > 0. In view of 1 /y = 1 — a1 /Xy, we have
p<2<=)@+1—1<2(:>1—g+1—1<2, (5.40)
y 2 Xy 2

which is satisfied. Thus, |A1] < 1.
The eigenvector corresponding to Ay = p —1is

1 1
By(y2— Ay + ,51)2 = Bz(\/ a1 By + [51>2 . (5.41)
212(r2 = Az = 1) 2\/a1 B

It means that all conditions of Theorems 1.7 and 1.10 are satisfied with R = [0, o0) X
(0,00). In view of the fact that i, < y» we obtain the conclusion of the theorem in the case
(x0, ¥0) € 10-. The same conclusion is obtained by using Theorem 1.6.
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Next, assume that (xo,y9) € W.. By Theorem 1.10 the orbit of (xo,yo) eventually
enters Q4(E). Assume (without loss of generality) that (xo, yp) € intQ4(E). An eigenvector
associated with the nonhyperbolic eigenvalue A\, = 1is v = (1, -B;). Choose a value of t small
enough so that E+tv € Q4(E) and E+tv < (x9,Yo). Let us show that E+tv < T(E+tv). Indeed

201B, + — Ay — 1 + 2Byt -A
T(E + tv) = 1By + i (y2 — Az — 1 2)/}’2 2+ﬂ1_th
By(y2 — Ay + 1 — 2Bot) 2
(5.42)
Y2— Ay - P Y2—Ax+ P >
> — =
> < 2B, +1, 2 Bot E +tv
because
201B, + — Ay — 1 + 2Byt - Ay —
1By + i (y2 — Az — 1 ot) 5 12— Ay — i o (5.43)
Bz (Yz - A2 + ﬂl - 232t> 232
reduces to
(Yz - Ay - ﬂl)z < 4B2t2 +4m B, = 4th2 + (Yz - Ap - ﬂl)z, (544)

where the last equality follows from the condition y, — A, — 1 = 2v/a1 B,.

Since E + tv < T(E + tv), it follows that {T"(E + tv)} is a monotonically increasing
sequence in Q4(E) which is bounded below by E. Since {T"(E + tv)} is coordinatewise
monotone and it does not converge (if it did it would have to converge to E, which is
impossible), we have that T" (E+tv) has a first coordinate which is monotone and unbounded.
But T"(E + tv) 2 (xpn, Yn) := T"(x0,Yy0), which implies that x, — oo. From (5.1) it follows that
Yn — 0. O

523.Caseyp < Ay+Pror0<yr—Ax—p1 <2/ 1By
In this case system (5.1) has no equilibrium points.

Theorem 5.7. Consider system (5.1) and assume that y» < Ay + p10or 0 < 2 — Ax — p1 < 2v/a1 By
and 1 Ay # a1 By. Then every solution {(x,, Y»)} of system (4.1) satisfies

lim x, = oo, lim y,, = 0. (5.45)

n— oo n—oo

Proof. (1) Assume that f1 A, > a;1B,. Then every solution of system (5.1) is eventually
componentwise monotonic. The sequence {y,} is bounded (by y2), which implies that it
converges, that is, lim, _, .y, = Y. For the sequence {x,} the following two cases are possible:
(a) lim,, _, xx, = X, (b) lim,, _, ,x,, = 0.
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If lim,, _, xx, = X, then we obtain

+ (1 X Y
x.® 23} B T2

= = . 5.46
Y ! A2+B2X+YI ( )

that is, (X,Y) is an equilibrium point of system (5.1), which is a contradiction.

If limy, _, x X, = o0, then lim, . .y, =Y =0.

(2) Assume that f1A;, < a;B,. Consider now the following system satisfied by
subsequences of the solution of system (5.1):

a1 + Prxok a1 + P1Xoks
X2k+1 = T/ X2k+2 = Tl
’ (5.47)
_ Y22k _ Y2Y2k+1
Yokt = Ay + Boxok + yor” Yake2 = Ay + ByXokes1 + Yoke1
We know that each of the four subsequences
{xor}, {x2ks1}, {yzk }, {y2k+1} (5.48)

of every solution {xk, yi} of system (5.1) is eventually monotonic. The subsequences {121}
and {yok+1} are bounded by y», which implies that they are convergent. Suppose that (a)
limy Yok = ye and (b) limk_, . ¥2k+1 = yo. For the other two subsequences the following
four cases are possible: (1) limk_, o X0k = Xg, (2) limg—, o X2k = 0, (3) limk—, o X2k41 = X0, OF
(4) limg _, o X2k 41 = 0.

By similar reasoning as in the proof of Theorem 4.5, we obtain

kli_]j)roloyzk =Yg = klgroloyzk_H =Yo = 0. (549)
O

The obtained results lead to the following characterization of the boundedness of
solutions of system (5.1).

Corollary 5.8. Consider system (5.1) and assume that p1 Ay # a1By. If yo — Ay — 1 > 2+/Boay, then
all bounded solutions of system (5.1) converge to the unique equilibrium with the corresponding initial
conditions which belong to the region above and on the graph of a continuous increasing function C in
the plane of initial conditions. All solutions that start below C are asymptotic to (oo, 0).

Consider system (5.1) and assume that either y» < Ay + p10r 0 < 1o — p1 — Az < 2/ Boay.
Then every solution of (5.1) is asymptotic to (o0,0).
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